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ABSTRACT,
The g e n e r a l  d e f i n i t i o n  o f  d e f o r m a t i o n  t w i n n i n g  i n  
a  c r y s t a l  i s  t h a t  a  r e g i o n  u n d e rg o e s  a  hom ogeneous s h e a r  
i n  s u c h  a  way t h a t  t h e  s t r u c t u r e  i s  r e p r o d u c e d  i n  a  new 
o r i e n t a t i o n ^  An a l g e b r a i c  f o r m u l a t i o n  o f  a  t w i n n i n g  s h e a r  
S ,  w h ich  i s  c o n s i s t e n t  w i t h  t h i s  d e f i n i t i o n  i s  o b t a i n e d  
b y  l e t t i n g  8 = RU, w h e re  R r e p r e s e n t s  a  r i g i d  b o d y  r o t a t i o n  
and  U a  d e f o r m a t i o n  w h ich  d e fo rm s  t h e  l a t t i c e  i n t o  i t s e l f *  
The e q u a t i o n  S = RU h a s  b e e n  u s e d  a s  t h e  b a s i s  o f  an  
a n a l y s i s  w h ic h  e n a b l e s  p o s s i b l e  t w i n n i n g  s h e a r s  t o  be  
d e te r m in e d  f o r  a  p a r t i c u l a r  c h o ic e  o f  m a t r i x  U* U n l ik e  
o t h e r  t h e o r i e s  o f  t h e  c r y s t a l l o g r a p h y  o f  d e f o r m a t i o n  
t w i n n in g  t h e  a n a l y s i s  d o e s  n o t  r e s t r i c t  t h e  o r i e n t a t i o n  
r e l a t i o n s h i p  b e tw e e n  t w i n  and  p a r e n t  l a t t i c e s  t o  a n  e le m e n t ,  
o f  sy m m etry . The a n a l y s i s  h a s  b e e n  a p p l i e d  t o  t h e  c u b i c ,  
t e t r a g o n a l ,  o r t h o r h o m b i c , h e x a g o n a l  and  rh o m b o h e d ra l  
B r a v a i s  l a t t i c e s .  I n  a l l  c a s e s  n o n - c o n v e n t i o n a l  a s  w e l l  a s  
c o n v e n t i o n a l  s h e a r s  h a v e  b e e n  d ed u ced *  The a n a l y s i s  and  i t s  
a p p l i c a t i o n  t o  t h e  f o r e m e n t i o n e d  B r a v a i s  l a t t i c e s  a r e  
p r e s e n t e d  i n  P a r t  I  o f  t h i s  t h e s i s .
Two new s i n g l e  s u r f a c e  t r a c e  a n a l y s e s  a r e  p r e s e n t e d  i n  
P a r t  I I *  The f i r s t  e n a b l e s  t h e  o r i e n t a t i o n  o f
~ 3
rh o m b o h e d ra l  and c u b ic  c r y s t a l s  t o  b e  d e t e r m i n e d  fro m  
t h e  t r a c e s  p r o d u c e d  b y  t h e  i n t e r s e c t i o n  o f  t h r e e  c r y s t a l l ~  
o g r a p h i c a l l y  e q u i v a l e n t  and  s y m m e t r i c a l l y  d i s p o s e d  p l a n e s  
w i th  t h e  f l a t  s u r f a c e  o f  t h e  c r y s t a l .  The s e c o n d  a n a l y s i s  
e n a b l e s  b o t h  t h e  o r i e n t a t i o n  and  t h i c k n e s s  o f  t h i n  f i l m s  
u s e d  i n  t r a n s m i s s i o n  e l e c t r o n  m ic r o s c o p y  t o  b e  d e t e r m i n e d  
from  a  k n o w le d g e  o f  t h e  p r o j e c t e d  t r a c e  w i d t h s  o f  two 
known p l a n e s  and  t h e i r  i n c l u d e d  a n g l e *
~ 4
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P a r t  I ,  The S h e a r  o f  a  L a t t i c e ,
C h a p te r  I„  I n t r o d u c t i o n .
1 1  G e n e ra l  I n t r o d u c t i o n .
The a r b i t r a r y  s h e a r  o f  a  p o i n t  l a t t i c e  p r o d u c e s  a  
l a t t i c e  w i t h  a  d i f f e r e n t  sym m etry  b u t  w i t h  t h e  same 
volum e a s  t h e  o r i g i n a l 0 , The p r e s e n t  a n a l y s i s  i s  h o w ev er  
r e s t r i c t e d  t o  t h o s e  s h e a r s  w h ich  r e s t o r e  a  p r i m i t i v e  c e l l  
o r  m u l t i p l y  p r i m i t i v e  c e l l  o f  t h e  l a t t i c e  i n  a  new 
o r i e n t a t i o n .  S h e a r s  o f  t h i s  t y p e  h a v e  a  p a r t i c u l a r  p h y s i c a l  
s i g n i f i c a n c e  and  t h e i r  s t u d y  i s  r e l e v a n t  t o  t h e  t h e o r y  
o f  t h e  c r y s t a l l o g r a p h y  o f  d e f o r m a t i o n  t w i n n i n g .  D eform ­
a t i o n  tw i n n in g  i s  an  i m p o r t a n t  mode o f  p l a s t i c  d e f o r m a t i o n  
i n  c r y s t a l l i n e  m a t e r i a l s ,  and  a  d e f o r m a t i o n  t w i n  h a s  b e e n  
d e f i n e d  ( B i l b y  and  C ro c k e rV " )  a s  a  r e g i o n  o f  a  c r y s t a l l i n e  
body  w h ich  h a s  u n d e rg o n e  a  hom ogeneous s h a p e  d e f o r m a t i o n  
i n  s u c h  a  way t h a t  t h e  p r o d u c t  s t r u c t u r e  i s  i d e n t i c a l  w i t h  
t h a t  o f  t h e  p a r e n t  b u t  o r i e n t e d  d i f f e r e n t l y .  The p r o d u c t  
and  p a r e n t  s t r u c t u r e s  a r e  o b s e r v e d  t o  r e m a in  i n  c o n t a c t  
and  t h u s  t h e  d e f o r m a t i o n  i s  an  i n v a r i a n t  p l a n e  s t r a r n .
T h e re  i s  no  vo lum e c h an g e  u n d e r  t h e  d e f o r m a t i o n  a s  t h e  
p a r e n t  and p r o d u c t  s t r u c t u r e s  a r e  i d e n t i c a l .  The i n v a r i a n t  
p l a n e  s t r a i n  i s  t h e r e f o r e  a  s i m p le  s h e a r ,  w h ic h  i s  t e rm e d  
a  tw i n n in g  s h e a r .  The t h e o r i e s  o f  t h e  c r y s t a l l o g r a p h y  o f
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d e f o r m a t i o n  t w i n n in g  h a v e  b e e n  p r i m a r i l y  c o n c e r n e d  w i t h  t h e  
d e t e r m i n a t i o n  o f  t h e  c h a r a c t e r i s t i c  p a r a m e t e r s  o f  tw i n n in g  
s h e a r s ,  t h e s e  i n c l u d e  t h e  s h e a r  p l a n e ,  s h e a r  d i r e c t i o n  and 
m a g n i tu d e  o f  t h e  s h e a r  s t r a i n .
Many o f  t h e  o b s e r v e d  t w i n s  c a n  b e  d e s c r i b e d  b y
tw in n in g  s h e a r s  d e t e r m i n e d  u s i n g  a n a l y s e s  w h ic h  o n l y  
c o n s i d e r  t h e  B r a v a i s  l a . t t i c e  o f  t h e  p a r e n t  s t r u c t u r e .  The 
m o st i m p o r t a n t  f a c t o r s  w h ic h  a p p e a r  t o  d e c i d e  w h e th e r  o r  n o t
a  t w i n  w i l l  b e  o p e r a t i v e ,  and  w h ic h  a r e  a l s o  u s e d  a s  t h e
b a s i c  p o s t u l a t e s  o f  r e c e n t  t h e o r i e s  o f  t h e  c r y s t a l l o g r a p h y  
o f  d e f o r m a t i o n  t w i n n i n g  a r e  a s  f o l l o w s .  F i r s t l y ,  t h e  
m a g n i tu d e  o f  t h e  s h e a r  m u st  be  s m a l l ,  and  s e c o n d l y ,  a  l a r g e  
f r a c t i o n  o f  B r a v a i s  l a t t i c e  p o i n t s  m u s t  b e  r e s t o r e d  b y  t h e  
s h e a r .  The im p o r t a n c e  o f  t h e  B r a v a i s  l a t t i c e  i n  t h e s e  
c o n s i d e r a t i o n s  i n d i c a t e s  t h e  r e l e v a n c e  o f  a  d e t a i l e d  s t u d y  
o f  t h e  ways i n  w h ic h  a  p o i n t  l a t t i c e  may b e  r e s t o r e d  b y  
a  s im p le  s h e a r  t o  t h e  t h e o r y  o f  t h e  c r y s t a l l o g r a p h y  o f  
d e f o r m a t i o n  t w i n n i n g .  I n  a d d i t i o n  t o  t h e  tw o  p o s t u l a t e s  
s t a t e d  a b o v e ,  t h e  t h e o r i e s * j ^ ^ ^  a r e  r e s t r i c t e d  b y  t h e  
a d d i t i o n a l  a s s u m p t io n  t h a t  a  p r i m i t i v e  c e l l  o f  t h e  p a r e n t  
l a t t i c e  m u st s h e a r  i n t o  a  c r y s t a l i o g r a p h i c a l l y  e q u i v a l e n t  
c e l l  o f  t h e  tw in n e d  l a t t i c e *  T h is  i s  e q u i v a l e n t  t o  s a y i n g  
t h a t  t h e  p a r e n t  and  tw in n e d  l a t t i c e s  a r e  r e l a t e d  b y  an
e le m e n t  o f  sy m m etry . The t h e o r i e s  w h ic h  a r e  r e s t r i c t i v e  
i n  t h i s  way w i l l  b e  t e rm e d  c o n v e n t i o n a l  t h e o r i e s ,  and  t h e  
s h e a r s  d e te r m in e d  b y  t h e s e  t h e o r i e s , c o n v e n t i o n a l  tw i n n in g  
s h e a r s .  A l l  t h r e e  p o s t u l a t e s  w e re  fo u n d e d  on t h e  co m p ar­
i s o n  o f  t h e  r e s u l t s  o f  t h e  t h e o r i e s  w i t h  t h e  e x p e r i m e n t a l l y  
d e te r m in e d  p a r a m e t e r s  o f  o b s e r v e d  d e f o r m a t i o n  t w i n s .
I n  an  a t t e m p t  t o  e x p l a i n  a n o m a lo u s  t w i n s  o b s e r v e d  i n
c l o s e  p a c k e d  h e x a g o n a l  m e t a l s ,  w h ic h  c a n n o t  b e  d e s c r i b e d
by  c o n v e n t i o n a l  t w i n n i n g  s h e a r s ,  C ro c k e r  , c a r r i e d  o u t  a
d e t a i l e d  a n a l y s i s  o f  t h e  ways o f  c o m b in in g  two s h e a r s  su c h
t h a t  t h e  r e s u l t a n t  d e f o r m a t i o n  was a l s o  a  s i m p le  s h e a r .
The a p p l i c a t i o n  o f  t h e  a n a l y s i s  show ed c o n c l u s i v e l y  and
v e r y  s u r p r i s i n g l y  t h a t  i t  i s  p o s s i b l e , a t  l e a s t  i n  a  few
s p e c i a l  c a s e s , t o  r e s t o r e  a  m u l t i p l y  p r i m i t i v e  c e l l  o f  a
p o i n t  l a t t i c e  i n  a  new o r i e n t a t i o n  b y  a  s i m p le  s h e a r ,  w i t h -
tk*
o u t  s h e a r i n g  a  c e l l  o f  ^ ’p a r e n t  i n t o  a  c r y s t a l l o g r a p h i c a l l y  
e q u i v a l e n t  c e l l  o f  t h e  tw in n e d  l a t t i c e .  A s h e a r  o f  t h i s  
t y p e  i s  t e rm e d  a  n o n - c o n v e n t i o n a l  s h e a r .  T h is  i m p o r t a n t  
r e s u l t  i m p l i e s  t h a t  t h e  p r o d u c t  and  p a r e n t  l a t t i c e s  
a s s o c i a t e d  w i t h  a  s h a p e  d e f o r m a t i o n ,  w h ic h  i s  a  s i m p le  s h e a r ,  
n e e d  n o t  b e  r e l a t e d  b y  a n  e le m e n t  o f  sy m m e try .  U n t i l  t h e  
d i s c o v e r y  o f  t h e  n o n - c o n v e n t i o n a l  t w i n n i n g  s h e a r  i t  was 
assum ed t h a t  t h e  t h e o r y  o f  t h e  c r y s t a l l o g r a p h y  o f  d e f o r m a t i o n
-  17 -
t w in n in g  was c o m p le te  and  q u i t e  g e n e r a l *  D e t a i l e d  a n a l y s e s
1 ) 5 ) 6 ) ^ ^  t)e e n  c a r r i e d  o u t  o f  t h e  ways o:' d e t e r m i n i n g  
t w i n n in g  s h e a r s , w i t h  s m a l l  m a g n i tu d e s  o f s h e a r ,  w h ic h  
r e s t o r e d  a  l a r g e  f r a c t i o n  o f  l a t t i c e  p o i n t s .  The m ech­
an ism s  and t h e  m a g n i tu d e s  o f  s h u f f l e s  r e q t i r e d  t o  r e s t o r e  
a  s t r u c t u r e  c o m p l e t e l y  h a d  a l s o  b e e n  s t u d i e d  i n  d e t a i l  
A l l  o f  t h e s e  a n a l y s e s  a r e  h o w e v e r  r e s t r i c t e d  t o  t h e  t w i n n ­
i n g  s h e a r s  w h ic h  s h e a r  a  c e l l  o f  t h e  p a r e n t  l a t t i c e  i n t o  a
c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  c e l l  o f  t h e  tw in n e d  l a t t i c e .
7 )The d o u b le  t w i n n i n g  a n a l y s i s ' '  b y  w h ic h  n o n - c o n v e n t i o n a l  
tw i n n in g  s h e a r s  c a n  b e  d e t e r m i n e d  i s  n o t  s u i t a b l e  f o r  t h e  
s y s t e m a t i c  d e t e r m i n a t i o n  o f  t w i n n i n g  s h e a r s .  A new a n a l y s i s  
o f  t h e  c r y s t a l l o g r a p h y  o f  d e f o r m a t i o n  t w i n n i n g  w h ic h  d o e s  
n o t  r e s t r i c t  t h e  o r i e n t a t i o n  r e l a t i o n s h i p s  b e tw e e n  t w i n  
and  p a r e n t  l a t t i c e s  h a s  t h u s  b e e n  d e v e l o p e d ,  and  i s  p r e s e n t e d  
i n  P a r t  I  o f  t h i s  t h e s i s *  The p o s t u l a t e s  w h ic h  a r e  u s e d  
a s  t h e  b a s i s  o f  t h e  new a n a l y s i s  a r e  d i s c u s s e d  i n  J » l ffl2 , 
w h ich  a l s o  r e v i e w s  t h e  p r e v i o u s  t h e o r i e s  o f  t h e  c r y s t a l l ­
o g ra p h y  o f  d e f o r m a t i o n  t w i n n i n g  w h ic h  h a v e  i n  f a c t  l e d  t o  
t h e i r  f o r m u l a t i o n .
-  18 ~
1*2* Review*
The e a r l y  t h o r i e s  o f  t h e  c r y s t a l l o g r a p h y  o f
d e f o r m a t i o n  t w i n n i n g  a r e  r e v ie w e d  b y  C ahft^ in  a n  account-
1 5 )w h ich  e s s e n t i a l l y  f o l l o w s  t h a t  g i v e n  b y  J o h n s e n  a t  
t h e  b e g in n i n g  o f  t h i s  c e n tu r y *  The m ore r e c e n t  t h e o r i e s  
o f  K i h o ^  , Ja sw o n  and  D o v e ^  , B u l l o u g h ^ \  and  B i l b y  and 
C ro c k e r ‘S  a r e  r e v ie w e d  i n  d e t a i l  b y  C h ris t ia ?L «  The 
f o l l o w i n g  a c c o u n t  i n c l u d e s  a  b r i e f  r e v i e w  o f  t h e  m a in  
f e a t u r e s  o f  t h e s e  e a r l y  and  m ore r e c e n t  t h e o r i e s  o f  t h e  
c r y s t a l l o g r a p h y  o f  d e f o r m a t i o n  t w i n n i n g  w h ic h  a r e  r e l e ­
v a n t  t o  d i s c u s s i o n  l a t e r  i n  t h e  t e x t *
The p a r a m e t e r s  a s s o c i a t e d  w i t h  a  s i m p le  s h e a r  w h ic h  
p l a y  a n  i m p o r t a n t  p a r t  i n  t h e  c r y s t a l l o g r a p h y  o f  d e fo rm ­
a t i o n  t w i n n in g  a r e  r e a d i l y  d e f i n e d  by  c o n s i d e r i n g  t h e  
s h e a r  o f  a  s p h e r e  i n t o  a n  e l l i p s o i d  a s  i l l u s t r a t e d  i n  
f i g  1 * 1 . The p l a n e  i s  u n r o t a t e d  a s  w e l l  a s  b e i n g
u n d i s t o r t e d  b y  t h e  s im p le  s h e a r *  The s e c o n d  u n d i s t o r t e d  
b u t  r o t a t e d  p l a n e  o f  t h e  s im p le  s h e a r  i s  d e n o t e d  b y  
The p l a n e  p e r p e n d i c u l a r  t o  3L^  and  i s  c a l l e d  t h e  p l a n e  
o f  s h e a r  and  i s  d e n o te d  b y  s # T h is  p l a n e  a l s o  c o n t a i n s  
t h e  s h e a r  d i r e c t i o n  T) and  i n t e r s e c t s  t h e  p l a n e  i n  
t h e  d i r e c t i o n  "^1 2 • Kp i s  t e rm e d  t h e  s h e a r  o r  t w i n  p l a n e
Icd
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and Hfj ^ t h e  s h e a r  o r  t w i n  d i r e c t i o n .  A s h e a r  i s  
c o m p l e t e ly  d e f i n e d  b y  t h e  p a r a m e t e r s  K^ and  o r  Kg
a  te a r  may b e  d e f i n e d  b y  K-^,
o f  t h e  s h e a r ,  b e i n g  d e te r m in e d  by  t h e  m a g n i tu d e  o f  t h e  
a n g le  b e tw e e n  t h e  p l a n e s  K^ and  Kg. The f o u r  p a r a m e t e r s
g e t h e r  d e f i n e  a  t w i n  mode* C o r r e s p o n d in g  t o  t h e  mode
t w in  m ode, w i t h  t h e  same m a g n i tu d e  o f  s h e a r ,  d e f i n e d  by
r e s p e c t i v e l y *  I n  o r d e r  t h a t  a  s im p le  s h e a r  may q u a l i f y  
a s  a  tw i n n in g  s h e a r  i t  m u s t  r e s u l t  i n  t h e  same s t r u c t u r e  
as  t h e  p a r e n t  b u t  i n  a  d i f f e r e n t  o r i e n t a t i o n .  The c o n ­
v e n t i o n a l  d e s c r i p t i o n s  o f  d e f o r m a t i o n  t w i n n i n g  im p o se  t h e  
r e s t r i c t i o n  t h a t  one c e l l  o f  t h e  p a r e n t  l a t t i c e  m u s t  b e  
s h e a r e d  t o  becom e a n  e q u i v a l e n t  c e l l  o f  t h e  tw in n e d  l a t t i c e  
The t h r e e  v e c t o r s  d e f i n i n g  s u c h  a  c e l l  m u st  a l l  l i e  i n  t h e  
u n d i s t o r t e d  p l a n e s  K-^  and  Kg#- ‘ The tw o t y p e s  o f  t w i n  mode 
w h ich  a r i s e  a r e  d i s t i n g u i s h e d  b y  t h e  d i s t r i b u t i o n  o f  
r a t i o n a l  and  i r r a t i o n a l  e l e m e n t s .  A Type I  t w i n  h a s  tw o 
c e l l  e d g e s  i n  K-^  and  a  Type I I  t w i n  h a s  tw o c e l l  e d g e s  i n
w h ere  g i s  t h e  m a g n i tu d e
a r e  c a l l e d  t h e  t w i n  e le m e n t s  and  t o
t h e  e le m e n ts  K-^, V ’ K2 ’ ' V  w here  K^ = K ^ , Y ^  >
Kg = K-^  and ^  - v  Kg and  g a r e  t h u s  c a l l e d  t h e  
r e c r i p r o c a l  t w i n  p l a n e  and  r e c i p r o c a l  t w i n  d i r e c t i o n
-  22 -
Kp » The t h i r d  c e l l  edge  i n  t h e  tw o c a s e s  m u s t  b e  ^  p
i c a l l y  r a t i o n a l  i n  Type I  t w i n s  and  Kp and  a r e  a u to m a t ­
i c a l l y  r a t i o n a l  i n  Type I I  tw in s *  I n  g e n e r a l  h o w e v e r  t h e  
o t h e r  e l e m e n t s . a r e * i r r a t i o n a l , b u t  d e g e n e r a t e  modes w i t h  
t h r e e  o r  f o u r ^  e le m e n t s  do a r i s e .  F o r  ex am p le  i n  Type I  
tw in s  and  0 1 ^ a r e  r a t i o n a l ,  b u t  when s i s  r a t i o n a l  t h e n
i s  a l s o  r a t i o n a l ,  and  when t h e  n o rm a l  t o  s i s  r a t i o n a l  
t h e n  Kp i s  a l s o  r a t i o n a l .  I n  c a s e s  w h e re  b o t h  s and t h e  
n o rm al t o  s a r e  r a t i o n a l  a l l  f o u r  t w i n n i n g  e l e m e n t s  a r e  
r a t i o n a l  and t h e  t w i n  mode i s  s a i d  t o  b e  com pound. The 
r e c i p r o c a l  o f  a  Type I  mode i s  c l e a r l y  o f  Type I I  and  
v i c e  v e r s a *
The r e s t r i c t i o n  t h a t  a  p a r e n t  c e l l  m u s t  s h e a r  i n t o  
an  e q u i v a l e n t  t w i n  c e l l  i m p l i e s  t h a t  t h e  o r i e n t a t i o n  r e l a t ~  
i o n s h i p  b e tw e e n  t w i n  and  p a r e n t  l a t t i c e s  i s  r e s t r i c t e d  t o  
one o f  f o u r  p o s s i b i l i t i e s .  F o r  Type I  t w i n s  t h e s e  a r e  
r e f l e c t i o n  i n  and  r o t a t i o n  o f  7T a b o u t  t h e  n o rm a l  t o  K , 
F o r  Type I I  t w i n s  t h e  o r i e n t a t i o n  r e l a t i o n s h i p s  a r e  r o t a ­
t i o n  o f  JT  a b o u t  and  r e f l e c t i o n  i n  t h e  p l a n e  n o rm a l  t o  
V  I n  c e n t r o s y m m e t r i c  s t r u c t u r e s  t h e  two Type I  
o r i e n t a t i o n  r e l a t i o n s h i p s  a r e  i d e n t i c a l  a s  a r e  t h e  two 
Type I I  r e l a t i o n s h i p s .  Thus i n  b o t h  s i n g l e  and  d o u b le
t h u s  and  *X a r e  a u to m a t -
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l a t t i c e  s t r u c t u r e s  o n ly  one o r i e n t a t i o n  r e l a t i o n s h i p  c an  
e x i s t  f o r  t h e  t w i n  modes w h ic h  a r e  n o t  compound* A l l  f o u r  
r e l a t i o n s h i p s  a r e  i n  g e n e r a l  p o s s i b l e  f o r  compound t w i n s  
and t h u s  two n o n - e q u i v a l e n t  r e l a t i o n s h i p s  a r i s e  f o r  t h i s  
ty p e  o f  t w i n  i n  c e n t ro - s y m m & tr io  s t r u c t u r e s .  T h ese  a r e  
i d e n t i c a l  how ev er  when t h e  p l a n e  o f  s h e a r  i s  a  sym m etry  
p l a n e  o f  t h e  s t r u c t u r e *
The g ro u p  o f  f o u r  c o n v e n t i o n a l  o r i e n t a t i o n  r e l a t i o n ”* 
s h i p s  h a v e  b e e n  u s e d  a s  t h e  b a s i c  d e f i n i t i o n  i n  some o f  
t h e  r e c e n t  a n a l y s e s  o f  t h e  c r y s t a l l o g r a p h y  o f  d e f o r m a t i o n  
t w i n n i n g * ^ ^  * I n d e e d ,  i n  a l l  a n a l y s e s  o f  t h e  c r y s t a l l ­
o g ra p h y  o f  s i n g l e  s h e a r  t w i n s  o n ly  t h e  f o u r  o r i e n t a t i o n  
r e l a t i o n s h i p s  d e s c r i b e d  a b o v e  h a v e  b e e n  c o n s i d e r e d *  U s in g
I')
t h e s e  B i lb y  and C ro c k e r  J w e re  a b l e  t o  d e t e r m i n e  t h e  w e l l
'-T
known f e a t u r e s  o f  Type I  and  Type I I  t w i n  modes w i t h o u t  
a ssu m in g  t h a t  a  c e l l  o f  t h e  p a r e n t  s h e a r s  i n t o  a  c r y s t a l l -  
© g r a p h i c a l l y  e q u i v a l e n t  c e l l  o f  t h e  tw in *  The d e t a i l e d
n . I ')a n a l y s i s  o f  B i l b y  and  C ro c k e r  '  i n c l u d e s  a s  s p e c i a l  c a s e s  
t h e  r e c e n t  t h e o r i e s  o f  K i h o ^  and Ja sw o n  and  D o I n  
t h e i r  a n a l y s i s  t h e y  ex am in e  t h e  a to m ic  m ovem ents w h ic h  
o c c u r  a t  t h e  t w i n  i n t e r f a c e  a s  t h e  t w i n  g r o w s , and  assum e 
t h a t  t h e  a tom s w h ic h  c o m p r i s e  a  m o t i f  u n i t  s h e a r  a s  r i g i d  
b o d i e s .  The t e n s o r  n o t a t i o n  i s  u s e d  e f f e c t i v e l y  and  p e r m i t s  
t h e  r e l a t i o n s h i p s  b e tw e e n  t h e  i n d i c e s  o f  d i f f e r e n t  t w i n
~ 24 *“
e le m e n ts  t o  b e  both , d e t e r m i n e d  and  s t a t e d  c o n c i s e l y .
The d e r i v a t i o n  o f  a n  i n e q u a l i t y  w h ic h  i s  u s e d  f o r  
t h e  d e t e r m i n a t i o n  o f  t w i n  modes w i t h  a  m a g n i tu d e  o f  s h e a r  
l e s s  t h a n  a  c e r t a i n  maximum gmax i s  one  o f  t h e  m o s t  i m p o r t ­
a n t  f e a t u r e s  o f  t h e  a n a l y s i s  * The i n e q u a l i t y  i s
4  < q 2 ( sL o c  +
w here t h e  e l e m e n t s  g 1  ^and  g .  . ( i , o  « 1 , 2 , 3 ) a r e  t h e
v
m e t r i c s  o f  t h e  d i r e c t  and  r e c i p r o c a l  l a t t i c e s  o f  t h e  
s t r u c t u r e ,  and  h ^  an d  v 1 a r e  t h e  r a t i o n a l  i n d i c e s  o f  a  
tw in  p l a n e  and  t h e  c o r r e s p o n d i n g  r e c i p r o c a l  t w i n  d i r e c t i o n  
r e s p e c t i v e l y .  B or g i v e n  v a l u e s  o f  q ,  w h ic h  i s  an  i n t e g e r  
d e f i n i n g  t h e  f r a c t i o n  o f  B r a v a i s  l a t t i c e  p o i n t s  r e s t o r e d  
by  t h e  s h e a r ,  h ^  and  v 1 w h ic h  s a t i s f y  t h e  i n e q u a l i t y  ( 1 . 1 ) 
c an  be r e a d i l y  d e t e r m i n e d .  A k n o w le d g e  o f  h^  and  v 1 
s a t i s f y i n g  ( 1 . 1 ) e n a b l e s  t h e  o t h e r  t w i n  e l e m e n t s  and  t h e  
m a g n i tu d e  o f  t h e  s h e a r  t o  b e  d e t e r m i n e d  u s i n g  t h e  e q u a t i o n s
A k i  = h ± -
B u 1 = ( h . v ^ ) g l k  h, -  (g p<1 h  h  ) v 1
d . . P 4
2
S = 4  [ ( g(to v 1v m) ( s p<1 h ph q ) -  ( h j v b 2 J -  / ( b j V 3 ) .
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H ere  k^  and  u 1 a r e  t h e  i n d i c e s  o f  t h e  o t h e r  tw o t w i n  
e le m e n t ,  A and  B a r e  c o n s t a n t s  and g i s  t h e  m a g n i tu d e  
o f  t h e  s h e a r .
The s e c o n d  i m p o r t a n t  f e a t u r e  o f  t h e  B i l b y - C r o c k e r  
a n a l y s i s  i s  t h e  d e t a i l e d  s t u d y  o f  p o s s i b l e  m echan ism s 
and s h u f f l e  m a g n i tu d e s  w h ic h  a r e  i n  g e n e r a l  r e q u i r e d  t o  
r e s t o r e  a  s t r u c t u r e  i n  i t s  t w i n  o r i e n t a t i o n .  The s t u d y  
h a s  p a r t i c u l a r l y  i m p o r t a n t  a p p l i c a t i o n s  i n  m u l t i p l e  l a t t i c e  
s t r u c t u r e s  w h e r e ,  i n  many known e x a m p le s ,  a  m u l t i p l y  
p r i m i t i v e  c e l l  i s  r e s t o r e d  i n  p r e f e r e n c e  t o  a  p r i m i t i v e  
c e l l .  The s h u f f l e  m ech an ism s c a n  b e  q u i t e  s im p le  e v e n  
th o u g h  o n ly  a  f r a c t i o n  o f  B r a v a i s  l a t t i c e  p o i n t s  a r e  
r e s t o r e d  by  t h e  s h e a r .  The s t u d y  o f  t h e  ways i n  w h ic h  
s h u f f l i n g  c a n  t a k e  p l a c e  and  o f  t h e  m a g n i tu d e  o f  t h e  
s h u f f l e s  e n a b l e s  a  d i s t i n c t i o n  t o  b e  made b e tw e e n  a  s h e a r  
and i t s  r e c r i p r o c a l .  As t h e  m o t i f  u n i t  a s s o c i a t e d  w i t h  
each  B r a v a i s  l a t t i c e  p o i n t  i s  assum ed  t o  s h e a r  a s  a  r i g i d  
b o d y , t h e  c o m p l e x i t y  o f  t h e  s h u f f l e s  i s  p r i m a r i l y  d e t e r m i n e d  
by  t h e  f r a c t i o n  o f  B r a v a i s  l a t t i c e  p o i n t s  r e s t o r e d  t o  t h e i r  
c o r r e c t  t w i n  p o s i t i o n s .  We a r e  h e r e  p r i m a r i l y  i n t e r e s t e d  
i n  t h i s  f a c t o r .  The q u a n t i t y  q w h ic h  a p p e a r s  i n  t h e  
i n e q u a l i t y  ( 1 . 1 ) d e f i n e s  t h e  num ber o f  h .  p l a n e s  w h ic hli.
1
c u t  t h e  v e c t o r  v  c ^ , w h e re  c- i s  t h e  p a r e n t  l a t t i c e  b a s i s .
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The c o m p le x i ty  o f  t h e  s h u f f l e s  i s  d i r e c t l y  r e l a t e d  t o  
t h i s  q u a n t i t y ,  F o r  Type I  t w i n s  h^ a r e  t h e  i n d i c e s  o f  
and  v 1 t h e  i n d i c e s  o f  ^ 2 ’ ^ o r  t w i n s  h ^  a r e
t h e  i n d i c e s  o f  and  v 1 t h e  i n d i c e s  o f  v a l u e
o f  q i s  g i v e n  b y  q = I  w h e re  I  i s  a  f a c t o r  w h ic h
t a k e s  i n t o  a c c o u n t  t h e  way i n  w h ic h  t h e  u n i t  c e l l  d e f i n e d
1 *N -1
by  c . i s  c e n t r e d '  A f r a c t i o n  q o f  l a t t i c e  p o i n t s  a r e
~1
s h e a r e d  c o r r e c t l y  when q i s  odd and  a  f r a c t i o n  2 q when 
q i s  e v e n .  I t  i s  t o  b e  n o t e d  t h a t  q d e t e r m i n e s  t h e  f r a c t i o n  
o f  l a t t i c e  p o i n t s  r e s t o r e d  i n  a  c o n v e n t i o n a l  o r i e n t a t i o n  
r e l a t i o n s h i p .  I t  i s  c l e a r  t h a t  i n  compound modes q may 
be  c a l c u l a t e d  from, e i t h e r  and  o r  and  and
t h e  r e s u l t i n g  v a l u e s  n e e d  n o t  b e  t h e  sam e . I n  t h e s e  c a s e s  
t h e  C o m p le x i ty  o f  t h e  t w i n  s h u f f l e s  i s  r e l a t e d  t o  t h e  q 
v a lu e  a s s o c i a t e d  w i t h  t h e  t w i n  e l e m e n t s  w h ic h  d e f i n e  t h e  
o r i e n t a t i o n  r e l a t i o n s h i p .  T h u s ,  f o r  e x a m p le ,  i f  we h a v e  
q -  5 f o r  and  an(i <1 = 1 f o r  Rp and  Y| ^ t h e n ,  i n  a  
Type I  o r i e n t a t i o n  r e l a t i o n s h i p  f o r  s h e a r  on , one  f i f t h  
o f  t h e  l a t t i c e  p o i n t s  w i l l  b e  r e s t o r e d ,  w h e re a s  f o r  a  Type I I  
o r i e n t a t i o n  r e l a t i o n s h i p s  a l l  l a t t i c e  p o i n t s  w i l l  b e  r e s t o r e d . .
By u s i n g  t h e  i n e q u a l i t y  ( 1 . 1 )  f o r  s m a l l  v a l u e s  o f  q ,  
2 )C ro c k e r  '  d e t e r m i n e d  p o s s i b l e  t w i n  modes f o r  many m e t a l s  
known t o  t w i n .  I n  a d d i t i o n  t h e  m a g n i tu d e  o f  s h u f f l e s
r e q u i r e d  t o  r e s t o r e  t h e  s t r u c t u r e  c o m p l e t e l y  f o r  g i v e n
. <L .tw in  modes and t h e i r  r e c e i p r o c a l s  w e re  d e t e r m i n e / u s i n g  
r e l a t i o n s h i p s ^  n o t  p r e s e n t e d  h e re *  By c o m p a r is o n  o f
2 )t h e  t h e o r e t i c a l  r e s u l t s  w i t h  e x p e r i m e n t a l  r e s u l t s  C ro c k e r  ' 
showed t h a t  p u r e l y  g e o m e t r i c a l  c r i t e r i a  a p p e a r  t o  g o v e rn  
t h e  t w i n  modes o b s e r v e d  i n  m e t a l s .  I n  o r d e r  o f  im p o r t a n c e  
t h e s e  c r i t e r i a  a r e  ;
a )  t h e  t w i n n i n g  s h e a r  s h o u l d  b e  s m a l l !
b )  t h e  s h u f f l e  m ech an ism  s h o u ld  be  s i m p l e ,  t h a t  i s , 
q s h o u ld  b e  s m a l l .
c )  t h e  s h u f f l e  m a g n i tu d e s  s h o u l d  b e  s m a l l !
d )  s h u f f l e s  s h o u l d  b e  p a r a l l e l  t o  t h e  t w i n  d i r e c t i o n  
r a t h e r  t h a n  p e r p e n d i c u l a r  t o  t h i s  d i r e c t i o n .
The c r i t e r i a  a )  and b )  e n a b l e  t h e  f o u r  t w i n  e l e m e n t s  
w h ich  d e f i n e  t h e  m o s t  l i k e l y  t w i n  mode and i t s  r e c i p r o c a l  
t o  b e  d e t e r m i n e d .  The o t h e r  two c r i t e r i a  a r e  o f  v a l u e  
i n  d e c i d i n g  w h e th e r  t h e  mode o r  i t s  c o n j u g a t e  w i l l  o c c u r  
i n  p r a c t i c e .  The two m o st  i m p o r t a n t  c r i t e r i a  a r e  t h e r e f o r e  
d e te r m in e d  b y  t h e  B r a v a i s  l a t t i c e  o f  t h e  s t r u c t u r e .  A lso  
t h e  a p p r o x im a t io n  t h a t  a  m o t i f  u n i t  s h e a r s  a s  a  r i g i d  b o d y  
seems t o  b e  j u s t i f i e d .
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I n  p r a c t i c e  a  num ber o f  o b s e r v e d  h a b i t s  c a n n o t  b e  
d e s c r i b e d  b y  t h e  t w i n  modes d e te r m i n e d  u s i n g  t h e  a n a l y s i s  
d e s c r i b e d  above* T h ese  h a b i t s  h a v e  b e e n  o b s e r v e d  p a r t ­
i c u l a r l y  i n  c l o s e  p a c k e d  h e x a g o n a l ^ ^  and  b od y  c e n t r e d  
c u b ic  m a t e r i a l s ’* "^ .  W ith  t h e  k n o w le d g e  t h a t  i t  i s  
p o s s i b l e  t o  r e s t o r e  a  l a t t i c e  i n  a  new o r i e n t a t i o n  b y  
a  s im p le  s h e a r  so  t h a t  t h e  o r i e n t a t i o n  r e l a t i o n s h i p  i s  
n o t  o f  a  c o n v e n t i o n a l  t y p e , a  new a n a l y s i s  o f  t h e  c r y s t ­
a l l o g r a p h y  o f  d e f o r m a t i o n  t w i n n i n g  h a s  b e e n  u n d e r t a l i e n .
T h is  a n a l y s i s  i s  more g e n e r a l ,  t h a n  p r e v i o u s  t h e o r i e s  o f  
t h e  c r y s t a l l o g r a p h y  o f  d e f o r m a t i o n  t w i n n i n g  and  e n a b l e s  
tw in  modes o f  a  c o n v e n t i o n a l  o r  a  n o n - c o n v e n t i o n a l  t y p e  
t o  be  d e te r m in e d  w h ic h  m ig h t  e x p l a i n  t h e  an o m a lo u s  tv x in s .  
The a n a l y s i s  d o e s  n o t  r e s t r i c t  t h e  o r i e n t a t i o n  r e l a t i o n ­
s h i p  b e tw e e n  t w i n  and  p a r e n t  l a t t i c e s ,  and  i s  b a s e d  on t h e  
p o s t u l a t e s  t h a t  t h e  t w i n  modes m u s t  h a v e  a  s m a l l  s h e a r  and  
s im p le  s h u f f l e s ,  and  t h a t  t h e  m o t i f  u n i t s  s h e a r s  a s  r i g i d  
b o d i e s .  The new t r e a t m e n t  i s  t h e r e f o r e  e s s e n t i a l l y  a  s t u d y  
o f  t h e  p o s s i b l e  ways o f  s h e e n i n g  a  p o i n t  l a t t i c e  so  t h a t  
t h e  l a t t i c e  i s  r e s t o r e d  i n  a  new o r i e n t a t i o n ,  b u t  w i t h  a  
r e s t r i c t i o n  on  t h e  m a g n i tu d e  o f  t h e  s h e a r s  and  t h e  f r a c t i o n  
o f  B r a v a i s  l a t t i c e  p o i n t s  r e s t o r e d  b y  t h e s e  s h e a r s .
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An a n a l y s i s  w h ic h  i s  r e s t r i c t e d  t o  t h e  c u b ic  l a t t i c e s  
i s  p r e s e n t e d  i n  c h a p t e r  2 and  a p p l i e d  i n  d e t a i l  t o  t h e  
c u b ic  B r a v a i s  l a t t i c e s  i n  c h a p t e r  3* A g e n e r a l  a n a l y s i s  
w h ich  i s  a p p l i c a b l e  t o  a l l  B r a v a i s  l a t t i c e s  i s  p r e s e n t e d  
i n  c h a p t e r  4 ,  and  a p p l i e d  t o  t h e  t e t r a g o n a l  , o r th o r h o m b ic  , 
h e x a g o n a l  and  r h o m b o h e d ra l  B r a v a i s  l a t t i c e s  i n  c h a p t e r  5 .  
I n  a l l  f o u r  c h a p t e r s  a  c o m p a r is o n  i s  made w i t h  r e l e v a n t  
t h e o r e t i c a l  o r  e x p e r i m e n t a l  r e s u l t s  o f  p r e v i o u s  a n a ly e e s *  
P a r t  I  o f  t h i s  t h e s i s  i s  c o n c lu d e d  w i t h  c h a p t e r  6 , w h ic h  
d i s c u s s e s  some e x t e n s i o n s  t o  t h e  a n a l y s i s  and  s u g g e s t i o n s  
f o r  p o s s i b l e  m o d i f i c a t i o n s  o f  t h e  d e f i n i t i o n s  o f  d e fo rm ­
a t i o n  t w i n n i n g .
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C h a p te r  2 .  The C ub ic  A n a l y s i s .
2*1 I n t r o d u c t i o n .
The t h e o r i e s  o f  t h e  c r y s t a l l o g r a p h y  o f  d e f o r m a t i o n  
t w in n in g  d i s c u s s e d  i n  t h e  l a s t  c h a p t e r  a r e  r e s t r i c t e d  i n  
t h a t  t h e  tw in n e d  an d  p a r e n t  l a t t i c e s  a r e  a lw a y s  r e l a t e d  
b y  an  e le m e n t  o f  sym m etry* The m o s t  g e n e r a l  d e f i n i t i o n  
o f  a  t w i n n in g  s h e a r  c o n s i s t e n t  w i t h  e x p e r i m e n t a l  o b s e r ­
v a t i o n s  i s  t h a t  r e c e n t l y  g i v e n  b y  B i l b y  and  C r o c k e r * ^ .  
A lth o u g h  t h i s  d e f i n i t i o n  d o e s  n o t  r e s t r i c t  t h e  o r i e n t a ­
t i o n  r e l a t i o n s h i p  b e tw e e n  t h e  tw in n e d  and  p a r e n t  l a t t i c e s ,  
o n ly  t w i n  modes s a t i s f y i n g  t h e  f o u r  c l a s s i c a l  o r i e n t a t i o n  
r e l a t i o n s h i p s  w ere  c o n s i d e r e d  b y  t h e s e  a u t h o r s *  A g e n e r a l  
a l g e b r a i c  f o r m u l a t i o n  f o r  a  t w i n n i n g  s h e a r  w h ic h  i s  c o n ­
s i s t e n t  w i t h  t h e  g e n e r a l  d e f i n i t i o n  o f  B i l b y  a n d  C ro c k e r  
i s  d i s c u s s e d  i n  ^ 2 . 1 /  T h is  f o r m u l a t i o n  i s  u s e d  a s  t h e  
b a s i s  o f  t h e  new a n a l y s i s  o f  t w i n n i n g  I n  t h e  c u b ic  l a t t i c e s  
p r e s e n t e d  i n  t h e  r e m a in i n g  s e c t i o n s  o f  t h i s  c h a p t e r «
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2*2* G e n e ra l  A l g e b r a i c  F o r m u l a t i o n  o f  a  T w in n in g  S h e a r *
To s h e a r  a  l a t t i c e  s u c h  t h a t  t h e  o r i g i n a l  l a t t i c e  
i s  r e s t o r e d  b u t  i n  g e n e r a l  w i t h  a  new o r i e n t a t i o n ^ a  
p r i m i t i v e  c e l l  o f  t h e  s h e a r e d  l a t t i c e  m u s t  b e  i d e n t i c a l  
w i t h  one o f  t h e  p r i m i t i v e  c e l l s  o f  t h e  o r i g i n a l  ( p a r e n t )  
l a t t i c e .  I n  g e n e r a l  t h e  p a r e n t  and new l a t t i c e s  a r e  t h e n  
r e l a t e d  b y  a  r o t a t i o n  and  w i l l  h e r e  b e  s a i d  t o  b e  t w i n  
r e l a t e d .  T h is  d e f i n i t i o n  may b e  e x te n d e d  t o  i n c l u d e  t h e  
s h e a r  o f  .a  l a t t i c e s  s u c h  t h a t  a  m u l t i p l y  p r i m i t i v e *  p a r e n t  
c e l l  i s  r e s t o r e d , .  I n  t h i s  c a s e  a  m u l t i p l y  p r i m i t i v e  c e l l  
o f  t h e  s h e a r e d  l a t t i c e  m u s t  b e  i d e n t i c a l  w i t h  a  p a r e n t  
m u l t i p l y  p r i m i t i v e  c e l l .  An a n a l y t i c a l  d e s c r i p t i o n  o f  
t h e  above  r e l a t i o n s h i p s  may b e  o b t a i n e d  a s  f o l l o w s .
L e t  t h e  p a r e n t  p r i m i t i v e  c r y s t a l  l a t t i c e  b a s i s  b e  
and  l a t t i c e  v e c t o r s  r e f e r r e d  t o  t h i s  b a s i s  b e  x .
S h e a r  t h e  l a t t i c e  v e c t o r s  x  t o  g i v e  new v e c t o r s  y  d e f i n e d  by**
* An nfr*1 m u l t i p l y  p r i m i t i v e  c e l l  i s  d e f i n e d  a s  a  c e l l  w i t h  
a  volum e n  t i m e s  t h a t  o f  a  p r i m i t i v e  c e l l .
** The n o t a t i o n  u s e d  i n  t h i s  a n a l y s i s  i s  d e s c r i b e d  i n  t h e  
a p p e n d ix .
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2  = Sx ( 2 . 1 )
w here  s  = s 1 « S* + g *  V ,  ( 2 . 2 ) *
d 0 0
E q u a t io n  ( 2 . 2 )  d e f i n e s  t h e  e l e m e n t s  o f  S w h ic h  r e p r e s e n t s
a  s h e a r  o f  m a g n i tu d e  g i n  a  d i r e c t i o n  p a r a l l e l  t o  t h e  u n i t
v e c t o r  w i t h  u n i t  n o rm a l  The v e c t o r s  l 1^ .  and
. 3*
m-i£ 1 61X16 ■unit v e c t o r s  and  t h e r e f o r e
g 1 ^  m_. = g . ^  I 1! 0 = 1  ( 2 . 3 )
and a s  m. q1 i s  n o rm a l  t o  l 1^ .  t h e nJm —m ^
m1 I 1 = o (2 .4 -)
The m a t r i x  S r e p r e s e n t s  a  s h e a r  on  t h e  sam e p l a n e  and  
o f  t h e  same m a g n i tu d e  a s  S b u t  i n  t h e  o p p o s i t e  d i r e c t i o n ,
S-1  = ( s - 1 ) ^  = 6* -  s  l 1 m . ( 2 . 5 )d J d
I f  t h e  l a t t i c e  v e c t o r s  y  a r e  l a t t i c e  v e c t o r s  o f  t h e  
same l a t t i c e  o r  a  s u p e r l a t t i c e  i n  a  new o r i e n t a t i o n  t h e n  
i t  m ust b e  p o s s i b l e  t o  c h o o s e  l a t t i c e  v e c t o r s  z s u c h  t h a t
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y  = R z ( 2 , 6 )
w here  R r e p r e s e n t s  a  r i g i d  b o d y  r o t a t i o n .  I f  R = r ^  
t h e n  i n  g e n e r a l
- S p ,
The l a t t i c e  v e c t o r s  z m u st  b e  o f  t h e  fo rm
z = U x  ( 2 . 8 )
w here  t h e  U i s  u n im o d u la r  i n  o r d e r  t h a t  t h e  c e l l s  h a v e
t h e  same v o lu m e . The m a t r i c e s  U w i l l  i n  f u t u r e  b e  r e f e r r e d  
t o  a s  U m a t r i c e s .  I n  a d d i t i o n  t h e  e l e m e n t s  o f  U h a v e  
p a r t i c u l a r  r a t i o n a l  fo rm s  d e p e n d in g  on  t h e  vo lu m e  o f  t h e  
m u l t i p l y  p r i m i t i v e  c e l l  w h ic h  i s  r e s t o r e d  b y  t h e  s h e a r .
The fo rm  o f  t h e  e le m e n t s  o f  t h e  U m a t r i c e s  f o r  c u b ic  l a t t i c e s  
w i l l  be  d i s c u s s e d  i n  s e c t i o n s  2 , 4  and  2 . 3 .  S u b s t i t u t i n g  
( 2 . 6 ) and  ( 2 . 8 ) i n  ( 2 , 1 ) we o b t a i n
2  = R U x  = S x  ( 2 . 9 )
E q u a t io n  ( 2 . 9 )  e x p r e s s e s  t h e  m a t r i x  S r e p r e s e n t i n g  t h e
hom ogeneous s h e a r  o f  a  l a t t i c e  a s  t h e  p r o d u c t  o f  t h e  
m a t r i c e s  R and  U. I n  & 2 . 3  t h i s  fo rm  o f  t h e  s h e a r  m a t r i x
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i s  u s e d  a s  t h e  b a s i s  o f  a  new a n a l y s i s  o f  t w i n n i n g  i n  
t h e  c u b ic  l a t t i c e s *
2.3* The Cubic  A n a l y s i s *
F o r  t h e  s p e c i a l  c a s e  o f  t h e  s im p le  c u b ic  o r t h o -  
no rm al b a s i s  we may lo w e r  t h e  i n d i c e s  i n  e q u a t i o n  ( 2 *2 ) 
a s  d i s c u s s e d  i n  t h e  a p p e n d i x ,  and  a l s o  
we h a v e
s ±0 = 5 i o  ( 2 . 1 0 )
so  t h a t
mi mi  “ 1 i 1 i  = 1 ( 2 . 1 2 )
mi 1 .  = o (2 * 1 3 )l i
r d i  = &i k  <2 *1 4 )
The t w i n n i n g  o f  t h e  s im p le  c u b i c  l a t t i c e  i s  now
c o n s i d e r e d  i n  d e t a i l .  M u l t i p l y  e a c h  s i d e  o f  e q u a t i o n  ( 2 . 9 )  
by  i t s  own t r a n s p o s e  and  u s e  e q u a t i o n  (2 * 1 4 )  t o  o b t a i n
, UTU -  STS = 0  ( 2 . 1 5 )
~ 35 -
The s u b s t i t u t i o n  o f  (2 , ,1 1 )  i n  (2 * 1 5 )  r e s u l t s  i n  n i n e
s im u l ta n e o u s  e q u a t i o n s  i n  t h e  v a r i a b l e s  1 . 5m. , g and  
- 0  1 1
t h e  e le m e n t s  u ^ y  g i v e n  b y
X ( r ) ( s )  “  6 ( p ) ( b )  +  S2  m ( r )  m ( s )  + S
■( / < r j m( s )  + m( r )  * ( s j  5 "  u i ( r ) u i ( s )  = 0 ( 2 ‘1 6 )
(The sum m ation  c o n v e n t i o n  i s  s u s p e n d e d  f o r  i n d i c e s  i n  
p a r e n t h e s e s ) *
T h is  s e t  o f  e q u a t i o n s  c a n  be  c o n v e n i e n t l y  r e p r e s e n t e d  
by  t h e  e q u a t i o n  (m 9i 9u )= o  w h e re  m and  1 r e p r e s e n t
t h e  v a r i a b l e s  m- and  1 .  , and  u  t h e  e l e m e n t s  u .  The mX JL
i s  p l a c e d  b e f o r e  t h e  1 t o  i n d i c a t e  t h a t  t h e  s e c o n d  t e r m
JTrrU?) JZr'lLr)
on t h e  R .H .S .  o f  (2 * 1 6 )  i s  m ^ ^ a n d  n o t  Summing
t h e  t h r e e  e q u a t i o n s  -  0 u s i n g  e q u a t i o n s  ( 2 *1 2 )
2and ( 2 *1 3 ) we o b t a i n  t h e  e x p l i c i t  e x p r e s s i o n  f o r  g
g 2 = u .  . u .  . -  3 ( 2 . 1 7 )1J
%
The e q u a t i o n s  ( 2 . 1 6 )  a r e  s y m m e t r i c ^ ( r )  and  ( s )  and r e d u c e  
t o  s i x  e q u a t i o n s  w i t h  s i x  unknowns and 1 ^ when t h e  
e le m e n ts  u ^  a r e  know n. A l l  e q u a t i o n s  = o a r e
l i n e a r  i n  t h e  1^.. S o l v i n g  t h e  t h r e e  e q u a t i o n s  = 0
f o r  t h e  1^ we o b t a i n
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/ ( r )  = l ( u i ( r ) u i ( r ) - 1 )  ~ 8 m( r )3 / 2  g m ( r )  ( 2 . 1 8 )
The s u b s t i t u t i o n  o f  (2 * 1 8 )  i n  e q u a t i o n s  0
( r  /  s )  g i v e s  s i x  q u a d r a t i c  e q u a t i o n s  i n  ( ^ ( r )|
» (s)>
( r  ^  s ) g i v e n  b y
(m( r ) / m( S )>2 (u i ( S ) u i ( S ) “  V  ~ 2 (m( r / m( s p  
(ui - ( s ) ul ( r ) )  + ^ l ( r ) ui ( r )  ~ 1 > = 0 <2 *1 9 >
By t h e  sym m etry  o f  e q u a t i o n s  ( 2 . 1 9 )  o n ly  t h r e e  q u a d r a t i c s  
a r e  r e q u i r e d  t o  d e f i n e  t h e  m^, f o r  ex am p le  q u a d r a t i c s  i n
ml ^ m2 5 mi / m3 ^ o r  s o l u t i o n s  (m( p ) / m( s ) )
o f  t h e  q u a d r a t i c  e q u a t i o n s  t o  be  r e a l  t h e  f o l l o w i n g  e q u a l '  
i t y  m u st  b e  s a t i s f i e d , -
(u ± ( r ) u i ( s )  )2  >  ( u i ( s ) u i ( s )  “  1 >
<u i ( r ) u i ( r )  "  1 > ( 2 *2 0 )
The r e a l  s o l u t i o n s  g i v e n  b y  e q u a t i o n s  ( 2 . 1 8 )  and  ( 2 . 1 9 )  
f o r  e q u a t i o n s  ( 2 . 1 6 )  m u s t  b e  c o n s i s t e n t  and  t h u s
(n ^ /m ^ )  (m ^/m ^) = (m^/m^) ( 2 . 2 1 )
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I f  one o r  tw o o f  t h e  m^ g i v e n  b y  e q u a t i o n  ( 2 , 1 9 )  
a r e  z e r o  t h e n  b y  (2 * 1 8 )  t h e  c o r r e s p o n d i n g  a r e  
i n d e t e r m i n a t e *  A l t e r n a t i v e  e q u a t i o n s  d e f i n i n g  t h e  ‘JL 
i n d e p e n d e n t l y  o f  t h e  and  g may b e  d e r i v e d  a s  f o l l o w s .  
I n v e r t  b o t h  s i d e s  o f  e q u a t i o n  ( 2 . 1 5 )  s u c h  t h a t
U X(U ± y  -  S ± (S  ± ) J' -  o- 1 , 0- 1 nT (2 . 2 2 )
and s u b s t i t u t i n g  f o r  ( s  ■**). . and  (u  = v . . g i v e s
t h e  s i x  s i m u l t a n e o u s  e q u a t i o n s
X ( r ) ( s ) ^ ’ m , v )  = 0 (2 .2 3 )
E q u a t io n s  ( 2 . 2 5 )  c a n  b e  s o l v e d  t o  g i v e
m( r )  _ .Bvi ( r ) vi ( r )  "  1 5 "  ^ ( r )  ]  /  ( 2 . 2 4 )
and
( ^ ( r ) / 'e ( s ) ) 2 ( v i ( s ) v i ( s )  ~ 1 ) “  
2 ( 'e ( r ) / ' e ( S )^  (v i ( r ) v i ( S )> + 
(v i ( r ) v i ( r )  ’  1 ) = 0 ( 2 . 2 5 )
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E q u a t io n s  ( 2 , 1 8 )  and  ( 2 , 1 9 )  a r e  t h e  m ore c o n ­
v e n i e n t  t o  u s e  f o r  t h e  d e t e r m i n a t i o n  o f  t h e  t w i n  e l e ­
m e n ts ,  a s  t h e  q u a d r a t i c  c o e f f i c i e n t s  a r e  f u n c t i o n s  o f  t h e  
e le m e n ts  u .  . r a t h e r  t h a n  v .  . .  I t  i s  t o  h e  n o t e d  t h a t  i t  
i s  p o s s i b l e  t o  s o l v e  e q u a t i o n s  (2 * 1 6 )  f o r  t h e  and  m^ 
by  e q u a t i o n s  ( 2 , 1 9 ) and  ( 2 , 2 5 ) w i t h o u t  a  k n o w le d g e  o f  
t h e  tw i n n in g  s h e a r  g .
U s in g  t h e  a n a l y s i s  g i v e n  abov e  i t  i s  p o s s i b l e  t o  
d e te r m in e  t h e  t w i n  mode c o r r e s p o n d i n g  t o  t h e  c h o ic e  o f  
a p a r t i c u l a r  U m a t r i x .  E o r  c e r t a i n  c h o i c e s  o f  U m a t r i c e s  
i t  i s  i m p o s s i b l e  t o  fo rm  a  s h e a r  m a t r i x  S o f  t h e  fo rm  
S = E U *, t h i s  i s  i n d i c a t e d  b y  t h e  i n e q u a l i t y  ( 2 . 2 0 )  and  
e q u a l i t i e s  ( 2 , 2 0 )  and  ( 2 . 2 1 )  n o t  b e i n g  s a t i s f i e d .  The 
e le m e n ts  o f  a  t w i n  mode d e f i n e d  b y  a  U m a t r i x  g i v i n g  m^ 
s a t i s f y i n g  ( 2 , 2 1 ) a r e  d e t e r m i n e d  fro m  e q u a t i o n s  ( 2 , 1 8 )  
and ( 2 . 1 9 ) o r  ( 2 . 1 9 ) and  ( 2 , 2 5 ) d e p e n d in g  on  t h e  fo rm  o f
t h e  m...x
E or  U m a t r i c e s  w i t h  a  co lum n and  r o w  b o t h  c o n t a i n ­
i n g  two z e r o  e l e m e n t s  and  h a v i n g  a  common e le m e n t  e q u a l ­
l i n g  u n i t y ,  o n l y  one  o f  e q u a t i o n s  ( 2 . 1 9 )  i s  n e c e s s a r y  t o  
d e f i n e  t h e  i n d i c e s  o f  t h e  t w i n  p l a n e s .  A U m a t r i x  o f  t h i s  
form  d e f i n e s  a n  S and  R m a t r i x  o f  t h e  same fo rm  and  h e n c e  
t h e  p ro b le m  h e r e  i s  e s s e n t i a l l y  tw o d i m e n s i o n a l .  A n a l y s i s
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o f  e q u a t i o n s  ( 2 . 1 9 )  show s t h a t  a l l  U m a t r i c e s  o f  t h i s  
t y p e  d e f i n e  s h e a r  m odes . T h u s ,  i t  i s  a lw a y s  p o s s i b l e  
t o  s h e a r  t h e  s q u a r e  l a t t i c e  s u c h  t h a t  t h e  s h e a r  i s  
e q u i v a l e n t  t o  t h e  d e f o r m a t i o n  o f  t h e  l a t t i c e  r e p r e ­
s e n t e d  b y  a  tw o d i m e n s i o n a l  U m a t r i x  f o l l o w e d  b y  a  
r i g i d  body  r o t a t i o n .  A s t h e  i 100j  s im p le  c u b ic  p l a n e s  
have  a  one f o l d  s t a c k i n g  s e q u e n c e ,  a l l  s im p le  c u b ic  
tw in  modes w i t h  a  ^ 100^  p l a n e  o f  s h e a r  a r e  d e f i n e d  by  
two d i m e n s i o n a l  U m a t r i c e s .
The two s o l u t i o n s  m^ £ 3, o f  t h e  q u a d r a t i c s  i n  mi
g iv e  t h e  tw o u n d i s t o r t e d  p l a n e s  nu (K-^) and  m 
t h e  s im p le  s h e a r  S . ,  The p l a n e s  m^ and . el-, c o n t a i n  t h e
^ ) and  ( ^ 2 ) d e t e r m i n e d  by
e q u a t io n s  ( 2 . 2 5 )  f o r  and  ^ r e s p e c t i v e l y .  I n  o r d e r
t h a t  t h e  t w i n n in g  s h e a r  b e  p o s i t i v e  i n  t h e  t w i n n i n g
d i r e c t i o n ,  t h e  a n g le  b e tw e e n  t h e  n o r m a ls  t o  t h e  tw o
p o s s i b l e  t w i n  p l a n e s  m-^  and  m u st  b e  a c u t e ,  and
s o l u t i o n s  t o  e q u a t i o n  ( 2 . 1 9 ) a r e  c h o s e n  s u c h  t h a t  t h i s
i s  s o .  The c o r r e c t  i n d i c e s  f o r  t w i n  d i r e c t i o n s  a r e
o b t a i n e d  f ro m  e q u a t i o n s  ( 2 . 1 8 )  f o r  a  p o s i t i v e  v a l u e  o f
g from equation  ( 2 .1 7 ) .  I f  th e  equations (2*25) are
- u s e d  f o r  d e t e r m i n i n g  t h e  t w i n  d i r e c t i o n s  t h e n  i t  i s
necessary  th a t  the  s o lu t io n s  be such th a t  the two
tw in  d i r e c t i o n s
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n o rm a ls  t o  t h e  t w i n  p l a n e s  an d  iru* make a c u t e  a n g l e s  
w i th  ^  ail<^  & i r e s p e c t i v e l y ,  w h ic h  i m p l i e s  t h a t  t h e  
a n g le  b e tw e e n  and  ^  i s  o b tu s e ^  By e q u a t i o n  ( 2 . 2 ) ,
two p o s s i b l e  s h e a r  m a t r i c e s  a r e  d e t e r m i n e d  b y  t h e  U 
m a t r i x ,  d e f i n e d  b y  m^ and  and  S2 d e f i n e d  by  
m.2 and s h e a r  S2 i s  g e n e r a l l y  known a s  t h e
r e c i p r o c a l  t w i n n in g  s h e a r  t o  S^* m2 b e i n g  u n d i s t o r t e d  
b u t  r o t a t e d  b y  S ^ .
U s in g  t h e  g e n e r a l  e x p r e s s i o n s  f o r  t h e  s o l u t i o n s  
t o  e q u a t i o n s  ( 2 . 1 9 ) i t  i s  p o s s i b l e  t o  e s t a b l i s h  some 
p r o p e r t i e s  o f  t h e  c u b ic  l a t t i c e  t w i n  p l a n e s  d i r e c t l y .  
We c o n s i d e r  h e r e  t h e  t y p e  o f  t w i n  p l a n e s  and  p l a n e s  
o f  s h e a r  w h ic h  c a n  a r i s e  i n  c u b ic  t w i n  m od es .
The s o l u t i o n s  t o  e q u a t i o n s  (2 * 1 9 )  s r e
/ ( u i ( s ) u ± ( s )  ~ 1 ^
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L et m, = a  + b ,  m-, = c + d ,  m2 -  P + f  ( 2 , 2 6 )
m/ 3  ~  m3
As t h e  e le m e n ts  o f  t h e  U m a t r i c e s  a r e  r a t i o n a l ,  t h e n  
a , c  and  e a r e  r a t i o n a l  nu m bers  a n d b , d ,  and  f  a r e  t h e  
s q u a re  r o o t s  o f  r a t i o n a l  n u m b e r s .  T a k in g  s o l u t i o n s
m( r ) ^ m( s )  (2 * 2 6 )  a l l  t o  b e  o f  p o s i t i v e  s i g h ,  and
s u b s t i t u t i n g  i n  e q u a l i t y  ( 2 , 2 1 ) we o b t a i n
ae  + a f  + b e  + b f  = c + d  ( 2 , 2 7 )
I n  o r d e r  t h a t  t h e  e q u a l i t y  ( 2 , 2 ? )  b e  s a t i s f i e d  b o t h  
t h e  r a t i o n a l  p a r t s  and  i r r a t i o n a l  p a r t s  m u s t  be  e q u a l .
I f  we c o n s i d e r  t h e  i r r a t i o n a l  p a r t s , t h e n
a f  + b e  + b f  = d ( 2 , 2 8 )
I f  a l l  b ,  d and f  are  i r r a t i o n a l , then to  s a t i s f y  the eq u a lity  (2.28) 
i t  must be possible  to  rep resen t each o f  the numbers b , d and f  by 
numbers o f  the form mb, where h i s  an i r r a t io n a l  number common to  
a l l  three rep resen ta tions and m i s  a  r a t io n a l  number which i s  not 
necessarily  the same fo r  a l l  th ree  rep resen ta tio n s . I f  one o f  b ,  
d b f  f  i s  r a t i o n a l ,  ,then the  remaining two numbers must a lso  be o f
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the form nih. Thus fo r  c o n s is ten t  so lu tions to  equations (2.1-6) the
i r r a t im a l- .p a r ts  o f  the  ind ices  o f  twin p lanes, if...any, must, he ra t io n a l
multiples o f . th e  same a lgeb ra ic  i r r a t io n a l  number. The argument i s  -
independent o f  .the signs o f  the  .numbers J b | , j d| and : j f  J . fo r  the
m, 7 o f  (2.26) and. i s  thus quite  general.
(rV (s)
I n  a d d i t i o n , ,  a s  t h e  i n d i c e s  o f  t h e  t w i n  p l a n e s  and  
d i r e c t i o n s  m u s t  be  r a t i o n a l  o r  a l g e b r a i c  i r r a t i o n a l  
n u m b e rs , i t  i s  t h e r e f o r e  n o t  p o s s i b l e  t o  r e s t o r e  t h e  
l a t t i c e  b y  a  s i m p le  s h e a r  on a  p l a n e  w i t h  i r r a t i o n a l  
i n d i c e s  o f  t h e  t r a n s c e n d e n t a l  type,} o r  on a  r a t i o n a l  
p la n e  i n  a  d i r e c t i o n  w i t h  i r r a t i o n a l  i n d i c e s  o f  t h e  
t r a n s c e n d e n t a l  t y p e .
T h ere  i s  a  d i s t i n c t  d i f f e r e n c e  b e tw e e n  Ifche i r r a ­
t i o n a l  i n d i c e s  w h ic h  a r i s e  i n  t h e  c u b ic  a n a l y s i s  and  
th o s e  w h ich  a r i s e  i n  Type I  a n d  Type I I  t w i n s  i n  n o n -  
c u b ic  l a t t i c e s .  The i r r a t i o n a l  e l e m e n t s  w h ic h  a r i s e  
i n  Type I  and  Type I I  t w i n s  a r e  i r r a t i o n a l  b e c a u s e  t h e  
i n d i c e s  o f  t h e  t w i n  e l e m e n t s  a r e  l i n e a r  f u n c t i o n s  o f  
i r r a t i o n a l  l a t t i c e  p a r a m e t e r s ,  w h e re a s  t h e  i r r a t i o n a l  
e le m e n ts  i n  t h e  c u b ic  l a t t i c e s  a r e  i r r a t i o n a l  b e c a u s e  
t h e  i n d i c e s  o f  t h e  t w i n  e le m e n t s  a r e  i n  g e n e r a l  p o w e rs  
o f  i  o f  r a t i o n a l  n u m b e rs .
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The p l a n e  o f  s h e a r  s  i s  d e f i n e d  a s  t h e  p l a n e  
c o n t a i n i n g  and  ^  o r  " a l t e r n a t i v e l y  t h e  p l a n e  
c o n t a i n i n g  and The n o rm a l  t o  t h e  p l a n e  o f
s h e a r  i s  t h u s  g i v e n  b y
s  = m^ x  ^2 ( 2 . 2 9 )
so  t h a t  l e t t i n g
t
m  ^ = mu cj^  and . -  nu
we o b t a i n
s * (n^/m ^ -  m^/m^ ,-m-^/m^ + m ^/m ^, m-^/m^- m^/m^ ”
m2 /m^- m^/m^) ( 2 . 3 0 )
The n o rm a ls  t o  t h e  t w i n  p l a n e s  m-^  and a r e  t h e  
s o l u t i o n s  t o  t h e  q u a d r a t i c  e q u a t i o n s  ( 2 . 1 9 ) and  t h u s  
t h e  com ponen ts  o f  s  a r e  o n l y  a  f u n c t i o n  o f  t h e  e l e m e n t s  
u ^  . U s in g  t h e  m( r ) /  (2 * 2 6 )  and  l e t t i n g
a  + b and  ni^/m^ = a  -  b e t c , and  s u b s t i t u t i n g  f o r
 ^ 3D
(m-^/m^), (m-^/m^), (m2/m ^ )  and  .(m^/m^) i n  ( 2 ^2^ )  we o b t a i n  
on s i m p l i f y i n g
s  = ( l , ” d/ f  ’ 0 d/ t  “  o ) .
4 4  —
I t  was shown i n  c o n n e c t i o n  w i t h  t h e  e q u a l i t y  (2 * 2 8 )  
t h a t  d and  f  m u st  b e  r a t i o n a l  m u l t i p l e s  o f  e a c h  o t h e r ,  
and a s  e and  c a r e  r a t i o n a l  num bers  i t  f o l l o w s  t h a t  
t h e  p l a n e  o f  s h e a r  s m ust  b e  r a t i o n a l *  T h is  a rg u m e n t  
i s  in d e p e n d e n t  o f  t h e  s i g n s  o f  b , d  and  f ,  and  i s  t h e r e ­
f o r e  q u i t e  g e n e r a l .  I n  t h i s  s e c t i o n  i t  h a s  b e e n  shown 
t h a t  i t  i s  p o s s i b l e  t o  d e t e r m i n e  t h e  t w i n  e l e m e n t s  o f  
s im p le  c u b ic  t w i n  modes d e f i n e d  b y  U m a t r i c e s ,  and  
a l s o  t h a t  o n ly  s e v e r a l  w e l l  d e f i n e d  t y p e s  o f  t w i n  
e le m e n t  c a n  a r i s e .  H ow ever, t h e  fo rm  o f  t h e  U m a t r i c e s  
and t h e  r e l a t i o n s h i p s  b e tw e e n  t w i n  modes d e f i n e d  b y  
d i f f e r e n t  m a t r i c e s  h a s  h o t  b e e n  c o n s i d e r e d .  I n  t h e  
r e m a in in g  s e c t i o n s  o f  t h i s  c h a p t e r  a t t e n t i o n  i s  p a i d  
t o  t h e  p r o p e r t i e s  o f  U m a t r i c e s  r e l e v a n t  t o  t w i n n i n g  
i n  t h e  c u b ic  l a t t i c e s .  Many o f  t h e  c o n c l u s i o n s  a r e  
how ever q u i t e  g e n e r a l , and  a p p l y  e q u a l l y  w e l l  t o  t w i n ­
n in g  i n  t h e  n o n - c u b i c  l a t t i c e s ,  a  d e t a i l e d  e x a m in a t io n  
o f  w h ich  i s  p r e s e n t e d  i n  c h a p t e r  4 .
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2 . 4 . The Form o f  t h e  U .M a tr ic e s  f o r  t h e  S im p le  C ubic  
L a t t i c e #
The fo rm  o f  t h e  e l e m e n t s  o f  t h e  U m a t r i c e s  u s e d  
as  d a t a  i n  e q u a t i o n s  (2 * 1 6 )  d e p e n d s  on t h e  f r a c t i o n  o f  
l a t t i c e  p o i n t s  w h ic h  a r e  t o  b e  r e s t o r e d  b y  t h e  s h e a r .
T h is  f r a c t i o n  m , w h e re  m i s  a  r a t i o n a l  n u m b e r ,  i s  
d i r e c t l y  r e l a t e d  t o  t h e  vo lum e o f  t h e  m u l t i p l y  p r i m ­
i t i v e  c e l l  w h ich  i s  r e s t o r e d  b y  t h e  s h e a r *  F o r  t h e  c a s e  
m = 1 , t h a t  i s  when a l l  t h e  l a t t i c e  p o i n t s  a r e  s h e a r e d  
t o  t h e i r  c o r r e c t  t w i n  p o s i t i o n s  , t h e  e l e m e n t s  u ^  a r e  
i n t e g e r s  i n  o r d e r  t h a t  a l l  t h e  v e c t o r s  z d e f i n e d  by  
e q u a t io n  ( 2 . 8 )  s h a l l  b e  l a t t i c e  v e c t o r s *  A lso  a s  
s t a t e d  i n  J j> 2 .2 ,  U i s  u n im o d u la r  i n  o r d e r  t h a t  t h e  c e l l s  
d e f i n e d  by  x  and  z s h a l l  h a v e  t h e  same volume* Thus f o r  
m * 1 t h e  m a t r i x  U i s  i n t e g r a l  u n i m o d u l a r .
To e x te n d  t h i s  a n a l y s i s  t o  i n c l u d e  t h o s e  U m a t r i c e s  
d e f i n i n g  modes w i t h  m ^  1 ,  l e t  U i n  g e n e r a l  d e fo rm  t h e  
l a t t i c e  i n t o  a  l a t t i c e  w i t h  a  f r a c t i o n  m o f  i t s  l a t t i c e  
p o i n t s  c o i n c i d e n t  w i t h  l a t t i c e  p o i n t s  o f  t h e  o r i g i n a l  
l a t t i c e .  The p r o d u c t  o f  R and  U w i l l  t h e n  d e t e r m i n e  a  
s h e a r  S w h ich  w i l l  s h e a r  a  f r a c t i o n  m ^ o f  l a t t i c e
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p o i n t s  t o  t h e i r  c o r r e c t  t w i n  p o s i t i o n s . ,  Prom e q u a t i o n  
( 2 , 9 )  we h a r e
Now jB| = 1 b y  d e f i n i t i o n ,  and t h u s  jUj = + 1 i f  H
i s  a r o t a t i o n ,  and jUj = “ 1 i f  E i s  a  r e f l e c t i o n  o r
a r e f l e c t i o n  f o l lo w e d  b y  a  r o t a t i o n .  The vo lum e e#
p a r a l l e l e p i p e d  d e f i n e d  b y  v e c t o r s  whose com p onen ts  a r e
th e  colum ns o f  U h a s  u n i t  v o lu m e .  T h is  a g r e e s  w i t h  o u r
i n i t i a l  f o r m u l a t i o n  t h a t  a  m u l t i p l y  p r i m i t i v e  c e l l  o f
t h e  s h e a r e d  l a t t i c e  m u st b e  i d e n t i c a l  w i t h  a  p a r e n t  c e l l ,
th o u g h  i n  t h e  p r e s e n t  g e n e r a l  c a s e  t h e  v e c t o r s  a r e  n o t
n e c e s s a r i l y  l a t t i c e  v e c t o r s ,  A c o n v e n i e n t  m ethod  f o r
d e te r m in in g  t h e  fo rm  o f  t h e  e le m e n t s  u .  . i s  a s  f o l l o w s .if]
C o n s id e r  a  new c e l l  d e f i n e d  b y  t h e  l a t t i c e  v e c t o r s
i s  i n t e g r a l  and  iwi = n .  A c c o rd in g  a s  n  = 1 , 2 , 3  e t c . t h e  
c e l l  w i l l  b e  s a i d  t o  be  p r i m i t i v e ,  d o u b ly  p r i m i t i v e ,
|K|  . |U|  = | S ( 2 . 3 1 )
t  = W t ,  w here  t  a r e  t h e  o r i g i n a l  l a t t i c e  v e c t o r s ,  W
t r i p l y  p r i m i t i v e  e t c .  M u l t i p l y i n g  w. . t h e  e l e m e n t s  o f  
. i j
W by  n  we o b t a i n
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w here t h e  colum ns o f  W = w. . d e f i n e  a  p a r a l l e l e p i p e di  j
o f  u n i t  v o lu m e . By a n a lo g y  w i t h  e q u a t i o n  ( 2 , 8 )  l e t
z = y  x  ( 2 . 3 2 )
By e q u a t io n  ( 2 . 3 2 ) ,  f o r  a  l a t t i c e  v e c t o r  x ,  t h e r e  
a r e  no c o r r e s p o n d i n g  l a t t i c e  v e c t o r s  z a f t e r  d e fo rm ­
a t i o n  i f  V c o n t a i n s  i r r a t i o n a l  e l e m e n t s .  The e le m e n t s  
o f  y  a r e  r a t i o n a l  o n ly  i f  n  ^  i s  r a t i o n a l .  The o n l y  
v a lu e s  o f  n  g i v i n g  a  r a t i o n a l  v a l u e  o f  n ~1 / ~$ a r e  t h o s e  
w here  n  = m , m -b e in g  any  p o s i t i v e  i n t e g e r .  I f  U i s  t o  
de fo rm  t h e  l a t t i c e  s u c h  t h a t  m ^ o f  t h e  d e fo rm e d  l a t t i c e  
p o i n t s  c o i n c i d e  w i t h  o r i g i n a l  l a t t i c e  p o i n t s ,  t h e n  on 
m u l t i p l y i n g  t h e  e le m e n t s  o f  U b y  m t h e  r e s u l t a n t  m a t r i x  
w i l l  b e  i n t e g r a l  and  h a v e  d e t e r m i n a n t  v a l u e  nr . A l l  
p o s s i b l e  r e s u l t a n t  m a t r i c e s  o f  t h i s  t y p e  f o r  a  p a r t i c u l a r  
v a lu e  o f  m a r e  c o n t a i n e d  i n  a l l  t h e  p o s s i b l e  m a t r i c e s  V,
w here jWj = n ?  -  n .  The m a t r i c e s  d e f i n e d  a s  W w i t h
_ 1
e le m e n ts  a s  odd m u l t i p l e s  o f  m w h ere  m i s  a n  i n t e g e r ,  
g iv e  t h e r e f o r e  t h e  n e c e s s a r y  fo rm  o f  t h e  U m a t r i c e s  s u c h  
t h a t  a t  t h e  m ost a  f r a c t i o n  m ^ o f  t h e  d e fo rm e d  l a t t i c e  
p o i n t s  a r e  c o i n c i d e n t  w i t h  o r i g i n a l  l a t t i c e  p o i n t s .
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The n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  t h a t  a  U
m a t r i x  o f  t h i s  fo rm  r e p r e s e n t s  a  d e f o r m a t i o n  w h ic h
“ 1r e s t o r e s  a  f r a c t i o n  m o f  t h e  l a t t i c e  p o i n t s  i s  t h a t
U ^ m ust h a v e  e le m e n ts  a s  odd m u l t i p l e s  o f  p  ^ w h e re
p i s  an i n t e g e r  and p .  T h is  c o n d i t i o n  was p r o v e d
by a n a l y s i n g  t h e  fo rm  o f  t h e  e le m e n t s  o f  U m e , t r ic e s
”1 3w hich r e s t o r e  a  f r a c t i o n  m o f  t h e  m l a t t i c e  p o i n t s  
a s s o c i a t e d  w i t h  a  m u l t i p l y  p r i m i t i v e  c e l l  o f  volum e 
m . As t h e  f r a c t i o n  o f  l a t t i c e  p o i n t s  r e s t o r e d  by  
U and U ^ m ust be  t h e  sam e, we d e f i n e  t h e  m v a l u e  a s  
t h e  r e c i p r o c a l  o f  t h e  l a r g e s t  f r a c t i o n  common t o  t h e  * 
e le m e n ts  o f  b o t h  U and  U The f o r m u l a t i o n  o f  a  
tw in n in g  s h e a r  p r e s e n t e d  i n & 2 , 2  e n s u r e s  t h a t  t h i s  
i s  a l s o  t h e m  v a l u e  o f  t h e  t w i n  modes d e f i n e d  b y  t h e s e  
m a t r i c e s .
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2 .5 * The Form o f  U m a t r i c e s  f o r  C e n t r e d  C ubic  L a t t i c e s ,
The p r i m i t i v e  c r y s t a l  l a t t i c e s  o f  f a c e  c e n t r e d
and b ody  c e n t r e d  c u b ic  l a t t i c e s  a r e  r h o m b o h e d r a l ,
and t h u s  t h e  p r i m i t i v e  c r y s t a l  b a s i s  v e c t o r s  a r e  n o t
o r t h o g o n a l ,  U s in g  t h e  n o t a t i o n  d e s c r i b e d  i n  t h e
a p p e n d ix  l e t  t h e  U m a t r i c e s  r e f e r r e d  t o  t h e  o r t h o -
*
norm al c u b ic  b a s e s  p^  , t h e  p r i m i t i v e  b . c . c .  b a s i s  
i ^ , t h e  p r i m i t i v e  f . c . c .  b a s i s  ih  and t h e  p r i m i t i v e  
b a s e  c e n t r e d  b a s i s  b e  (p U p ) ,  ( i U i ) ,  ( f U f )  and 
(cU c) r e s p e c t i v e l y .  A l th o u g h  t h e  1 .base  c e n t r e d  
c u b i c ’ l a t t i c e  d o e s  n o t  p o s s e s s  c u b ic  sym m etry  
i t  h a s  b e e n  i n c l u d e d  h e r e  t o  c o m p le te  t h e  a n a l y s i s .
The p r o p e r t i e s  o f  t h e  U m a t r i c e s  d e r i v e d  b e lo w  w i l l  
be shown t o  be  i n d e p e n d e n t  o f  l a t t i c e  p a r a m e t e r s , 
and t h e r e f o r e  h o l d  f o r  a l l  B r a v a i s  l a t t i c e s .  By 
i n c l u d i n g  ’b a s e  c e n t r e d ’ c u b ic  h e r e  we w i l l  o n ly  
have t o  r e f e r  b r i e f l y  t o  t h e s e  p r o p e r t i e s  i n  t h e  m ore 
g e n e r a l  a n a l y s i s  o f  C h a p te r  ^
* In  t h i s  a n a l y s i s  p .  w i l l  a lw a y s  r e p r e s e n t  ^ th e  c r y s t a l
ioVwtA'. ^
l a t t i c e  b a s i s .  T h a t  i s  t h e  t h r e e  v e c t o r s / d e f i n i n g
o^ a-
t h e  u n i t  c e l l  o f  t h e  B r a v a i s  l a t t i c e ^ u n d e r  c o n s i d e r ­
a t i o n .
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The m a t r i c e s  ( i U i ) , ( f U f )  and  (cU c) f o r  m = 1 
a re  o n ly  i n t e g r a l  u n im o d u la r  when r e f e r r e d  t o  t h e  b a s e s  
i j _5 and  c± r e s p e c t i v e l y .  E q u a t io n  ( 2 . 9 )  i s  g e n e r a l  
i n  t h a t  i t  r e l a t e s  B, U and  S f o r  any  p r i m i t i v e  c r y s t a l  
b a s i s  c|£. The s o l u t i o n  o f  e q u a t i o n  (2 * 9 )  w h ich  we 
c o n s id e r e d  i n  £  2 .3  was h o w e v e r  f o r  an  o r th o n o r m a l  
b a s i s  o n l y ,  and t h u s  b o t h  R and U w ere  r e f e r r e d  t o  s u c h  
a b a s i s .  I n  o r d e r  t o  u s e  t h e  a n a l y s i s  o f  §* 2 ,3  t o  
d e te r m in e  t h e  t w i n  modes f o r  t h e  c e n t r e d  c u b ic  l a t t i c e s ,  
f o r  s p e c i f i c  m v a l u e s ,  i t  i s  t h u s  n e c e s s a r y  t o  c o n s i d e r  
t h e  r e l a t i o n s h i p  b e tw e e n  t h e  m a t r i c e s  (pTJp) and ( f U f ) ,
(pUp) and ( i U i ) , and  (pUp) and  ( c U c ) ,  s u c h  t h a t  (pUp) g i v e s  
t h e  same d e f o r m a t i o n  o f  t h e  l a t t i c e  a s  ( f U f ) , ( i U i )  and 
(c U c ) .
The r e l a t i o n s h i p s  b e tw e e n  l a t t i c e  v e c t o r s  r e f e r r e d  
t o  t h e  o r th o n o rm a l  b a s i s  and  p r i m i t i v e  c e n t r e d  b a s e s  a r e  
g iv e n  by
[ i  *, * ]  = ( i  I  p )  i p  j x j
{ /  ’ = ( f  ?  P )  [ p  3 x j
[ c ! Z~\ = ( c  0 p )  [ p  ; x j ( 2 . 3 5 )
( 2 . 3 3 )
( 2 . 3 4 )
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0 1 l |
( i  I  p )  = 1 0 I f  5 (p  I  i )
1 Oj
-1
1
1
1
-1
1 -11
( 2 , 3 6 )
*1 1 1
( f  F p )  * ! 1 -1  1 5 (p  I? f ) 
i  i  - y
0 1 
i  i i  o
l  i
( 2 , 3 7 )
(c  C p )  *
1 -1  0
' 1 1 0  
,0 0 1
I ( p C c )
1 1 
i  h i  1
0 0
( 2 . 3 8 )
The r e l a t i o n s h i p  b e tw e e n  (pUp) and  (cU c) i s  c o n s i d e r e d  
f i r s t .  The r e l a t i o n s h i p  b e tw e e n  m a t r i c e s  r e p r e s e n t i n g  
th e  same d e f o r m a t i o n  o f  t h e  l a t t i c e  b u t  r e f e r r e d  t o  d i f f ­
e r e n t  b a s e s  i s  w e l l  known ( s e e  a p p e n d i x ) , and  f o r  (pU p) and  
(cUc) we h av e  u s i n g  e q u a t i o n  ( A .1 4 )
and
(cU c) = (c C p )(p U p ) (p C c )
(pUp) = ( p C c ) ( c U c ) ( c C p )
( 2 . 3 9 )
( 2 . 4 0 )
By e q u a t i o n  ( 2 . 3 9 ) i  (cU c) an d (p U p ) a r e  s i m i l a r ,  t h a t  i s  
th e y  h av e  t h e  same d e t e r m i n a n t  v a l u e s .  T h is  i s  a  v e r y  
n e c e s s a r y  r e s u l t  a s  b y  e q u a t i o n  ( 2 . 3 1 ) |Uj m u st  a lw a y s
C_z .3  ^j
be + 1 .  U s in g  e q u a t i o n  ( 2 . 4 0 ) / and  e x p a n d in g  f o r  (cC p ) 
(pCc) o f  ( 2 . 3 8 )  we o b t a i n
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d)=
i (u1l+u12+i21+;i22) ^11+^22”^21} i ( i 13+l!,23)
:)=
(^ 2^ l +u2 2~^11~U12 ^  
(u31+u32)
i(u1i-u12“U2i+U22)
^ U11“U12+U21“U22) 
2( u 3 i “ U 3 2 )
i ( u 1l - ul 2+u22- u2 i )
(u32- u3i)
i (ul l +u22“u21“u22)
i (ul l +u12+U21+U22)
i (u31+u32^
i / < * \
5 23 13
33
x^x13’'u23)
- u13+u23^
u33
(2,41) A
where t h e  u .  . a r e  t h e  e l e m e n t s  o f  (cU c) - Thus t o  e v e r y
i n t e g r a l  (cU c) t h e r e  i s  a  c o r r e s p o n d i n g  m a t r i x  (pUp) w i t h
i n t e g r a l  o r  h a l f  i n t e g r a l  e l e m e n t s .  F o r  n o n ~ i n t e g r a l
(cUc) t h e  a rg u m e n t i s  s im p ly  e x t e n d e d ,  and  i n  g e n e r a l .
( o \ ) c \
t h e  m v a lu e  o f  (pUp) i s  t h e  same o r  d o u b le  t h a t  o f  ( J J f l ) « 
I t  i s  t h u s  p o s s i b l e  t o  d e t e r m i n e  a l l  b a s e  c e n t r e d  t w i n  
modes from  t h e  s im p le  c u b ic  a n a l y s i s  o f  ^ > 2 .3  u s i n g  t h e  
(pUp) c o r r e s p o n d i n g  t o  (cU c) a s  d a t a .  F u r t h e r  A n a l y s i s  
o f  t h e  e le m e n ts  o f  (pUp) g i v e n  b y  (2 .4 -1 )  l e a d s  t o  a  m eans 
o f  i d e n t i f y i n g  t h o s e  (pUp) w h ic h  g i v e  (cU c) w i t h  i n t e g r a l  
and h a l f  i n t e g r a l  e l e m e n t s .  F o r  ex am ple  t h e  n e c e s s a r y  
form  o f  t h e  e le m e n t s  o f  (pU p) t o  p r e d i c t  b a s e  c e n t r e d  
modes w i th  m = 1 a r e ;
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,(9 <t> ® 0> *
a )  A l l  e le m e n ts  i n t e g r a l ,  w i t h  ( u p p +up 2 +u2 1 +u2 2 '  811 e v en
i n t e g e r ,  and ( u ^ + u ^ )  ^  e v e n  i n t e g e r .
b )  i n t e g r a l ,  e l e m e n t s  o f  f i r s t  and  s e c o n d  row s odd 
m u l t i p l e s  o f  -J, and  u ^  and u ^  b o t h  odd o r  b o t h  e v e n  
i n t e g e r s .
G) ^1 2 ’ ^ 2 1 ’ ^22  mul ^ i P ^ e s  o t h e r
cp (Pe le m e n ts  i n t e g r a l  w i t h  u ^  and  u ^  l o t h  odd o r  b o t h  even ,
/T» /4^ )a) h 13 and U g^ .odd  m u l t i p l e s  o f  £, a l l  o t h e r  e le m e n t s  
as  i n  a ) ,
The r e l a t i o n s h i p  b e tw e e n  (pUp) and  ( i U i )  i s  
g iv e n  by
( iU i)  = ( i l p )  (pUp) ( p H )  ( 2 . 4 2 )
(pUp) -  ( p l i )  ( iU i )  ( i l p )  (2 ,-43 )
From t h e  fo rm  o f  ( i l p )  and  ( p l i )  f o r  e v e r y  i n t e g r a l  ( i U i )
t h e r e  i s  a  c o r r e s p o n d i n g  i n t e g r a l  and  h a l f  i n t e g r a l  (pU p),
F u r t h e r  a n a l y s i s  o f  (pUp) l e a d s  t o  a  m eans o f  d e t e r m i n i n g  
w hich (pUp) g iv e  b . c . c .  modes w i t h  m = 1 .
-  5 4  -
)
These a r e  ;
e )  I f  t h e r e  a r e  t h r e e  i n t e g r a l  co lum ns o f  (p U p ) ,  t h e  sum
o f  t h e  e le m e n ts  o f  e a c h  o f  t h e  t h r e e  row s m u st e i t h e r  b e  a l l
odd o r  a l l  e v e n .
f )  I f  t h e r e  a r e  odd m u l t i p l e s  o f  £  a s  e l e m e n t s ,  t h e n  t h e r e  
m ust be  two co lum ns o f  (pUp) w i t h  a l l  e l e m e n t s  odd m u l­
t i p l e s  o f  £  and one w i t h  a l l  e v e n  m u l t i p l e s  o f  £ .
A s i m i l a r  a n a l y s i s  h a s  b e e n  c a r r i e d  o u t  f o r  t h e  
r e l a t i o n s h i p  b e tw e e n  (pUp) and  ( f U f ) .
( f U f )  = ( f F p ) ( p U p ) ( p F f ) (2 .4 4 )
and
(pUp) = ( p F f ) ( f U f ) ( f F p )  ( 2 . 4 5 )
As i n  t h e  b o d y  and  b a s e  c e n t r e d  c a s e s  t h e r e  i s  a lw a y s  
an i n t e g r a l  o r  h a l f  i n t e g r a l  (pUp) f o r  e v e r y  i n t e g r a l  
(fU p) and i n  o r d e r  t h a t  (pUp) w i l l  g i v e  i n t e g r a l  ( f U f )  
t h e n  t h e  f o l l o w i n g  r e s t r i c t i o n s  a r i s e :
g )  I f  t h e r e  a r e  i n t e g r a l  row s o f  (p U p ) ,  t h e n  t h e  sum o f  
t h e  e le m e n ts  o f  e a c h  o f  t h e  t h r e e  co lu m ns m u s t  b e  e i t h e r  
a l l  odd o r  a l l  e v e n .
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h )  I f  t h e r e  a r e  odd m u l t i p l e s  o f  £  a s  e l e m e n t s ,  t h e n  
t h e r e  m ust b e  tw o  row s o f  (pUp) w i t h  a l l  e le m e n t s  odd 
m u l t i p l e s  o f  £  and one w i t h  e v e n  m u l t i p l e s .
The r u l e s  h )  and  b )  a r e  v e r y  s i m i l a r  a n d  i t  i s  
p o s s i b l e  f o r  (pUp) t o  g i v e  i n t e g r a l  m v a l u e s  o f  b o t h  
(cUc) and ( f U f ) .  T h is  i n d i c a t e s  t h a t  i t  i s  p o s s i b l e  
f o r  tw in n in g  s h e a r s  t o  s h e a r  b o t h  f . c . c .  and  b a s e  
c e n t r e d  c u b ic  l a t t i c e s  s u c h  t h a t  t h e  l a t t i c e s  a r e  
r e s t o r e d  b u t  i n  a  new o r i e n t a t i o n .  T h is  r e s u l t  i s  o f  
no d i r e c t  u s e  i n  t h i s  c u b ic  a n a l y s i s  b u t  a s  a  g e n e r a l  
r e s u l t  i s  s i g n i f i c a n t .  I t  i s  t o  b e  n o t e d  t h a t  i f  a  
m a t r ix  s a t i s f i e s  r u l e  f )  t h e n  i t ’ s  i n v e r s e  w i l l  s a t i s f y  
r u l e  h ) .  F o l lo w in g  o u r  d e f i n i t i o n  o f  t h e  m v a l u e  a l l  
r u l e s  above a r e  o n ly  n e c e s s a r y  r e s t r i c t i o n s  on t h e  
e le m e n ts  o f  (pUp) t o  g i v e  t h e  r e s p e c t i v e  c e n t r e d  
U m a t r i c e s  „
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2*6* R e l a t i o n s h i p s  B etw een  D i f f e r e n t  U m a t r i c e s  f o r  t h e 
Cubic L a t t i c e s ,
2 . 6 . 1 »G r y s t a l l o g r a p h i c a l l y  E q u i v a l e n t  U m a t r i c e s .
From any  U m a t r i x  o f  t h e  fo rm  u . . =
U11 u12  u 1 3 ' ^  P o s s ^ ^ - e -^n  g e n e r a l  t o  
U21 u22 u23
!u 31 u 32 u 33! 
g e n e r a t e  1152 d i f f e r e n t  U m a t r i c e s  b y  i n t e r ­
c h a n g in g  and c h a n g in g  t h e  s i g n  o f  row s and  c o lu m n s .
I n  c a s e s  w h ere  t h e  i n i t i a l  m a t r i x  i s  s y m m e tr ic  o r  
h a s  common e le m e n t s  t h e r e  w i l l  b e  a  r e d u c t i o n  i n  
t h e  num ber o f  m a t r i c e s  w h ich  c a n  b e  d e r i v e d .  L e t  
t h e  m a t r i x  f rom  w h ic h  a l l  1152  m a t r i c e s  a r e  d e r i v e d  
be d e n o te d  b y  U. F o r  t h e  s im p le  c u b ic  l a t t i c e  a l l  
1152 m a t r i c e s  d e r i v e d  fro m  one U a r e  c r y s t a l l o g r a p h y  
i c a l l y  e q u i v a l e n t .  I f  t h e  s o l u t i o n s  o f  e q u a t i o n  
( 2 . 1- ) a r e  c o n s i s t e n t  and  r e a l ,  t h e n  b 3^  ( 2 . 1 9 ) a l l  
U m a t r i c e s  d e r i v e d  fro m  U b y  i n t e r c h a n g i n g  and  
c h a n g in g  t h e  s i g n  o f  row s d e f i n e  t w i n  modes o f  a  
common c r y s t a l l o g r a p h i c ' v a r i a n t  * The U m a t r i c e s  
d e r i v e d  from  U b y  i n t e r c h a n g i n g  and  c h a n g in g  t h e  s i g n
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o f  colum ns d e f i n e  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  
tw in  m odes , th o u g h  n o t  n o r m a l l y  t h e  same c r y s t a l l -  
o g ra p h ic  v a r i a n t .  I n  l a t e r  d i s c u s s i o n  t h e  r e l a t ­
i o n s h i p  U t « U 0 i s  u s e d  t o  i n d i c a t e  t h a t  b o t h  m a t r i -  A I  C-
c e s  and d e f i n e  c r y s t a l l o g r a p h i c a l l y  e q u i v a ­
l e n t  t w in  m odes.
2 . 6 . 2 . The M a t r ix  U- 1 .
We h e r e  c o n s i d e r  t h e  r e l a t i o n s h i p  b e tw e e n  t h e
s h e a r  modes S and  S a r i s i n g  f ro m  t h e  m a t r i c e s  U and
—1 —1U r e s p e c t i v e l y ,  w here  t h e  m a t r i c e s  U and  U a r e
r e f e r r e d  t o  a  p r i m i t i v e  l a t t i c e  b a s i s .  We h a v e  RU=
S and l e t  1  U_1 = S so  t h a t  S = R S -1  E . The fo rm
o f  S i s  a n  i n d i c a t i o n  t h a t  t h e  mode d e f i n e d  b y  U ^
-1i s  d e p e n d e n t  on t h e  m a t r i x  S , and  we t h e r e f o r e  
c o n s i d e r  t h e  p r o p e r t i e s  o f  S ^ i n  m ore d e t a i l .
L e t  x  r e p r e s e n t  p a r e n t  l a t t i c e  v e c t o r s  and 
y  t h e  c o r r e s p o n d i n g  s h e a r e d  l a t t i c e  v e c t o r s .  I f  S 
r e s t o r e s  t h e  l a t t i c e  b u t  i n  a  d i f f e r e n t  o r i e n t a ­
t i o n  t h e n  y  a r e  t w i n  l a t t i c e  v e c t o r s ,  and d e f i n e d  a s
( q  S q )
w here  i s  t h e  p r i m i t i v e  p a r e n t  l a t t i c e  b a s i s .
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The m a t r i x  S ^ r e p r e s e n t s  a  s h e a r  on t h e  same p l a n e  
and o f  t h e  same m a g n i tu d e  a s  S h u t  i n  t h e  o p p o s i t e  
d i r e c t i o n .  I t  i s  e v i d e n t  t h a t  S ^ w i l l  s h e a r  v e c t o r s  
y  r e p r e s e n t i n g  t h e  tw in n e d  l a t t i c e  i n t o  v e c t o r s  x
r e s t o r i n g  t h e  l a t t i c e  b u t  i n  a  d i f f e r e n t  o r i e n t a t i o n s .
“ 1 -**1Thus ( t  S t )  w h ich  i s  t h e  s h e a r  S r e f e r r e d  t o  t h e
tw in  b a s i s  ta  i s  a  t w i n n i n g  s h e a r .  L e t  t h e  r e l a t i o n ­
s h ip  b e tw e e n  t w i n  and  p a r e n t  l a t t i c e  v e c t o r s  be
i ^3 = ("t X q) [ q  \ xj, (2.-4-6)
and u s i n g  e q u a t i o n  (A<14- ) f o r  t h e  r e l a t i o n s h i p  b e tw e e n  
( t  S t )  a n d (q  S q )  we o b t a i n
( t  S_1 t )  = S = ( t  X q ) ( q  s -1  q ) ( q  X t )  (2 .4 -7 )
The r e l a t i o n s h i p  b e tw e e n  l a t t i c e  v e c t o r s  O s ]  and  
f i n a l  l a t t i c e  v e c t o r s  r e f e r r e d  t o  t h e  p a r e n t  l a t t i c e  b a s i s  
£q> z j  a f t e r  t h e  t o t a l  d e f o r m a t i o n  i s  g i v e n  b y
[ c15 £j = (q  H q ) f  q? x j  ( 2 . 4 8 )
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As a c o n se q u e n c e  o f  e q u a t i o n  ( 2 , 4 8 )  t h e  r e l a t i o n ­
s h ip  b e tw ee n  a  l a t t i c e  v e c t o r  r e f e r r e d  t o  t h e  t w i n  
b a s i s  j [ t $  x ) and  t h e  p a r e n t  b a s i s  ^ q *5 x j  i s  
g iv e n  by  e q u a t i o n  ( 2 . 4 6 )  w here  ( t  X q )  = R 1 .
S u b s t i t u t i n g  f o r  ( t  X q )  i n  e q u a t i o n  ( 2 . 4 7 )  we o b t a i n
5  = i f 1 S*"1 R. ( 2 . 4 8 )
Comparing ( 2 .4 8 )  w i t h  t h e  p r e v i o u s  e x p r e s s i o n  f o r
rsr — *~1S = R S R, t h e n  t h e  l a t t i c e  w i l l  b e  r e s t o r e d  b y  
S i f  S = R ^ , and t h u s
13 -  H-1  U_1 ( 2 . 4 9 )
Only f o r  t h o s e  c a s e s  i n  w h ic h  t h e  s h e a r  p l a n e  and  t h e  
s h e a r  d i r e c t i o n  o f  S h a v e  t h e  same c r y s t a l l o g r a p h i c  
form  r e l a t i v e  t o  t h e  p a r e n t  ,and t w i n  b a s e s  w i l l  S and  
S r e p r e s e n t  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  m odes .
Thus i n  c o n v e n t i o n a l  modes U and  U ^ a r e  c r y s t a l l o g -  
r a p h i c a l l y  e q u i v a l e n t .
. —1The m a t r i c e s  U and  U d e f i n e  s h e a r  modes w h ic h
s h e a r  t h e  l a t t i c e  s u c h  t h a t  t h e  d i s t r i b u t i o n  o f  l a t t i c e  
p o i n t s  a f t e r  s h e a r  f o r  b o t h  s h e a r s  i s  i d e n t i c a l .  How­
e v e r ,  t h e  t w i n  p l a n e s  o f  b o t h  modes when r e f e r r e d  t o
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t h e  p a r e n t  c r y s t a l  b a s i s  a r e  n o t  i n  g e n e r a l  c r y s t ­
a l l o g r a p h i c  a l l y  e q u i v a l e n t .  Thus f o r  a  t w i n  mode 
t o  be c o m p le te  i t  i s  n e c e s s a r y  t o  i n d i c a t e  t h e  f o u r
p o s s i b l e  h a b i t  p l a n e s  a s s o c i a t e d  w i t h  t h e  s h e a r s
-1d e f in e d  by  U and U . F o l lo w in g  t h e  d i s c u s s i o n  m  
$ 2 .3  l e t  t h e  s h e a r s  a s s o c i a t e d  w i t h  U b e  and  Sg 
d e f in e d  by  m ^, and mu^and r e s p e c t i v e l y .  L e t  
t h e  s h e a r s  a s s o c i a t e d  w i t h  U ^ b e  and  d e f i n e d  
by and m^and r e s p e c t i v e l y .  Thus t o  com­
p l e t e l y  d e f i n e  a  t w i n  mode i t  i s  n e c e s s a r y  t o  q u o te  
S f , -Sgj and o r  a l t e r n a t i v e l y  % £ ^ e t c „  and  
f o r  c o m p le te n e s s  t h e  common m a g n i tu d e  o f  t h e  t w i n ­
n in g  s h e a r  g„ I t  i s  c o n v e n i e n t  t o  g i v e  t h e  s h e a r  
m a t r i c e s  i n  p a i r s  , S2 ? and  and  t o  d i s t i n ­
g u is h  b e tw e e n  modes d e f i n e d  b y  U an d  U ^ r e s p e c t i v e l y .  
There i s  no c r i t e r i o n  t o  d e t e r m i n e  t h e  o r d e r  o f  t h e  
p a i r s  o f  s h e a r  m a t r i c e s  o r  t h e  o r d e r  o f  m a t r i c e s  i n  
a  p a i r .
I t  i s  e v i d e n t  from  t h e  d i s c u s s i o n  above  t h a t  b o t h  
-1S and 8 s h e a r  t h e  same f r a c t i o n  o f  l a t t i c e  p o i n t s  
i n t o  l a t t i c e  p o i n t s , b u t  w i t h  a  d i f f e r e n t  o r i e n t ­
a t i o n .  T h is  f r a c t i o n  i s  d e t e r m i n e d  b y  t h e  m v a l u e s  
o f  t h e  m a t r i c e s  U and  U ^ w h ic h  m u st  t h e r e f o r e  b e  t h e  
same.
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T his  r e s u l t  i s  i n  a g re e m e n t  w i t h  t h a t  o b t a i n e d  i n
The d i s c u s s i o n  so  f a r  h a s  b e e n  r e s t r i c t e d  t o  t h e
- 1  - i
r e l a t i o n s h i p  b e tw e e n  U and  U , w h e re  U and  U a r e  
r e f e r r e d  t o  p r i m i t i v e  l a t t i c e  b a s e s .  As s t a t e d  i n  
§ 2 .5  i t  i s  o f t e n  more c o n v e n i e n t  t o  u s e  n o n - p r im -  
i t i v e  t h a n  p r i m i t i v e  b a s e s .  F o r  exam ple  t h e  u s e  o f
C -C  l i r - t f X N  # 1
t h e / c r y s t a l  l a t t i c e  b a s i s  p .  i s  p r e f e r r e d  t o  a b o d y  
c e n t r e d ^ b a s i s  i ^  o r  a  f a c e  c e n t r e d / b a s i s  f ^ .  U s in g  
t h e  same n o t a t i o n  a s  i n  § 2 . 5  and  r e w r i t i n g  e q u a t i o n  
(2 .4 5 ) .
(pUp)= ( p F f ) ( f U f ) ( f F p )  (2 .5 0 )
and i n v e r t i n g  b o t h  s i d e s  o f  (2 .4 5 )  s u c h  t h a t
CPU'S) = ( p F f  ) ( f U _1f ) ( f E 'p )  (2 .5 1 )
I f  any r e l a t i o n s h i p  e x i s t s  b e tw e e n  ( f U f )  and  (fU  4 )
th e n  by  e q u a t i o n s  (2 .5 0 )  and  (2 .5 1 )  t h e  some r e l a ­
t i o n s h i p s  w i l l  h o l d  b e tw e e n  (pIJp) and  (pU ^ p ) .  The 
argum ent i s  i n d e p e n d e n t  o f  t h e  p r i m i t i v e  l a t t i c e  b a s i s  
f^» and t h u s  t h e  r e l a t i o n s h i p s  b e tw e e n  U and U ^ 
which w ere  d i s c u s s e d  a b o v e  h o l d  f o r  a n y  b a s i s .
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“12 , 6 . 5 . The T ra n s p o s e  o f  t h e  M a t r i c e s  U and  U
The r e l a t i o n s h i p  b e tw e e n  t h e  t w i n n i n g  modes
~ 1  rp
d e f i n e d  by  t h e  m a t r i c e s  U and  (U ) i s  b e s t
— 1  m
e x p la in e d  by  s u b s t i t u t i n g  (U ) J' ,  f o r  U i n  e q u a ­
t i o n  ( 2 ,1 3 )  so  t h a t
(u - 1 ) ( I f 1 )1 = STS
—1 TL et V = (U ) and s u b s t i t u t i n g  f o r  S = s^_. f ro m  
e q u a t io n  ( 2 . 2 )  and  V -  v .  . i n  e q u a t i o n  ( 2 . 5 2 )  wer  j
o b t a i n  t h e  e q u a t i o n s  '
X( t ) ( s )  < m> -  0
The s o l u t i o n s  o f  e q u a t i o n  ( 2 , 5 3 )  f o r  i q  cq and  q  
a r e
(2 , 52)
( 2 . 5 3 )
* ( r )  = [  (T i ( r ) v i ( s )  "  1 > “  ^ ( r ) ]  /
2gm( r )  ’ (2 .5 4 )
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and
H r ) /m ( s ) )2  ( v i ( s ) v i ( s )  '  1 . )  “  2 (ja( r ) /m ( s ) )
^v i ( r ) v i ( s ) ^  + ^ i ( r ) v i ( r )  “ 1 > = 0 ( 2 ’ 5:
Thus i f  t h e  m^ a r e  i n t e r c h a n g e d  w i t h  t h e  £^  i n  
e q u a t io n s  ( 2 . 2 4 )  and  ( 2 . 2 5 )  we o b t a i n  e q u a t i o n s  ( 2 . 5 4 )  
and ( 2 .5 5 )  r e s p e c t i v e l y #  The i n d i c e s  o f  t h e  t w i n n i n g  
p la n e  m^ q^  and t w i n n i n g  d i r e c t i o n  £^ q^  d e f i n e d  b y
—1  m
t h e  m a t r i x  (U ) a r e  t h u s  i d e n t i c a l  w i t h  t h e  i n d i c e s  
o f  t h e  tw i n n in g  d i r e c t i o n  ih q^  and  t h e  t w i n n i n g  p l a n e  
t w i n  mode d e f i n e d  b y  t h e  m a t r i x  U. T h isX 1
r e l a t i o n s h i p  can  a l s o  b e  s e e n  d i r e c t l y  f ro m  e q u a t i o n s
( 2 .2 3 )  and ( 2 .5 3 ) *  I n  t h e s e  e q u a t i o n s  o n ly  t h e  l e t t e r s
£ and m r e p r e s e n t i n g  t h e  £^  and  m^ a r e  i n t e r c h a n g e d ,
and t h u s  t h e  s o l u t i o n s  f o r  t h e  1 .  and  m. i n  one c a s e1 1
a re  t h e  s o l u t i o n s  rn^ and  £^ r e s p e c t i v e l y  i n  t h e  o t h e r .  
By t h e  d e f i n i t i o n  o f  U m a t r i c e s  t h e  m a t r i c e s  U and
—1 rp
(U ) d e f i n e  t w i n  modes w i t h  t h e  same m v a l u e .
-  6 4  “
“"I TThe p h y s i c a l  r e l a t i o n s h i p  b e tw een  U and (U )
can be c o n s id e r e d  as f o l l o w s .  U s in g  t h e  n o t a t i o n  
d e sc r ib e d  i n  th e  ap p en d ix  we can  w r i t e  e q u a t io n  
(2*8 )  f o r  th e* ch a n g e  i n  d i r e c t  l a t t i c e  v e c t o r s ,  
r e f e r r e d  t o  th e  d i r e c t  l a t t i c e  b a s i s  d ^ , as
The co rr esp o n d in g  d e fo r m a t io n  o f  t h e  r e c i p r o c a l  
l a t t i c e  v e c t o r s  r e f e r r e d  t o  t h e  l a t t i c e  b a s i s  r . ,—l
where r^ i s  th e  b a s i s  r e c i p r o c a l  t o  d ^ , i s  on u s in g  
eq u a tio n s  (A6) and (A8) g iv e n  by ;
z d en o tes  them as any r e c i p r o c a l  l a t t i c e  v e c t o r s *
I f  th e  b a s i s  d^ d e f i n e s  a p r i m i t i v e  u n i t  c e l l  th e n  
th e  r e c ip r o c a l  l a t t i c e  b a s i s  d e f i n e s  a p r i m i t i v e  
u n it  c e l l  o f  t h e  same sym m etry, thou gh  n o t  u s u a l l y  
o f  th e  same d im e n s io n s .  In  t h i s  s p e c i a l  c a s e  o f  
s im ple  c u b i c . t h e  m a t r ic e s  U and (U t h e r e f o r e
( 2 * 5 7 )
where ( r U r )  = (U and t h e  dash  on v e c t o r s  x  and
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d e f in e  t w i n  modes i n  t h e  c u b i c  l a t t i c e  w h ic h  a r e  
r e l a t e d  i n  t h e  way d e s c r i b e d  i n  t h e  p a r a g r a p h  above*
When n o n - p r i m i t i v e  u n i t  c e l l s  w i t h  b a s i s  p .  a r e
c o n s id e r e d ,  t h e n  t h e  d i r e c t  n o n - p r i m i t i v e  u n i t  c e l l  
i s  o f  t h e  same sy m m etry  a s  t h e  n o n - p r i m i t i v e  r e c i p ­
r o c a l  c e l l *  t h e  b a s i s  o f  w h ic h  we w i l l  r e p r e s e n t  b y  
t
L e t  t h e  r e l a t i o n s h i p s  b e tw e e n  l a t t i c e  v e c t o r s
r e f e r r e d  t o  t h e  n o n - p r i m i t i v e  u n i t  c e l l s  p ^  and  p ^ ,  
and t h e  p r i m i t i v e  c e n t r e d  b a s e s  d^  and  in  , f o r  d i r e c t  
and r e c i p r o c a l  l a t t i c e  be
and
r e s p e c t i v e l y .  As i n  S  2 . 5  we may w r i t e
(PUp) = ( p M )  (dUd) (dDp) ( 2 , 5 8 )
and
( p U p )  = (p  Q r )  ( r U r )  ( r Q p  ) (2 * 5 9 )
~ 66  -
I n v e r t in g  and t r a n s p o s in g  b o th  s i d e s  o f  e q u a t io n  
(2*58) we o b t a in
( p ( u _ 1 ) Tp )  = (pDTa )  ( a C t f b h x a D ^ p )  ( 2 . 6 0 )
The r e c i p r o c a l  l a t t i c e  o f  t h e  b . c . c .  l a t t i c e  i s  an  
f . c . c .  l a t t i c e  and  t h e r e f o r e  t h e  n o n - p r i m i t i v e  u n i t  c e l l
i
b ases  p^ and  p^  a r e  i d e n t i c a l .  I f  we c o n s i d e r  t h e  b . c . c .
“ f . c . c .  exam ple  we may w r i t e
(pD d )  E  ( p l i )  5 (p  Q3? ) E  (P F * ) 
and by  e q u a t i o n s  ( 2 , 3 2 )  and  ( 2 , 3 3 )
(p DTd )  = £  (p  Q r )  and  (d  DTp ) = 2  (r  Q p ) ( 2 . 6 1 )
Substitu ting  fo r  the  r e la t io n s h ip s  of ( 2 . 6 1 )  in  equation  
(2 ,6 0 )  and u s in g  equation  (2 * 5 9 )  we obta in
( p (U _ 1 ) Tp )  = (p  u  p )
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Thus f o r  a d e fo r m a t io n  o f  th e  body c e n tr e d  or f a c e
cen tred  c u b ic  d i r e c t  l a t t i c e s  by any U m a tr ix  r e f e r r e d
—1 \ Tto  th e  orthonorm al b a s i s ,  th e n  t h e  m a tr ix  (U ) i s  
the m a tr ix  r e f e r r e d  t o  t h e  same orthonorm al b a s i s  
g iv in g  th e  d e fo r m a t io n  o f  r e c i p r o c a l  l a t t i c e  v e c t o r s  
corresp on d in g  t o  t h e  d e fo r m a t io n  o f  d i r e c t  l a t t i c e  
v e c t o r s .  I f  we c o n s id e r  t h e  m a t r ic e s  ( d U d )  and 
(r  Ur )  w hich are  r e f e r r e d  t o  a p r i m i t i v e  u n i t  c e l l  th e n  
the  m a tr ix  ( r U r )  w i l l  have  t h e  same m v a lu e  as (dU d).  
Thus, i f  (p U p) d e f i n e s  an f . c . c .  tw in  mode w ith  a
—1 m
p a r t i c u la r  m v a lu e  th e n  (p(U  ) p )  d e f i n e s  a b . c . c .  
mode w ith  th e  same m v a l u e ,  and v i c e  v e r s a .  As t h e s e
—1 m
modes are  d e f in e d  by  t h e  m a t r ic e s  U and (U ) r e s p e c t ­
i v e l y ,  th e n  t h e  i n d i c e s  o f  t h e i r  t w in  e le m e n ts  are  
r e la t e d  i n  t h e  way d e s c r ib e d  p r e v i o u s l y .  That i s , 
the i n d i c e s  o f  t h e  t w in  d i r e c t i o n s  o f  one mode are  
the i n d ic e s  o f  t h e  t w in  p la n e s  o f  t h e  o t h e r ,  and 
v ic e  v e r s a .
For th e  c u b ic  l a t t i c e s  i t  i s  p o s s i b l e  t o  d e r iv e  
a d i r e c t  r e l a t i o n s h i p  b e tw een  t h e  tw in n in g  s h e a r s  
d efin ed  by t h e  m a t r i c e s  U and (U ^)^  and t h e i r  
r e s p e c t iv e  o r i e n t a t i o n  r e l a t i o n s h i p s  g iv e n  by th e  
£ ig id  body r o t a t i o n s .  I n v e r t i n g  and t r a n s p o s in g  b o th
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s id e s  o f  e q u a t i o n  ( 2 . 9 )  we o b t a i n  
(S _ 1 ) T = (E- 1 ) T (U_ 1 ) T
For t h e  o r th o n o r m a l  c u b ic  b a s i s  R i s  o r t h o g o n a l  and 
t h e r e f o r e  (R~1 ) T = R. Thus t h e  e q u a t i o n  above  c a n  
be w r i t t e n  a s
(S - 1 ) T = E (U- 1 ) T. ( 2 . 6 2 )
The m a t r ix  R r e p r e s e n t s  a r i g i d  b o d y  r o t a t i o n ,  and
—1 Thence by  o u r  d e f i n i t i o n  o f  a  t w i n n i n g  s h e a r  (S  ) 
i s  a  t w in n in g  s h e a r *  On c o m p a r in g  e q u a t i o n s  ( 2 . 9 )  &£Ld 
( 2 . 6 2 ) , w h ic h  g i v e  t h e  t w i n n i n g  s h e a r s  d e f i n e d  b y  t h e  
m a t r ic e s  U and (U ^ ) ^  r e s p e c t i v e l y ,  we s e e  t h a t  t h e  
r i g i d  body  r o t a t i o n  R , w h ic h  d e f i n e s  t h e  o r i e n t a t i o n  
r e l a t i o n s h i p ,  i s  common t o  b o t h .  I t  f o l l o w s  t h a t  t h e  
o r i e n t a t i o n  r e l a t i o n s h i p  f o r  a n  f . c . c .  mode d e f i n e d  by  
th e  m a t r ix  U w i l l  b e  t h e  same a s  t h a t  f o r  a  b . c . c .  mode 
d e f in e d  by  t h e  m a t r i x  (U ’^)^'* The c o n s e q u e n c e s  o f  t h i s  
common o r i e n t a t i o n  r e l a t i o n s h i p  i n  t h e  i n t e r p r e t a t i o n  
of tw in  d i f f r a c t i o n  phenom ena  i s  b r i e f l y  d i s c u s s e d  i n
~ 6 9  ~
The r e l a t i o n s h i p s  b e tw e e n  t h e  e le m e n t s  o f  c u b ic
—1 m
tw in  modes d e f i n e d  b y  t h e  m a t r i c e s  U and  (U ) a r e
—1 m
i n d i c a t e d  by  t h e  fo rm  o f  ( s  = 6 ^  -  gm^
That i s  t h e  i n d i c e s  o f  t h e  t w i n  p l a n e s  o f  S become
—1 Tth e  i n d i c e s  o f  t w i n  d i r e c t i o n  i n  (S  ) e t c .  H ow ever, 
t h e r e  i s  a  c h a n g e  i n  t h e  s i g n  o f  t h e  m a g n i tu d e  o f  t h e  
s h e a r .  T h is  i s  a  n e c e s s a r y  c o n d i t i o n  a s  b y  o u r  d e f i n i ­
t i o n  o f  a  p o s i t i v e  t w i n n i n g  s h e a r  t h e  a n g le  b e tw e e n
th e  n o rm a ls  t o  t h e  tw o t w i n  p l a n e s  m^ and  m ust be
~1 m
a c u te .  I f  we c o n s i d e r  t h e  t w i n n i n g  s h e a r  (S  ) t o  
have p l a n e  n o rm a ls  w i t h  i n d i c e s  t h a t  i s  c o r r e s ­
ponding  t o  t h e  t w i n  d i r e c t i o n s  £ ■ and  £^  o f  S ,  t h e n  i n
t h i s  c a s e  t h e  a n g le  b e tw e e n  t w i n  p l a n e  n o rm a ls  i s  o b t u s e ,
and t h e r e f o r e  t h e  s i g n  o f  t h e  t w i n n i n g  s h e a r  i s  n e g a t i v e .
—1 TThe o c c u re n c e  o f  (~ g )  i n  t h e  e x p r e s s i o n  f o r  ( s  ) . .
J
— I m
e n su re s  t h a t  (S ) r e p r e s e n t s  a  tw i n n in g  s h e a r .  I t
i s  t o  be n o te d  i n  C h a p te r  3 an a  l a t e r  c h a p t e r s , t h a t
—1 Ti f  two tw in  modes d e f i n e d  b y  t h e  m a t r i c e s  U and (U ) 
r e s p e c t i v e l y  a r e  p r e s e n t e d ,  t h e n  t h e  f o r m e r  w i l l  h a v e  
p o s i t i v e  t w i n n in g  s h e a r  w h i l e  t h e  l a t t e r ,  whose e le m e n t s  
a re  o b t a i n e d  d i r e c t l y  f ro m  t h e  f o r m e r  b y  i n t e r c h a n g i n g  
i n d ic e s  o f  r a t i o n a l  p l a n e s  and  d i r e c t i o n s , w i l l  h a v e  a  
n e g a t iv e  t w i n n in g  s h e a r „
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The r e c i p r o c a l  a l l  t o  a n  end  c e n t r e d  c e l l  i s  an
end c e n t r e d  c e l l  o f  t h e  same sym m etry* As i n  t h e  c a s e
of t h e  f . c , c .  c e l l  and  i t s  r e c r i p r o c a l  b . c . c .  c e l l
we may w r i t e  (pD d )  = (pC c ) and  ( p  Q r )  = (p  C c ) .
However, b y  e q u a t i o n s  ( 2 .3 4 - ) ,  (P /  I  (P Qi* ) and
(d D p )  /  2 ( r  Qp ) , and  h e n c e  t h e  r e l a t i o n s h i p  b e tw e e n  
“ 1 T(pUp) and (p(U  ) p )  d e s c r i b e d  abov e  f o r  t h e  b . c . c *  and 
f . c . c .  c e l l s  and  t h e i r  r e c i p r o c a l  c e l l s  does, n o t  a p p ly  
h e r e .  T h is  c a n  b e  r e a l i s e d  t o  some e x t e n t  b y  t h e  f a c t  
t h a t  (d  U d) and  ( r  U r )  h a v e  t h e  same m. v a l u e s ,  w h e ra s  
by r u l e s  ( a ) , ( b ) , ( c )  and  ( d )  o f  2 , 5  t h e  m a t r i c e s  
(p U p )  and (p  U p  ) ,  d e f i n e d  b y  e q u a t i o n s  ( 2 . 5 3 )  and  
(2,54-) r e s p e c t i v e l y ,  h a v e  d i f f e r e n t  m v a l u e s .  As t h e  
e n d -c e n t r e d  c u b ic  c e l l  d o e s  n o t  p o s s e s s  c u b ic  sy m m etry , 
th e  r e l a t i o n s h i p s  w h ic h  e x i s t  b e tw e e n  t h e  t w i n  modes
—1  rn
d e f in e d  by  t h e  m a t r i c e s  U and  (U ) c a n n o t  b e  d i s c u s s e d  
i n  d e t a i l  h e r e .  Iiujj* 5*3.2  a n  ex am p le  i s  g i v e n  w h ic h  
i l l u s t r a t e s  c l e a r l y  t h e  d i f f e r e n c e  b e tw e e n  t h e  b o d y -  
c e n t r e d - f a c e - c e n t r e d  and  e n d - c e n t r e d - e n d - c e n t r e d
—1 Tr e l a t i o n s h i p s  a s s o c i a t e d  w i t h  t h e  m a t r i c e s  U and (U ) .
The m a t r i x  i s  t h e  i n v e r s e  o f  U ^ t r a n s p o s e d  and  
th u s  t h e  r e l a t i o n s h i p s  w h ic h  e x i s t  b e tw e e n  t w i n  modes 
d e f in e d  by  t h e s e  m a t r i c e s  a r e  c l e a r l y  t h e  same a s  t h o s e
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t h a t  e x i s t  be titfeen  t h e  modes d e f i n e d  b y  m a t r i c e s  U 
and (U- 1 )T .
2 .7aih e  D e t e r m in a t io n  o f  U m a t r i c e s „
An i m p o r t a n t  f e a t u r e  o f  r e c e n t  t h e o r i e s  o f  d e fo rm ­
a t i o n  t w in n in g  i s  t h e  p r e d i c t i o n  o f  t w i n  modes w i t h  a  
tw in n in g  s h e a r  l e s s  t h a n  a  maximum v a l u e  gmax
E q u a t io n  ( 2 . 1 7 )  e x p r e s s e s  t h e  s h e a r  a s  a  s im p le  f u n c t i o n  
of th e  e le m e n ts  u ^  . ,  and  t h u s  i t  i s  p o s s i b l e  t o  l i m i t  
th e  s h e a r  v a l u e s  b y  r e s t r i c t i n g  t h e  U m a t r i c e s  t o  t h o s e  
which g iv e  s h e a r s  w i t h  v a l u e s  l e s s  t h a n  o r  e q u a l  t o  
gJmax* I n  s e c t i o n  ( 2 . 4 )  t h e  m a t r i c e s  W w ere  exam ined  
and shown t o  be  e q u i v a l e n t  t o  t h e  r e q u i r e d  fo rm  o f
—*j
U m a t r i c e s .  T h a t  i s  u .  . = m w- • w here  m i s  a  p o s i t i v e
i  0 1 0
i n t e g e r  and W an  i n t e g r a l  m a t r i x  w i t h  d e t e r m i n a n t  e q u a l  
to  m . By e q u a t i o n  ( 2 . 1 7 )  we c a n  fo rm  an  i n e q u a l i t y  t o  
r e s t r i c t  U m a t r i c e s  t o  g i v e  a s h e a r  l e s s  t h a n  o r  e q u a l
2Uj . u .  . < e  + 310 10 bmax J ( 2 . 6 3 )
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S u b s t i t u t i n g  f o r  vl± . = m wi  . we h a v e
w. • w. . < m^ (g^  + 3 )10 10 VBmax ^ '
2 2As th e  w . . a r e  i n t e g r a l  by  d e f i n i t i o n  t h e n  m (g  +3)
10
i s  e q u a l  t o  a n  i n t e g e r .  To f i n d  t h e  e le m e n t s  o f
m a t r ic e s  w. . g i v i n g  a  s h e a r  l e s s  t h a n  o r  e q u a l
•L
2 2a l l  i n t e g e r s  up  t o  and  i n c l u d i n g  m (g max + 3 ) m u st  
be e x p r e s s e d  a s  t h e  sums o f  s q u a r e s  o f  n i n e  i n t e g e r s .  
Such a  s e t  o f  i n t e g e r s  i s  known a s  a  r e p r e s e n t a t i o n .  
P re v io u s  w o r k e r s  h a v e  shown t h a t  m o st  o p e r a t i v e  t w in  
modes have  low  s h e a r s , and  t h u s  i t  i s  o n ly  n e c e s s a r y  
to  c o n s i d e r  r e p r e s e n t a t i o n s  o f  s m a l l  i n t e g e r s .  I n  
g e n e ra l  t h e  num ber o f  r e p r e s e n t a t i o n s  f o r  a  p a r t i c u l a r  
i n t e g e r  i n c r e a s e s  w i t h  i t s  m a g n i tu d e .  F o r  t h e  i n t e g e r s  
c o n s id e re d  h e r e  t h e  num ber o f  r e p r e s e n t a t i o n s  i s  s m a l l  
and t h e  t a s k  n o t  a r d u o u s .
I n ^  2 . 6  i t  was s t a t e d  t h a t  i t  i s  p o s s i b l e  t o  
g e n e r a te  1152 c r y s t a l l o g r a p h i c a i l y  e q u i v a l e n t  s im p le  
cub ic  U m a t r i c e s  f ro m  one m a t r i x  U. I t  i s  t h u s  o n ly  
n e c e s s a ry  t o  c o n s i d e r  t h e  d e r i v a t i o n  o f  U m a t r i c e s .
A c o n v e n ie n t  m e th o d  o f  d e t e r m i n i n g  t h e  U m a t r i c e s  f o r  
p a r t i c u l a r  r e p r e s e n t a t i o n s ,  d i v i d e d  i n t o  t h r e e
~ 7 3
d i s t i n c t  s e c t i o n s  i s  a s  f o l l o w s .
1 ) .  D e te rm in e  a l l  t h e  p o s s i b l e  c o m b in a t io n s  o f  t h r e e  
i n t e g e r s  o f  a  r e p r e s e n t a t i o n ,  and  l e t  t h e s e  r e p r e s e n t  
p o s s i b l e  co lum ns o f  U m a t r i c e s .
2 ) .  Take t h e  co lu m ns i n  g ro u p s  o f  t h r e e  fo r m in g  t h e  
t h r e e  co lum ns o f  a  m a t r i x  s u c h  t h a t  t h e  m a t r i c e s  fo rm e d  
have t h e  r e q u i r e d  r e p r e s e n t a t i o n .  ^
3 ) .  F o r  a  p a r t i c u l a r  m a t r i x  d e t e r m i n e d  i n  2 ) ,  a l l  
p o s s i b l e  c o m b in a t io n s  o f  row  c o m p o s i t i o n s  f o r  c o n s t a n t  
column c o m p o s i t i o n s  a r e  g i v e n  b y  k e e p i n g  one co lum n 
f i x e d ,  and c o n s i d e r i n g  a l l  c o m b in a t io n s  o f  p o s i t i v e  
and n e g a t i v e  i n t e g e r s  i n  t h e  r e m a in i n g  tw o c o lu m n s .
This p r o c e d u r e  g i v e s  a  p o s s i b l e  576 m a t r i c e s ,  o n l y  a  
sm all  num ber o f  w h ic h  i n  g e n e r a l  h a v e  |U | = + 1*
Section 3) i s  most co n v en ie n t ly  ca r r ie d  out u sin g
a d i g i t a l  c o m p u te r .  The r e s u l t s  o b t a i n e d  u s i n g  t h i s  
p ro c e d u re  f o r  t h e  d e t e r m i n a t i o n  o f  U m a t r i c e s  a r e  
p r e s e n te d  and  d i s c u s s e d  i n  c h a p t e r  3 .
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«?• Summary,
A summary o f  t h e  a n a l y s i s  and  some o f  t h e  more 
g e n e ra l  c o n c l u s i o n s  o f  t h e  p r e v i o u s  s e c t i o n s  o f  t h i s  
c h a p te r  g i v e n  b e lo w .  I n  J  2 . 2  i t  was show n t h a t  
th e  m a t r i x  r e p r e s e n t i n g  a  t w i n n i n g  s h e a r  c a n  a lw a y s  
be c o n s id e r e d  t o  be  e q u i v a l e n t  t o  t h e  p r o d u c t  o f  a  
u n im odu la r  m a t r i x  ( a  U m a t r i x )  w h ic h  h a s  p a r t i c u l a r  
r a t i o n a l  e le m e n t s  an d  a  m a t r i x  r e p r e s e n t i n g  a  r i g i d  
body r o t a t i o n .  T h is  f o r m u l a t i o n  o f  a  t w i n n i n g  s h e a r  
was u se d  i n  § 2 . 3  t o  o b t a i n  s i m p le  an d  e x p l i c i t  
e x p re s s io n s  f o r  t h e  i n d i c e s  o f  t w i n  e le m e n t s  and  mag” 
n i tu d e  o f  t h e  s h e a r  o f  c u b ic  t w i n  modes i n  t e r m s  o f  t h e  
e lem en ts  o f  U m a t r i c e s .  The fo rm  and  d e r i v a t i o n  o f  
th e  U m a t r i c e s  w h ic h  d e f i n e  t w i n  modes i n  t h e  s im p le  
and c e n t r e d  c u b ic  l a t t i c e s  w i t h  a  p a r t i c u l a r  f r a c t i o n
§ 2 .4 .5  snd 6,
The a n a l y s i s  p r e s e n t e d  n o t  o n l y  p r o v i d e s  a  way 
of d e te r m in in g  tw in  modes w i t h o u t  t h e  i n t r o d u c t i o n  o f  
s p e c i a l  o r i e n t a t i o n  r e l a t i o n s h i p s ,  b u t  a l s o  shows t h a t  
th e  e le m e n ts  o f  t w i n  modes d e f i n e d  b y  t h e  m a t r i c e s  
U (U and  h a v e  s p e c i a l  r e l a t i o n s h i p s  w i t h
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TABLE 2 . 1 .
Ki K2 ^ 2
u A B C D
t f 1 E P G H
(tT 1 ) 1 B A D C
u T P E H G
The r e l a t i o n s h i p s  w h ic h  e x i s t  b e tw e e n  t h e  e le m e n t s
—1 ~1 Tof tw in  modes d e f i n e d  b y  t h e  m a t r i c e s  U,U , (U ) 
and U . The i n d i c e s  o f  t h e  t w i n  e le m e n t s  a r e  r e p r e ­
s e n te d  by  t h e  l e t t e r s  A ?B,C e t c .  and  t h e  d e s i g n a t i o n  
o f  t h o s e  e le m e n t s  i s  g i v e n  i n  t h e  f i r s t  row  o f  t h e  
t a b l e .  '
-  76 -
each o t h e r * T h ese  r e l a t i o n s h i p s  w h ich  a r e  d e r i v e d  
i n  ^ » 2 .6  a r e  su m m arise d  i n  t a b l e  2 . 1 ,  The i n d i c e s  
of tw in  e le m e n t s  a r e  r e p r e s e n t e d  b y  c a p i t a l  l e t t e r s  
and t h e  d e s i g n a t i o n  o f  t h e s e  e le m e n t s  i s  g i v e n  i n  t h e  
f i r s t  row o f  t h e  t a b l e .  The e le m e n t s  o f  t h e  t w i n  modes 
d e f in e d  b y  t h e  m a t r i c e s  U an d  U 1 a r e  g i v e n  i n  t h e  
second and t h i r d  row  r e s p e c t i v e l y .  The m a t r i x  U 1 
d e f in e s  t h e  same s h e a r  a s  t h a t  d e f i n e d  b y  t h e  m a t r i x  
U, b u t  t h e  t w i n  e l e m e n t s  a r e  r e f e r r e d  t o  t h e  tw in , r a t h e r  
th a n  t h e  p a r e n t  b a s i s .  P o r  c o n v e n t i o n a l  o r i e n t a t i o n  
r e l a t i o n s h i p s  t h e s e  t w i n  modes a r e  t h e r e f o r e  c r y s t a l l -  
o g r a p h i c a l l y  e q u i v a l e n t .  D.The e l e m e n t s  o f  t h e  t w i n
U-tS
modes d e f i n e d  b y  t h e / i n v e r s e  o f  t h e s e  m a t r i c e s  a r e  
g iven  i n  row s f o u r  and  f i v e  o f  t h e  t a b l e .  The 
r e l a t i o n s h i p s  b e tw e e n  t h e  e l e m e n t s  o f  t w i n  modes d e f i n e d
« 1  f
by any p a i r  o f  m a t r i c e s  U and  (U ) a r e  a s  d e s c r i b e d  
i n § 2 . 6 ,  b u t  a r e  a l s o  im m e d ia t e l y  o b v io u s  f ro m  t h e  
t a b l e .  A d e t a i l e d  a p p l i c a t i o n  o f  t h e  a n a l y s i s  p r e ­
s e n ted  i n  t h i s  c h a p t e r  t o  t w i n n i n g  i n  t h e  c u b ic  l a t t i c e s  
i s  g iv e n  i n  C h a p te r
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C hapter 3* The A p p l i c a t i o n  o f  t h e  C ubic  A n a l y s i s .
3.1 I n tr o d u c t io n .
I n  t h i s  c h a p t e r  t h e  c u b ic  a n a l y s i s  p r e s e n t e d  i n  
X
c h a p t e r / i s  a p p l i e d  t o  t h e  s im p le  and  c e n t r e d  c u b i c  l a t t i c e s .  
The tw in  modes d e t e r m i n e d  h a v e  a  r a n g e  o f  s h e a r s  s u f f i c i e n t  
to  i n c l u d e  e x a m p le s  o f  a l l  t h e  c r y s t a l l o g r a p h i c  r e l a t i o n ­
sh ip s  d e r i v e d  i n  c h a p t e r  2 ,  and  i s  t h o u g h t  s u f f i c i e n t  t o  
g ive  t h e  e le m e n t s  o f  a l l  no s h u f f l e  a n d  h a l f  s h u f f l e  t w i n s  
l i k e l y  t o  a r i s e  i n  p r a c t i c e .  The no and  h a l f  s h u f f l e  
? sim ple  c u b ic  t w i n  modes a r e  p r e s e n t e d  i n § 3 » 2  a n d § 3 * 3  
r e s p e c t i v e l y .  I n  e a c h  o f  t h e s e  s e c t i o n s  a  d e t a i l e d  
d i s c u s s io n  o f  t h e  c r y s t a l l o g r a p h i c  f e a t u r e s  o f  t h e  t w i n  
modes, and an  a n a l y s i s  o f  t h e  r e p r e s e n t a t i o n s  f ro m  w h ich  t h e  
e lem ents o f  t h e  U m a t r i c e s  a r e  o b t a i n e d  i s  a l s o  g i v e n .  The 
no and h a l f  s h u f f l e  c e n t r e d  c u b ic  tw i n  m o d es ,  w h ic h  a r e  
in  p a r t  d e t e r m i n e d  f ro m  t h o s e  o f  ^>3#2 and  &3«3 a r e  g i v e nw o
in  ^  3 . 4 .  A c o m p a r is o n  o f  th e s e ,  r e s u l t s  w i t h  t h e  r e s u l t s  
of r e c e n t  e x p e r i m e n t a l  w ork  ^51~56l  ^ ma&e i n  ^ 3 - 5 -
5.2 gifflPle Cubic  Twin M odes, (m « 1 ) .
A ll  no s h u f f l e  s i m p le  c u b ic  t w i n  m odes f o r  g ^  3 h a v e  
been d e te r m in e d .  A l i s t  o f  t h e  p o s s i b l e  r e p r e s e n t a t i o n s
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f o r  i n t e g e r s  i n  t h e  r a n g e  o t o  i ( e 6. + 3 )  = 12 i s  g i v e nin cue
i n  t a b l e  3 .1 *  I t  i s  t o  b e  n o t e d  t h a t  r e p r e s e n t a t i o n s  w i t h  
s i x  o r  more z e r o s  an d  w h ic h  c o u ld  n o t  p o s s i b l y  g i v e  r i s e  t o  
U m a t r i c e s  a r e  n o t  i n c l u d e d  i n  t h i s  l i s t .  Each r e p r e s e n t ­
a t i o n  i s  d e n o te d  b y  a  0 ( f o r  c u b i c )  w i t h  tw o s u b s c r i p t s ,  
th e  f i r s t  an i n t e g e r  g i v i n g  t h e  m v a l u e ,  and  t h e  s e c o n d  
a l e t t e r  g i v i n g  t h e  r e p r e s e n t a t i o n  i t s  p l a c e  i n  t h e  t a b l e .
The f i r s t  f o u r  co lu m ns o f  t a b l e  3*1 g i v e  t h e  co m p o n en ts  o f
2th e  r e p r e s e n t a t i o n  o f  t h e  i n t e g e r  m(g + 3 )  and  t h e  f i f t h
2 ' th e  v a lu e  o f  g , w h ic h  m u s t  a lw a y s  b e  an  i n t e g e r  f o r  m = 1
modes. Columns 6 , 7  an d  8 g i v e  t h e  num ber o f  l a t t i c e  v e c t o r s ,  
th e  number o f  t r i p l e t s  o f  l a t t i c e  v e c t o r s ,  and  t h e  num ber 
o f U m a t r i c e s  f o r  e a c h  r e p r e s e n t a t i o n  r e s p e c t i v e l y .  The 
r e s u l t i n g  N^, Erp an d  Ny a r e  d e r i v e d  fro m  t h e  t h r e e  o p e r ­
a t io n s  o f  ^  2 .7 *  The n i n t h  co lum n  g i v e s  1 ^ ,  t h e  t o t a l   ^
number o f  U m a t r i c e s  g i v i n g  c o n s i s t e n t  s o l u t i o n s  t o  e q u a ­
t i o n  ( 2 .2 1 )  f o r  one  r e p r e s e n t a t i o n .  I t  i s  n o t  c o r r e c t  t o  
say t h a t  t h i s  co lum n r e p r e s e n t s  t h e  num ber o f  t w i n  modes 
d e f in e d  by  t h e  U m a t r i c e s  f o r  one  r e p r e s e n t a t i o n ,  a s  U 
d e f in e s  o n ly  two h a b i t  p l a n e s .  The o t h e r  two p l a n e s  a r e  
d e f in e d  b y  U ^ w h ic h  w i l l  i n  g e n e r a l  a r i s e  f ro m  a  d i f f e r e n t
R e p r e se n ta t io n .
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T A B L E  3 . 1
. U 0 1 2 3 g 2
n b
% E g N ,
° l a 6 3 0 0 0 3 1 1 0
°Ib 5 4 0 0 1 3 1 1 1
Cl c 4 5 0 0 2 3 2 3 2
i—1
O
3 6 0 0 3 3 2 2 0
Cl e 2 7 0 0 4 3 2 3 0
5 3 1 0 4 3 1 1 1
ci s
1 8 0 0 3 3 1 0 0
4 4 1 c 5 5 2 3 3
Cl i 0 9 0 0 6 3 1 0 0
°ld 3 3
1 0 6 ' 5 3 12 2
Cl k 2 6 i 0 7 5 3 6 0
i—1
o
3 2 2 0 7 5 0 0 0
°lm 1 7 1 0 8 5 2 4 0
Cl n 4 3 2 0 8 6 2 3 2
Clo 0 8 1 0 9 5 1 0 0
V 3 4 2 0 9 6 3 11 0
° l q 5 3 0 1 ' 9 5 1 1
1
The r e p r e s e n t a t i o n s  f o r  i n t e g e r s  i n  t h e  r a n g e  3 t o  
12 a r e  g i v e n  i n  co lum ns 2 t o  5 .  T h is  r a n g e  c o r r e s ­
ponds t o  a  r a n g e  o f  m a g n i tu d e s  o f  s h e a r  ( g )  o f  0 t o  
3» The q u a n t i t i e s  E g ,  E -^,, Eg and  E^ a r e  t h e  num ber 
o f l a t t i c e  v e c t o r s , num ber o f  t r i p l e t s  o f  l a t t i c e  
v e c t o r s ,  num ber o f  U m a t r i c e s  ( m = 1 )  and  num ber 
of U m a t r i c e s  g i v i n g  c o n s i s t e n t  s o l u t i o n s  t o  e q u a ­
t i o n  ( 2 .2 1 )  r e s p e c t i v e l y ,  t o  b e  o b t a i n e d  f ro m  e a c h  
-T erre  flo t a t i o n , ____________________ ______________
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I t  i s  c l e a r  f ro m  colum n f i v e  t h a t  t h e  num ber o f  
r e p r e s e n t a t i o n s  f o r  i n t e g e r s  i n c r e a s e s  w i t h  t h e  m a g n i tu d e  
of t h e  i n t e g e r *  T h e re  i s  no  c o r r e s p o n d i n g  t r e n d  f o r  t h e  
number o f  U m a t r i c e s ,  o r  f o r  t h e  num ber o f  U m a t r i c e s  
g iv in g  c o n s i s t e n t  s o l u t i o n s  t o  e q u a t i o n  ( 2 . 1 6 ) ,  t o  i n c r e a s e  
w ith  i n c r e a s i n g  s h e a r .
A c o m p le te  p r e s e n t a t i o n  o f  t h e  num ber o f  modes o f
column n i n e  o f  t a b l e  3*1 i s  g i v e n  i n  t a b l e  3*2# The f i r s t
column o f  t h i s  t a b l e  g i v e s  t h e  r e p r e s e n t a t i o n  from  w hich
th e  U m a .tr ix  d e f i n i n g  a  mode i s  o b t a i n e d ,  an d  w i l l  a l s o  b e
used i n  t h e  d i s c u s s i o n  t o  i d e n t i f y  U m a t r i c e s .  IPor e x a m p le ,
th e  m a t r ix  q o f  t a b l e  3 -1  w i l l  b e  r e f e r r e d  t o  a s  C ^ .
10 0 l |
In  a d d i t i o n ,  i f  t h e  i n v e r s e ,  t r a n s p o s e  o r  i n v e r s e  t r a n s ­
posed o f  C-^ a r e  o b t a i n e d  fro m  t h e  same r e p r e s e n t a t i o n  t h e y
—1 T —1 Tw i l l  be  r e f e r r e d  t o  a s  C ^ i  ^ lb *  ^Cl b ^  r e s p e c t i v e l y .
In  c a s e s  w h e re  m ore  t h a n  one g ro u p  o f  m a t r i c e s  r e l a t e d  b y  
s im ple  m a t r i x  o p e r a t i o n s  a r e  o b t a i n e d  fro m  a  r e p r e s e n t a t i o n ,  
a t h i r d  s u b s c r i p t  i s  g i v e n  t o  C t o  d i s t i n g u i s h  b e tw e e n
m a tr ic e s  o f  d i f f e r e n t  g r o u p s .  The n o t a t i o n  o f  co lum n 2
of t a b l e  3 -1  i s  n o t  u s e d  h e r e $  i t s  s i g n i f i c a n c e  i s  d i s c u s s e d  
§  4 . 3 .  . Column 3 g i v e s  t h e  e l e m e n t s  o f  U m a t r i c e s  
d e f in in g  t w i n  m o d e s , and  co lum n 4  t h e  v a l u e  o f  g . ^
Columns 5 j6 ,  7 and  8 g i v e  t h e  t w i n  e le m e n t s  o f  t h e  mode
d e f in e d  b y  U, and  co lum n 9 t h e  p l a n e  o f  s h e a r .
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TABLE 3 .2
l a l
l a 2 1 . 2
“ 11 . 3
1 . 4
- 1
~1
I f
~21 . 7
1.8
-1' lh l
1.10 - 1
~ 82 -
TABLE 3 » 2 »
(c
( c ^ ) T Ul . l l
,*1
"In U1 .1 2
r c " h T
{ W U1 .1 3
°lq U1 .1 4
The U m a t r i c e s  d e te :  
a t io n s  o f  t a b l e  3*1 whicj 
g iven  i n  co lum n 3 .  The < 
d e fin ed  by  e a c h  U m a t r i x
l 0 -1 2 2
6 -1 1 2 1 1
l 1 0 3 -1
0 1 1 -2 0
8 i 0 1 1 1
l 0 1 1 - 1 .
l 0 - 2 1 0
8 0 1 1 1 1
0 1 1 1 - 1
0 0 0 0 1
9 0 1 2 -3 0
1 0 3 2 0
m in ed  f ro m  t h e  r e p r e s e n t s  
d e f i n e  t w i n  modes a r e  
l e m e n t s  o f  t h e  t w i n  mode 
a r e  g i v e n  i n  t h e  co lum ns 
d t j 2 • a  = 3 + 5 2 ? b =3~52'.
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To q u o te  t h e  e le m e n t s  o f  a  t w i n  mode i n  f u l l  i t  i s
n e c e s s a ry  t o  g i v e  t h e  t w i n  e le m e n t s  o f  t h e  modes d e f i n e d
“ 1by m a t r i c e s  U a n d  U . H ow ever, f o r  a l l  U m a t r i c e s  g i v e n  
in  t a b l e  3 , 2 ,  U S 'U  and  t h e r e f o r e  i t  i s  o n ly  n e c e s s a r y  
to  g iv e  t h e  e l e m e n t s  d e f i n e d  by  one o f  t h e s e  m a t r i c e s ,
~1 m
In  t a b l e  3 .2  t h e  m a t r i c e s  U and (U ) a r e  i n  p a i r s  e x c e p t
— 1 m
f o r  t h e  c a s e s  w h e re  U iE (U ) <» T h is  fo rm  o f  p r e s e n t a t i o n  
c l e a r l y  i l l u s t r a t e s  t h a t  t h e  i n d i c e s  o f  t w i n  p l a n e s  and 
d i r e c t i o n s  o f  t h e  mode d e f i n e d  by  t h e  m a t r i x  U a r e  t h e  
in d ic e s  o f  d i r e c t i o n s  and  p l a n e s  r e s p e c t i v e l y  o f  t h e  mode 
d e f in e d  b y  (U
A l l  t w i n  modes o f  t a b l e  3*2 r e p r e s e n t  s h e a r s  w h ich  
r e s t o r e  t h e  l a t t i c e  i n  a  new o r i e n t a t i o n ,  i . e „  a l l  inodes 
have m = 1 ,  H ow ever, i t  i s  t o  b e  n o t e d  t h a t  t h e  e le m e n ts  
of th e  mode d e f i n e d  b y  C - ^  a r e  i r r a t i o n a l .  I n  a d d i t i o n ,  
th e  s h e a r  r e p r e s e n t e d  b y  a  mode o f  t h i s  t y p e  r e s t o r e s  no 
l a t t i c e  p o i n t s  i n  a  c o n v e n t i o n a l  o r i e n t a t i o n  r e ! a . t i o n s h i p  
a lth o u g h  i t  i s  p o s s i b l e  t o  c h o o se  a n  o r i e n t a t i o n  r e l a t i o n ­
sh ip  su ch  t h a t  a l l  p o i n t s  a r e  s h e a r e d  t o  t h e i r  c o r r e c t  t w i n  
p o s i t i o n s .  An a d d i t i o n a l  t y p e  o f  t w i n  mode w i t h  c h a r a c t e r ­
i s t i c s  common t o  b o t h  c o n v e n t i o n a l  modes and t h e  t y p e  o f  
fflode d e s c r i b e d  a b o v e  h a s  b e e n  g i v e n  b y  t h e  a u t h o r  e l s e -  
w h e r e ^ ^ ^ ,  m = 1 U m a t r i x  w h ic h  d e f i n e s  t h i s  m ode,
~ 84
TABLE 3*3
K1 K2 4 2
-
u *
1 0  0 
O i l  
0 3 4
1. i
{o 9 8 \ <o 5  9) 1 ° 1 23r (o 2 r )
u r l *
1 0  0 
-0  4~1
0-3 l)
< 0 ,1 2 ,T> £ 1 <0 2  1>
The U m a t r i c e s  and  t w i n  e le m e n t s  a s s o c i a t e d  
w i th  t h e  p l a n e  o f  s h e a r  p l o t  shown i n  f i g  3 .1  
f o r  s h e a r  on t h e  (0  9 8 ) p l a n e .
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the  i n v e r s e  o f  t h e  U m a t r i x  and  t h e  e i g h t  t w i n  e le m e n ts  
of t h e  two modes d e f i n e d  b y  t h e s e  m a t r i c e s  a r e  g i v e n  i n  
t a b l e  3 .3 #  A l th o u g h  t h e  t w i n  e le m e n t s  a r e ' a l l  r a t i o n a l ,  
sh e a r  on any  o f  t h e  t w i n  p l a n e s  w i l l  o n ly  r e s t o r e  one 
s i x t h  o f  t h e  l a t t i c e  p o i n t s  i n  a  c o n v e n t i o n a l  o r i e n t a t i o n  
r e l a t i o n s h i p .  I n  a d d i t i o n ,  t h e  i n d i c e s  o f  t w i n  e le m e n ts  
r e f e r r e d  t o  t w i n  an d  p a r e n t  b a s e s  a r e  n o t  c r y s t a l l o g r a p h -  
i c a l l y  e q u i v a l e n t .  A p l a n e  o f  s h e a r  p l o t  i l l u s t r a t i n g  
the  c h a r a c t e r i s t i c s  o f  t h i s  t w i n  mode i s  shown i n  f i g , 3*1 
The (100) p l a n e s  ha.ve one f o l d  s t a c k i n g ,  and  t h e  p l o t  i s  
e s s e n t i a l l y  tw o d i m e n s i o n a l .  The p a r e n t  and  tw in n e d  
l a t t i c e s  a r e  r e p r e s e n t e d  b y  c o n t i n u o u s  and  b r o k e n  l i n e s  
r e s p e c t i v e l y .  C l e a r l y ,  a l l  l a t t i c e  p o i n t s  a r e  s h e a r e d  t o  
t h e i r  c o r r e c t  t w i n  p o s i t i o n s  i f  a  n o n - c o n v e n t i o n a l  o r i e n t  
a t io n  r e l a t i o n s h i p  i s  c h o s e n ,  w h e re a s  o n ly  one  s-asrbh o f  
tw in  and p a r e n t  l a t t i c e  p o i n t s  a r e  r e l a t e d  b y  r e f l e c t i o n  
in  th e  (0 9 8 )  p l a n e .  I n  a d d i t i o n ,  t h e  i n d i c e s  o f  t w in  
e lem ents r e f e r r e d  t o  t w i n  and  p a r e n t  b a s e s  a r e  n o t i c e a b l y  
d i f f e r e n t .  The c h a r a c t e r i s t i c s  o f  t h e  modes d e s c r i b e d  
above d i f f e r  c o n s i d e r a b l y  f ro m  t h o s e  o f  a  c o n v e n t i o n a l  
iy p e .  I t  i s  t h e r e f o r e  n e c e s s a r y  t o  h a v e  some means o f  
d i f j j f c e n t ia t in g  b e tw e e n  t h e s e  modes and  c o n v e n t i o n a l  modes
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The t w i n  modes o f  t a b l e s  3*2 and  3*3 c a n  b e  c o n ­
v e n ie n t ly  d i v i d e d  i n t o  t h r e e  c l a s s e s .  T hese  a r e ;
1) C o n v e n t io n a l  compound m od es . ( T h is  i n c l u d e s  some modes 
in v o lv in g  t h e  s h e a r  o f  t h e  l a t t i c e  i n t o  t h e  i d e n t i t y ,  i . e .  
no change i n  o r i e n t a t i o n ) , ,  2 )  Modes w i t h  f o u r  r a t i o n a l  
e lem ents w h ic h  do n o t  o b e y  t h e  c o n v e n t i o n a l  o r i e n t a t i o n  
r e l a t i o n s h i p s  a s s o c i a t e d  w i t h  d e f o r m a t i o n  t w i n n i n g .
3) Modes w i t h  f o u r  i r r a t i o n a l  e le m e n t s  and  n o t  h a v in g  
the  c o n v e n t io n a l  o r i e n t a t i o n  r e l a t i o n s h i p s .
—1 TThe t w i n  modes d e f i n e d  b y  t h e  m a t r i c e s  C ^ ,  ’
and a r e  a l l  compound b u t ,  s h e a r  on an y  o f  t h e
twin p l a n e s  d e f i n e d  b y  t h e s e  modes d o e s  n o t  r e s t o r e  t h e  
same f r a c t i o n  o f  l a t t i c e  p o i n t s  i n  Type I  an d  Type I I  
o r i e n t a t i o n  r e l a t i o n s h i p s .  I n  a l l  c a s e s  one o f  t h e  
c o n v e n t io n a l  o r i e n t a t i o n  r e l a t i o n s h i p s  r e s t o r e s  a l l  l a t t i c e  
p o in ts  t o  t h e i r  c o r r e c t  t w i n  p o s i t i o n s .  T h is  t y p e  o f  t w i n  
node i s  d e s c r i b e d  i n  d e t a i l  i n  S  1 . 2 ,  and  i s  i l l u s t r a t e d  h e r e  
by r e f e r e n c e  t o  t h e  n o d e  d e f i n e d  b y  o f  t a b l e  3 * 2 .
Shear on t h e  ( 5  2 4 )  p l a n e  o f  t h i s  mode r e s t o r e s  a l l  
l a t t i c e  p o i n t s  i n  a  Type I I  o r i e n t a t i o n  r e l a t i o n s h i p  b u t
°nly  one f i f t h  i n  a  Type I  o r i e n t a t i o n  r e l a t i o n s h i p .  The
plane o f  s h e a r  p l o t  o f  t h i s  n o d e  i s  show n i n  f i g  3*2 w i th
( 5 2 4 )  as  t h e  s h e a r  p l a n e  K-, . P a r e n t  and  t w i n  l a t t i c e
LTN
C\]
oo o -
- o
0 — o
° ' < 5 - 4 - o - ? - o  < ,
o o
-o
O —Q c -
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p o in ts  a r e  i n d i c a t e d  b y  c l o s e d  and  open  sy m b o ls  r e s p e c t ­
iv e ly .  The s t a c k i n g  s e q u e n c e  o f  t h e  ( o 2 1 )  p l a n e  o f  
shear  i s  f i v e  f o l d *  L a t t i c e  p o i n t s  i n  t h e  p l a n e  o f  t h e  
diagram  a r e  r e p r e s e n t e d  b y  c i r c l e s ,  and  t h o s e  i n  t h e  f o u r  
s u c c e s s iv e  p l a n e s  a r e  d i s t i n g u i s h e d  b y  b a r s  a t  90 ° i n t e r ­
v a l s .  Only t h e  p a r e n t  and  t w i n  l a t t i c e  p o i n t s  w i t h o u t  
b a r s ,  r e p r e s e n t i n g  one f i f t h  o f  t h e  t o t a l  num ber o f  l a t t i c e  
p o i n t s ,  a r e  r e l a t e d  b y  r e f l e c t i o n  i n  t h e  ( 5 2 4 )  p la n e *
All p a r e n t  and  t w i n  l a t t i c e  p o i n t s  a r e  r e l a t e d  b y  a  
r o t a t i o n  o f  n  a b o u t  t h e  ^  ^ d i r e c t i o n .  As w e l l  a s  t h e  
four exam ples o f  t h i s  t y p e  o f  mode g i v e n  i n  t a b l e  3 #2 , a  
la rg e  p e r c e n t a g e  o f  t h e  c u b ic  t w i n  modes t o  b e  c o n s i d e r e d  
are a l s o  o f  t h i s  t y p e .  The h i g h  in d e x  t w i n  p l a n e s  a s s o ­
c ia te d  w i th  c u b ic  t w i n  modes o f  t h e  t y p e  d e f i n e d  b y
. -1 m
(^1^ )  a r e  p a r t i c u l a r l y  i n t e r e s t i n g ,  and i t  i s  c o n v e n ie n t  
to  d i s t i n g u i s h  b e tw e e n  t h i s  t y p e  o f  t w i n  mode and t h e  u s u a l  
Type I ,  Type I I  and  compound modes w h ich  b e lo n g  t o  c l a s s  1 )„ 
The tw in  modes i n  q u e s t i o n  d o ,  h o w e v e r ,  d e s c r i b e  c o n v e n t i o n a l  
o r i e n t a t i o n  r e l a t i o n s h i p s  and i n  t h e  p r e s e n t  a n a l y s i s  w i l l  
be r e f e r r e d  t o  a s  t w i n  modes o f  c l a s s  1 )A . I t  i s  t o  b e  
noted t h a t  U m a t r i c e s  w h ic h  d e f i n e  t w i n  modes o f  c l a s s  1)A 
have t h e  p r o p e r t y  t h a t  U 5  U "**, w h e re a s  U m a t r i c e s  w h ic h  
d e fine  tw in  modes o f  c l a s s  2 ) h a v e  t h e  p r o p e r t y  t h a t
& t f 1 .
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The o n l y  exam ple  o f  a  c l a s s  3 )  mode i n  t a b l e  3 .2  
i s  t h a t  d e f i n e d  b y  t h e  m a t r i x  C - ^ *  The m ost s t r i k i n g
f e a t u r e  o f  t h i s  mode i s  t h a t  i t  h a s  f o u r  i r r a t i o n a l  e l e ­
m ents, w h e re a s  c o n v e n t i o n a l  modes i n  c u b ic  l a t t i c e s  c a n  
only be o f  t h e  compound t y p e .  A p l a n e  o f  s h e a r  p l o t  o f  t h i s  
mode i s  g i v e n  i n  f i g  3*3 > w h e re  t h e  d i s t r i b u t i o n  o f  p a r e n t  
l a t t i c e  p o i n t s  and  n o t a t i o n  i s  i d e n t i c a l  w i t h  t h a t  o f  
f i g  3 .1  * I n  t h i s  c a s e  no  t w i n  and  p a r e n t  l a t t i c e  p o i n t s  
are  r e l a t e d  b y  r e f l e c t i o n  i n  t h e  Kp p l a n e ,  and t o  r e s t o r e  
the  l a t t i c e  i n  a  c o n v e n t i o n a l  o r i e n t a t i o n  r e l a t i o n s h i p  
a l l  tw in  l a t t i c e  p o i n t s  w o u ld  h a v e  t o  s h u f f l e .  I t  i s  t o  
be n o te d  t h a t  t w i n  e le m e n t s  r e f e r r e d  t o  t w i n  and  p a r e n t  
bases a r e  c r y s t a l l o g r a p h i c  a l l y  e q u i v a l e n t .  T h is  i s  an 
unusual f e a t u r e  f o r  c l a s s  3 )  m od es , b u t  i s  t o  b e  e x p e c te d
in  t h i s  exam ple  b e c a u s e  0-^ 1  "  ^ I h l*
C i t a.
The U m a t r i c e s  o b t a i n e d  f ro m  t h e  r e p r e s e n t a t i o n ^ d e f i n e  
nodes w i th  z e r o  s h e a r s .  H ow ever, t h e r e  a r e  two r e a s o n s  
fo r  i n c l u d i n g  t h e  tw o m a t r i c e s  and  i n  t a b l e  3*2®
The e le m e n ts  o f  b o t h  m a t r i c e s  g i v e  c o n s i s t e n t  s o l u t i o n s  t o  
eq u a t io n s  ( 2 . 1 9 ) ,  and  v a r i a n t s  o f  C^a -^  and  ^ 0.2 
o p e ra t iv e  modes i n  o t h e r  l a t t i c e s .
® \
r—)
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The l a t t e r  r e a s o n  i s  p a r t i c u l a r l y  i m p o r t a n t ,  a s  i n  
c h a p t e r '5  t h e  U m a t r i c e s  o f  t a b l e  3 . 2  w i l l  b e  u s e d  f o r  t h e  
d e t e r m i n a t i o n  o f  t w i n  modes i n  n o n ~ c u b ic  l a t t i c e s *
The t w in  modes o f  t a b l e  3*2 w h ich  h a v e  n o t  b e e n  
d e s c r ib e d  ab o v e  a r e  o f  t h e  c o n v e n t i o n a l  compound t y p e .
The c h a r a c t e r i s t i c s  o f  t h i s  'type  o f  mode a r e  w e l l  known 
and w i l l  n o t  b e  d i s c u s s e d  f u r t h e r .
Simple Cubic Twin Modes ( m g  2 ) ,
A l l  m = 2 s im p le  c u b ic  t w i n  modes w i t h  s h e a r s  ^  2 
have b een  d e t e r m i n e d .  H ow ever, w i t h  t h e  e x c e p t i o n  o f  two 
p a r t i c u l a r l y  i n t e r e s t i n g  m o d es ,  o n ly  t h e  e le m e n ts  and 
r e l a t e d  r e p r e s e n t a t i o n s  o f  modes w i t h  g ^  2 /2  a r e  p r e s e n t e d  
h e re .  The i n t e g e r ,  w hose r e p r e s e n t a t i o n s  a r e  u s e d  f o r  t h e  
d e te r m in a t io n  o f  U m a t r i c e s  d e f i n i n g  t w i n  modes w i t h  p a r t ~
p 2
i c u l a r  v a l u e s  o f  g  and  n  i s  g i v e n  b y  m (g  + 3 ) .  Fop 
21 ® 2 and o ^  g^  ^  2 / 2  t h e  i n t e g e r s  t o  be  c o n s i d e r e d  a r e  
t h e r e f o r e  i n  t h e  r a n g e  12 t o  18# The r e p r e s e n t a t i o n s  o f  
in te g e r s  a r e  g i v e n  i n  co lum ns 2 -  5 o f  t a b l e  3*4-- A l l  
R e p r e s e n ta t io n s  a r e  g i v e n  f o r  t h e  i n t e g e r s  13 and 1 4 ,  
whereas be low  t h e  f i r s t  b r o k e n  l i n e  i n  t h e  t a b l e  o n ly  t h o s e  
R e p r e s e n ta t io n s  r e s u l t i n g  i n  U m a t r i c e s  d e f i n i n g  t w i n  modes
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T A B  L E 3 A
N 0 1 2 3 o.26 n b hTT % %
C2a 2 5 2 0 f 25 8 7 1 1
OJ
O
4 4 0 1 •25 5 2 0 0
C2c 5 1 3 0 •25 6 2 1 1
C2d 1 6 2 0 *5 8 4 4 2
C2e 3 5 0 1 •5 5 3 0 0
OJ
O
4 2 3 0 •5 8 6 5 4
°2S 4 3 1 1 1 10 5 1 1
C2h 4 1 ' 4 0 1*25 6 4 5 2
C2i 0 6 3 0 ! - 5 4 3 3 2
C2 j 2 5 1 1 1*5 10 8 12 2
C2k 3 2 4 0 1 #5 8 7 17 2
C2 Z 2 4 1 2 3*5 16 14 25 4
R e p r e s e n ta t io n s f o r t h e i n t e g e r s 13 and  14 a r e
given above t h e  f i r s t  b r o k e n  l i n e *  Below t h e  
f i r s t  and ab ove  t h e  s e c o n d  b r o k e n  l i n e  o n ly  t h o s e  
r e p r e s e n t a t i o n s  f o r  t h e  i n t e g e r s  i n  t h e  r a n g e  15  
to  18 a r e  g i v e n  w h ic h  r e s u l t  i n  U m a t r i c e s  w h ic h  
d e f in e  t w i n  m o d es .  The r e p r e s e n t a t i o n  b e lo w  t h e  
second b r o k e n  l i n e  i s  f o r  t h e  i n t e g e r  26 ( s e e  t e x t ) ,  
fhe n o t a t i o n  u s e d  i s  i d e n t i c a l  w i t h  t h a t  o f  t a b l e  
3*2 e x c e p t  f o r  w h ic h  h e r e  r e p r e s e n t s  t h e  numb.©r 
° f  U m a t r i c e s  ( n  = 2 ) t o  b e  o b t a i n e d  fro m  e a c h  
R e p r e s e n t a t i o n .    —
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are g iv en  f o r  t h e  i n t e g e r s  15 t o  1 8 .  The r e p r e s e n t a t i o n  
below th e  se c o n d  b r o k e n  l i n e  i s  f o r  an  i n t e g e r  g r e a t e r  
than e ig h t e e n  and  i s  a s s o c i a t e d  w i t h  t h e  two modes h a v in g  
g2 > V 2  m e n t io n e d  a b o v e .  The v a l u e  o f  g ^ ,  t h e  num ber 
of l a t t i c e  v e c t o r s ,  t r i p l e t s  o f  v e c t o r s  e t c .  a s s o c i a t e d  
with each r e p r e s e n t a t i o n  a r e  g i v e n  i n  colum ns 6 - 1 0 , w h ere   ^
the n o t a t i o n  u s e d  i s  i d e n t i c a l  w i t h  t h a t  o f  t a b l e  3 *1 *
The tw in  modes d e f i n e d  b y  t h e  U m a t r i c e s  d e te rm in e d  
from th e  ■ r e p r e s e n t a t i o n s . o f  t a b l e  a r e  g iv e n  i n  t a b l e  
3*5. As i n § 3 * 2 ,  f o r  c a s e s  w h e re  s e v e r a l  s e t s  o f  U m a t r i c e s  
de fin ing  tw in  modes a r e  o b t a i n e d  from  one r e p r e s e n t a t i o n  
the d i f f e r e n t  s e t s  a r e  d i s t i n g u i s h e d  by  am a d d i t i o n a l  
su b sc r ip t  t o  t h e  C, I t  i s  t o  b e  n o t e d  t h a t  t h e  t w i n  mode 
in d ic a te d  by  = 1 f o r  t h e  r e p r e s e n t a t i o n  C£a  i s  n o t  g iv e n  
in  t a b l e  3«5* The U m a t r i x  d e f i n i n g  t h e  tw i n  mode i n  
question  s a t i s f i e s  t h e  n e c e s s a r y  c o n d i t i o n  f o r  m = 2 a s  
n i l  i t s  e le m e n ts  a r e  m u l t i p l e s  o f  i .  H ow ever, t h e  i n v e r s e  
°f t h i s  m a t r ix  h a s  e l e m e n t s  w h ic h  a r e  odd m u l t i p l e s  o f  
nud thu s  does  n o t  s a t i s f y  t h e  n e c e s s a r y  and s u f f i c i e n t  
cond itions  f o r  a  U m a t r i x  d e f i n i n g  a n  m = 2 tw in  mode.
a d d i t i o n  t o  t h e  c h a r a c t e r i s t i c s  o f  p a r t i c u l a r  tw in  
nodes which h av e  b e e n  d e t e r m i n e d ,  t a b l e s  3*2  and  3*5
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TABLE 3 .5
2,1
2.2
2,3
2.4
2,5
2,6
2.7
2.8
2.9
N
C2 c
'2d
( c ^ ) T
'211
^ 3 > T
' 2 f 2
C -12f2
~1nT
/  T 
'2 f 2
2g
/-2h
.2 5
.5
.5
.5
.5
.5
.5
1 .2 5
2U
f 2 0 0\ 
0 2 1 | 0 0 2
f 1-1 2 
-1  1 2 
1 1 0
[ 2  0  0'
0 1 -2
( 2 0 0) 
0 2 2 
0 -1  1t
f 2 0 o'! 
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1
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TABLE 3 * 5  
( c o n t d )
%10
2.11
2,12
2*13
2.14
2,15
2.16
( C ^ ) T
C2i
_ | S
( e g ) ®
C2 iT
C2 K
(C2? )
1 .2 5
1 . 5
1 . 5
1 .5
1 . 5
1 .5
1 . 5
1
2-1 2 
0 2 Oj
'  2 2 -2 ^  
1-1 1 
1 1 1
f 1 2 O'! 
0 -2  2 
- 1 0  2
1 0 -1
2 -2  0
0 2 2
' 2 1 1  
2-11 
- 2  1 1
f  2 1 f l  
0 1 5
I 0 1-1
< 2 0 01 
-1  1 1 
- I  5 -1
-2
-1
4
' V2 -3  2 
-1
1+ 3 2
2
-2
-1  ± 
4 + 2 , 3 2 
1
2 + 2 .3  
1 
-1
4  
-1
7
- 1
3 
1
t
8
•4
5
4 + 2 ,3 ^
1
2 - 2 . 3
1
-1
2 -3
-1
i
1 - 3 :1 
2 
-2
-1
3 
1
4  
-1
7
2
1
0
U
2+3 2 
- 1
4
1 -3  2 
2 
-2
1 4“"4+2,3 
-1
2 - 2 ,3
1
-1
0
1
1
•1
1
0
0
1
1 1- 
■4+2, 3 r  
-1
2 + 2 .3 ^
1
-1
2 +3 2 
-1
1 +3 : 
2
-2
1
-1
■ 1
0
1 
1
'2£
- I nT(Co))
3 .5
3 .5
r 1-3 0
- 1 - 3 -2
1 1 0
' 1 - 1 - 1  
0 0 2 
1 3  1 3
-1
5
- 4
1
1
1
1
1
1
-1
5
- 4
1
3
0
3
-1
5
3
-1
5
1
3
0
The U m a t r i c e s  d e t e r m i n e d  f ro m  t h e  r e p r e s e n t a t i o n s  o f  
able 3,4  which d e f i n e  t w i n  modes a r e  g i v e n  i n  colum n 3 . The 
.dements of t h e  t w i n  mode d e f i n e d  b y  e a c h  U m a t r i x  a r e  g i v e n
bhe columns i n d i c a t e d  b y  ^2 and  2 *
1—
1 RAJ 
O 
1—
I O 
1—
I 
O 
1—
i 1—
( 
H
O
rH
 
O 
H 
I—
1 
(\j I—
1 I—
( 
OJ I—
1 I—
t 
INO 
r—K'J 
rO^
rrCVJ •
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i n d ic a te  some g e n e r a l  c h a r a c t e r i s t i c s  o f  c u b ic  tw in  m odes. 
The most n o t a b l e  o f  t h e s e  i s  t h e  r e l a t i o n s h i p  b e tw ee n  
elements o f  t w in  modes d e f i n e d  by  t h e  m a t r i c e s  U and
rp
(U ) j b u t  a s  t h i s  r e l a t i o n s h i p  h a s  b e en  d i s c u s s e d  i n  
d e t a i l  i n  § 3 . 2  i t  w i l l  "but b e  r e p e a t e d  h e r e .  The p l a n e s  
of sh e a r  o f  a l l  t h e  modes i n  t a .b le  3*2 and 3 .5  a r e  
r a t i o n a l  * and t h e r e f o r e  i n  a g re e m e n t  w i th  t h e  c o n c l u s i o n s  
o f§ 2 .3 #  The M i l l e r  i n d i c e s  o f t h e s e  p l a n e s  a r e  n o t  
n e c e s s a r i l y  s m a l l  i n t e g e r s ? ^  F o r  e x am p le ,  U m a t r i c e s  o f  
the ty p e  w i t h  lo w e r  t r i a n g u l a r  e le m e n ts  a l l  z e r o  and 
la rg e  i n t e g r a l  u p p e r  t r i a n g u l a r  e le m e n ts  d e f i n e  modes w i th  
high in d ex ed  p l a n e s  o f  s h e a r .  The p e r c e n t a g e  o f  c l a s s  1)A 
and c la s s  3 )  modes i s  g r e a t e r  i n  t a b l e  3 .5  t h a n  i n  t a b l e  
3 .2 . This o b s e r v a t i o n  and t h e  r e s u l t s  o f  an  a n a l y s i s  
of m = 4- c u h ic  t w i n  modes i n d i c a t e  t h a t  t h e r e  i s  a  t e n d e n c y  
fo r th e  p e r c e n t a g e  o f  non  “• c o n v e n t io n a l  modes t o  i n c r e a s e  
with i n c r e a s i n g  m v a l u e .
I n  1^3*2 t h e  o n l y  c l a s s  3 )  mode t o  a r i s e  was t h a t  
defined  by  C ^ .  T h is  mode was p a r t i c u l a r l y  d e g e n e r a t e  
because Cl h l  ^  c i h = ( c 7 h ) T rE .0!^ ? *  More g e n e r a l  exam ples  
t h i s  c l a s s  o f  mode a r e  d i s c u s s e d  b e lo w .  The. m a t r i c e s  
C2f2 ^  c2 f2  d e f i n e  t h e  m = 2 c l a s s  3 )  modes w i t h  t h e
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sm a lle s t  s h e a r .  The e l e m e n t s  o f  modes d e f i n e d  b y  e i t h e r
or cCoo &re d i f f e r e n t  when r e f e r r e d  t o  tw in  and p a r e n t  2x2 <-*-<- —1
bases b e ca u se  C2 f2  t  C2 f 2  # T llis  i s  c l e a r l y  i l l u s t r a t e d  
by the  p l a n e  o f  s h e a r  p l o t  f o r  t h e  mode d e f i n e d  by  C2 f2  
shown i n  f i g . 3 .4-, w h e re  t h e  c o n t in u o u s  and b r o k e n  l i n e s
re p re se n t  p>arent and  t w i n  l a t t i c e  r e s p e c t i v e l y .  The m a t r i x
—1 —1 T
^2f2 r e I a ^ e ^  m a t r i c e s  C2£ 2 > ^ 2 f 2 ^  an(  ^ ^ 2 f2tU-ct
only n o n - c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  p l a n e s ,
y
compared w i t h  t h e  p o s s i b l e  m axim um-of e i g h t  i l l u s t r a t e d
in  t a b l e  2*1« T h is  d e g e n e r a c y  a r i s e s  b e c a u s e  0 2 f2
~1nT.
^ 2 1 2 '
The m = 2 t w i n  modes w i t h  s m a l l e s t  s h e a r s  w h ich
e x h ib i t  t h e  g e n e r a l  r e l a t i o n s h i p s  o f  t a b l e  2 .1  a r e  d e f i n e d
by th e  m a t r i c e s  C2 ± , C ^ ,  ( C ^ ) 1 aud C2iT o f  t a b l e -  3 * 2 .
In t h i s  c a s e  e i g h t  i r r a t i o n a l  n o n - c r y s t a l l o g r a p h i c a l l y
equ iv a len t  tw i n  p l a n e s  a r i s e ,  and  o f  c o u r s e  t h e  t w i n  p l a n e s
and d i r e c t i o n s  o f  t h e s e  modes a r e  i n t i m a t e l y  r e l a t e d
because o f  t h e  r e l a t i o n s h i p s  b e tw e e n  t h e  d e f i n i n g  U m a t r i c e s «
Ihe e lem ents  o f  t h e  t w i n  mode d e f i n e d  by  C2^ when r e f e r r e d
to the  tw in  b a s i s  a r e  g i v e n  b y  t h e  e le m e n ts  o f  t h e  mode
—1 Tdefined by  02^ .  The e l e m e n t s  o f  modes d e f i n e d  by  (C2 i ) 
arL(i ^2? a r e  r e l a t e d  i n  t h e  same w ay. I n  a d d i t i o n ,  t h e
ind ices  o f  t w i n  p l a n e s  o f  t h e  mods d e f i n e d  b y  C2 i  a r e  t h e
- Tr................ l w “ l— - * ■ m i » « i m i w m i i l l l l
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ind ices  o f  t w i n  d i r e c t i o n s  o f  t h e  mode d e f i n e d  by (Cg-p * 
and v ic e  v e r s a *  T h is  same r e l a t i o n s h i p  a l s o  e x i s t s  b e tw ee n  
the e lem en ts  o f  t h e  t w i n  modes d e f i n e d  by  t h e  m a t r i c e s
-1 rn • .
C0  ^ end 0o . •Cl c. 1
The r e s u l t s  d e s c r i b e d  ab ove  and i n  3*2 i n d i c a t e  
th a t  more g e n e r a l  d e f i n i t i o n s  o f  t h e  ty p e  o f  tw in  mode 
which can  a r i s e  a r e  n e c e s s a r y *  I n  t h i s  r e s p e c t ,  f u r t h e r  
d isc u ss io n  o f  t h e  modes d e f i n e d  b y  t h e  m a t r i x  C22 and  
r e la te d  m a t r i c e s  i s  g i v e n  i n  c h a p t e r  6 .
S ix  o f  t h e  compound modes o f  t a b l e  3*2 a r e  o f  c l a s s  1 )A ,
and th e  r e m a in d e r  o f  c l a s s  1 )*  A l l  t h e  c l a s s l ) A  modes a r e
—'1
defined by t h e  m a t r i c e s  U r U  and  t h e r e f o r e  h av e  c h a r a c t e r ­
i s t i c s  s i m i l a r  t o  t h e  (4-25) mode d i s c u s s e d  i n  §  3*2* Modes 
defined by t h e  m a t r i c e s  Cp h , ( C2 h ^ ’ a r e
p a r t i c u l a r l y  i n t e r e s t i n g  a s  t h e y  a r e  e i t h e r  m = 1 b . c # c .
op f#c*c« modes* T hese  f o u r  modes and t h e  o p e r a t i v e  b*c*c*
' —2 T
f«c«c* modes d e f i n e d  b y  t h e  m a t r i c e s  ^ 2 d ^
w ill be d i s c u s s e d  i n  d e t a i l  i n  & 3*4-.
^ —d t r e d Cubic Twin Modes ( m -  1 and  m =» 2 ) .
fhe  b * c . c .  and  f * c * c ,  m = 1 t w i n  modes c a n  b e  
deberiained d i r e c t l y  b y  t h e  a p p l i c a t i o n  o f  t h e  r u l e s  ofjj?2.5 
to the  U m a t r i c e s  o f  t a b l e s  3 . 2  «af* 3 . 5 .  T h is  p r o c e d u r e
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would n o r m a l ly  l i m i t  t h e  r a n g e  o f  s h e a r s  o f  t h e  c e n t r e d  
cubic modes t o  g 2 ^  5 /2 *  H ow ever, t h e  m a t r i c e s  and 
(C ob2 were i n c l u d e d  i n  t a b l e  3 . 5  a s  t h e y  d e f i n e  t h e  o n lyd.K> L
m = 1 b . c . c .  o r  f . c . c *  modes w i t h  s h e a r s  i n  t h e  r a n g e
3/2 < g2 < 4 .  T h u s ,  a n a l y s i s  o f  t h e  m a t r i c e s  o f  t a b l e s
3«2 end w i l l  g i v e  a l l  m — 1 f» c « c »  and b .c .c ®  modes 
2with g < 4 .  -
The b . c . c *  modes w i t h  s h e a r s  i n  t h i s  r a n g e  a r e  g iv e n  
in  t a b l e  3*6 . M a t r i c e s  d e f i n i n g  modes a r e  r e p r e s e n t e d  by  
an I  ( f o r  b ody  c e n t r e d )  and  two s u b s c r i p t s ,  t h e  f i r s t  
giving th e  m v a l u e ,  an d  t h e  s e c o n d  t h e  p l a c e  o f  t h e  m a t r i x  
in  the  t a b l e .  The s q u a r e  o f  t h e  m a g n i tu d e  o f  t h e  s h e a r  i s  
given in  column t w o , and  t h e  t w i n n in g  e le m e n ts  i n  t h e  
columns i n d i c a t e d  ^  ^ 2  0Jlci^ |  2 #
The r e l a t i o n s h i p s  e x i s t i n g  b e tw e e n  f . c . c .  and b . c . c .  
modes d i s c u s s e d  i n  §  2*6 p e r m i t  t h e  m = 1 f . c . c *  modes 
to be o b ta in e d  d i r e c t l y  f ro m  t h o s e  o f  t a b l e  3 * 6 . T h is  i s  
because f . c . c .  and b . c . c .  m o d es ,  d e f i n e d  by  t h e  m a t r i c e s  
U and (U r e s p e c t i v e l y , h a v e  t h e  same m v a lu e s  and 
magnitude o f  s h e a r ,  a l s o  t h e  i n d i c e s  o f  t h e  d i r e c t i o n s  o f  
cue mode a re  i d e n t i c a l  w i t h  t h e  i n d i c e s  o f  p l a n e s  o f  t h e  
° tb e r t In  t a b l e  3 . 6  t h e  e le m e n t s  o f  t h e  f . c . c .  tw in  modes 
ai<o S-tven i n  co lum ns i n d i c a t e d  ^  *
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TABLE 3*6
ir g 2
Kl *Vl
4
K2
^ 2
* 1 2
4 s
I l a  5 (c-i)T * Fl a
1
1
~~2
i
i
i
1
1
2
1
1
-1
1 
~1 ■ 
0
h t  - hb 1*5
0 
1 - 
1
i
- i
i
4
-1
7
-1
3
1
2
1
-1
h o ” Cl b  ’ h e 2
0
1
1
i
0
0
2
1
1
-1
1
1
0
1
-1
I ld  = °2£ 5 ha ■3-5
1
5
4
“1
1
-1
~1
3
0
3
1
5
3
~1
-2
The b , c , c ,  m = 1 ( 1 ^ )  and  f , c . c ,  m = 1 (T1^ )  tw in  modes 
with g < 2 ,  The t w i n  e le m e n t s  o f  t h e  b , c . c ,  modes a r e  
given by e t c ,  and  t h e  e le m e n ts  o f  t h e  f , c « c ,  modes
b y 4 l * \  e t c *
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The m a t r i c e s  d e f i n i n g  th e .s e  modes a r e  r e p r e s e n t e d  by an  
F w ith  two s u b s c r i p t s ,  and  m a t r i c e s  r e p r e s e n t e d  b y  an  I  
and I  w i th  l i k e  s u b s c r i p t s  a r e  s u c h  t h a t  one i s  t h e  
t ra n sp o se  o f  t h e  i n v e r s e  o f  t h e  o t h e r .
The tw in  modes w i t h  t h e  s m a l l e s t  s h e a r s  i n  t a b l e  3*6 
are th e  w ell-  known b . c . c .  and  f . c . c .  o p e r a t i v e  m odes .
— 1  m
The b . c . c .  (1 1 2 )  mode i s  d e f i n e d  by  ^ l a  ( c 2 d ) > and 
the r e l a t e d  f . c . c .  ( I l l )  mode i s  d e f i n e d  by  = ^2d*
The e le m e n ts ,  m v a l u e s  and  m a g n i tu d e s  o f  s h e a r  o f  t h e s e  
modes p r o v id e  a  f a m i l i a r  exam ple  o f  r e l a t i o n s h i p s  w hich  
e x is t  be tw een  c u b ic  t w i n  modes d e f i n e d  b y  t h e  m a t r i c e s  
U and (U ^ ) ^ .
The se c o n d  p a i r  o f  modes i n  t a b l e  3*6 d e f i n e d  
by th e  m a t r i c e s  1 - ^  and  and h a v e  c o n s i d e r a b l y  h i g h e r
sheers t h a n  t h o s e  d e f i n e d  b y  I-^a  and'3F^a *. The mode d e f i n e d  
by h as  b e e n  p r e d i c t e d  b y  I \ i h o ^ \  b u t  t h a t  d e f i n e d  by  
Ipb bias n o t  b e e n  g i v e n  b e f o r e .  The r e a s o n  why one and n o r  
the o th e r  o f  t h e s e  modes 'h a s  b e e n  g i v e n  b e f o r e  i s  p a r t l y  
consequence o f  b o t h  b e i n g  o f  c l a s s  1)A# The f . c . c .  mode 
given by Kiho h a s  Kx =  ( 1 1 3 ) b e c a u s e  tw i n n in g  on t h i s  p l a n e  
Restores a l l  l a t t i c e  p o i n t s  i n  a  c o n v e n t i o n a l  o r i e n t a t i o n  
R e la t io n s h ip , i s  g i v e n  a s  (1 1 1 )  b e c a u s e  o n ly  one t h i r d  
bhe tw in  and p a r e n t  l a t t i c e *  p o i n t s  a r e  r e l a t e d  by
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r e f l e c t i o n  i n  t h i s  p l a n e .  H ow ever, e a r l i e r  d i s c u s s i o n  
has shown t h a t  i t  i s  p o s s i b l e  t o  c h o o se  a  Type I I  
o r i e n t a t i o n  r e l a t i o n s h i p  so  t h a t  t h e  l a t t i c e  i s  c o m p le t e ly  
r e s to re d  i n  a  new o r i e n t a t i o n  b y  t h e  s h e a r  on t h e  (1 1 1 )  
p l a n e /  T hus, i n  t a b l e  3*6 b o t h  t h e  (1 1 1 )  and (1 1 3 )  p l a n e s  
of th e  mode d e f i n e d  b y  F ^  m u s t  b e  c o n s i d e r e d  a s  h a v in g  
equal im p o r ta n c e  a s  t w i n  p l a n e s .
The r e l a t e d  b . c . c .  mode d e f i n e d  b y  I l b  h a s  s i m i l a r  
c h a r a c t e r i s t i c s .  F o r  (1 4 7 )  a s  t h e  t w i n  p l a n e , a  .
Type I I  o r i e n t a t i o n  r e l a t i o n s h i p  c a n  b e  c h o se n  so  t h a t  
a l l  l a t t i c e  p o i n t s  a r e  r e  s t o r e d  i n  a  new o r i e n t a t i o n ,w h e re ­
as f o r  Type I  tw o  ■ t h i r d s  o f  t h e  l a t t i c e  p o i n t s  would be  
req u ired  t o  s h u f f l e , .  T w in n in g  on t h e  (1 1 0 )  p l a n e  r e s t o r e s  
the l a t t i c e  t o  t h e  i d e n t i t y .  The c r y s t a l l o g r a p h y  j u s t  
described  i n d i c a t e s  why t h e  (1 4 7 )  mode was n o t  g iv e n  b y  
. Kiho, However, i t  i s  o f  c o n s i d e r a b l e  i n t e r e s t  a s  n e x t  t o
the (112) mode i t  i s  t h e  m = 1 b . c . c .  mode w i th  t h e  s m a l l e s t  
shear.
I ^ c and Fl c  a r e  t h e  o n l y  m a t r i c e s  o f  t a b l e  3*2 
which d e f in e  m = 1 c e n t r e d  c u b ic  m odes . The modes d e s c r i b e a  
by these m a t r i c e s  a r e  n o t  e x p e c t e d  t o  b e  o p e r a t i v e  * b e c a u s e  
bo th  c a s e s  t h e  l a t t i c e  i s  r e s t o r e d  t o  t h e  i d e n t i t y  by
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tw inning  on t l i e  K^ p l a n e s ,  and  s e c o n d l y  t h e  e le m e n ts  Kg 
and'lj g o f  
with Kg a; 
r e s p e c t i v e l y ,  c
The r e m a in in g  tw o modes o f  t a b l e  3*6 t o  b e  d e s c r i b e d
are d e f in e d  b y  t h e  m a t r i c e s  I ^ d and  l^ d *  B° t h  ^ 0(ies a r e
of c la s s  1 )A , and  a g a i n  t h i s  i s  an  i n d i c a t i o n  as t o  why
( 5 )only one o f  t h e s e  modes h a s  b e e n  g i v e n  b e f o r e « Kiho 
has p r e d i c t e d  t h e  mode d e f i n e d  b y  I ^ d w i t h  e le m e n ts  R^ 
and Kg e q u a l l i n g  (1 3 0 )  an d  (154-) r e s p e c t i v e l y , As i n  t h e  
case of t h e  (1 1 3 )  f * c . c *  m o d e , b o t h  t h e  (1 3 0 )  and  (154-) 
twin p la n e s  h a v e  e q u a l  im p o r t a n c e  a s  t w i n  p l a n e s , ev en  
though tw in n in g  on t h e  (154-) r e s t o r e s  o n ly  one t h i r d  o f  
the l a t t i c e  p o i n t s  i n  a  Type I  o r i e n t a t i o n  r e l a t i o n s h i p *  
Presumably, t h e  mode d e f i n e d  by  Fl d  i s  n o t  g iv e n  by  Kiho 
because t h e  (1 1 1 )  p l a n e  i s  i d e n t i c a l  w i t h  K^ p l a n e s  o f  
the two p r e v i o u s  f „ c , c *  m o d es , and  a l s o  c o n s i d e r a b l e  
s h u f f l in g  i s  a s s o c i a t e d  w i t h  t w i n n i n g  on t h e  (3 1 5 )  p l a n e  
for a Type I  o r i e n t a t i o n  r e l a t i o n s h i p ,
To d e te r m in e  t h e  m = 2 c e n t r e d  c u b ic  t w i n  modes by 
using an e x t e n s i o n  o f  t h e  r u l e s  o f  S  2 05 i t  i s  n e c e s s a r y  
c o n s id e r  i n  a d d i t i o n  t o  t h e  modes o f  t a b l e s  3*2 2*5
the m = 4  s im p le  c u b ic  m o d es .  T h ese  modes a r e  p r e s e n t e d
t h e  modes d e f i n e d  b y  and  a r e  i d e n t i c a l  
d g °P  t h e  modes d e f i n e d  by  I ^ a  and
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l a t e r  i n  c o n n e c t i o n  w i t h  a  m ore g e n e r a l  a n a l y s i s ,  and
eft 3
only th o s e  m = 4- U m a t r i c e s ^ ’d e f i n i n g  m .= 2 c e n t r e d  c u b ic  
modes w i th  g < 1 a r e  p r e s e n t e d  i n  t a b l e  3 .7 ?  w here  t h e  
n o ta t io n  u se d  i s  i d e n t i c a l  w i t h  t h a t  o f  t a b l e  3*6 .
The h a l f  s h u f f l e  b . c * c „  and  f . c . c .  modes w i th  s m a l l e s t
shears a r e  d e f i n e d  b y  t h e  m a t r i c e s  I g a  and Fga r e s p e c t i v e l y .
(1 2 )The form o f  t h e s e  two modes h a s  b e e n  d e s c r i b e d  e l s e w h e r e  »
The modes d e f i n e d  b y  Ig-^ and  Fg^ a r e  o f  c l a s s  l ) A a n d  h a v e
s im ila r  c h a r a c t e r i s t i c s  t o  t h e  m = 1 (14-7) b . c . c .  mode.
The h igh  i n d i c e s  o f  t h e s e  e le m e n t s  a r e  u n u s u a l  f o r  c u b ic
modes w i th  s m a l l  m v a l u e s  and s h e a r s , and c a n  be a t t r i b u t e d
to th e  c l a s s  t o  w h ic h  t h e s e  modes b e l o n g .  I t  i s  t o  b e  n o te d
th a t  th e  m = 2 modes d e s c r i b e d  a b o v e ,  i n  a d d i t i o n  t o  t h e
conven tiona l modes d e f i n e d  b y  I g  - and Fgc , h a v e  s h e a r s
less  th a n  o r  e q u a l  t o  t h e  o p e r a t i v e  b . c . c .  and f . c . c .
modes. B ecause  o f  t h e  l a r g e  s h u f f l e s  i n v o lv e d  t h e y  would
not n o rm a l ly  b e  e x p e c t e d  t o  b e  o p e r a t i v e  modes i n  s i n g l e
(1 3 )
l a t t i c e  s t r u c t u r e s .  H ow ever, i t  h a s  b e e n  s u g g e s t e d
(W
th a t  th e  mode d e f i n e d  b y  I g q may d e s c r i b e / a n o m a l u s  tw in  
in Be - H i ' -  q m a r t e n s i t e s  and  Fe ~ Be a l l o y s .  I n  a d d i t i o n ,  
i t  i s  t h o u g h t t h a t  t h e  mode d e f i n e d  b y  F2c may d e s c r i b e  
the anomalous tw in s  o b s e r v e d  i n  t h e  c u b ic  p h a s e  i n  quen ch ed  
uraninm~molybdenum a l l o y s .  Of t h e  r e m a in in g  modes o f  t a b l e  
5*7 to  be d e s c r i b e d ,  t h o s e  d e f i n e d  b y  I ^ e and  FgQ a r e  o f
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0
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0
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1
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3
1
2
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•9 F2e 1
0
I
3
0
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1
0
-1
1
0
1
1
1
0
0
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The b . c . c . m = 2 ( I g )  an(i . c .  m = 2 (B2 ) tw in
modes w i th  1 .  The t w i n  e le m e n t s  o f  t h e  b . c . c ,  
modes a r e  g iv e n  b y  e t c .  and  t h e  e le m e n ts  o f  t h e  
f . c . c  modes by  e t c .
TABLE 3 , 8
The U m a t r i c e s  w h ic h  d e f i n e  m = 4  s im p le  c u b ic  tw in  
modes, b u t  a l s o  d e f i n e  m = 2 b . c . c ,  and  f . c . c .  modes 
given i n  t a b l e  3 .7 *
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the c o n v e n t io n a l  compound t y p e .
The u n u s u a l  c h a r a c t e r i s t i c s  o f  some o f  t h e  m » • !  
and m -  2 modes g i v e n  i n  t a b l e s  3*6 and 3*7 h av e  b e en  
d escr ib ed  a b o v e .  The n o t i c e a b l e  d i f f e r e n c e  i n  c h a r a c t e r ­
i s t i c s  o f t h e s e  modes w i t h  t h e  s im p le  c u b ic  modes o f  t a b l e s  
3.2 and 3*5 i s  t h a t  no m = 1 o r  m = 2 c l a s s  3 )  c e n t r e d  c u b ic  
modes a r i s e .  C la s s  3 )  b . c . c .  and f . c . c .  modes do a r i s e
ou ts ide  t h e  s h e a r  r a n g e s  c o n s i d e r e d .  F o r  ex am p le ,  C-^p
±
defines b o th  m = 2 b . c . c .  and  f . c . c .  modes w i t h  g = 5 2 . 
Comparison o f  t h e  P r e d i c t o d  Hodes w i t h  Some E x p e r im e n ta l
twins commonly fo u n d  i n  b . c . c .  and  f . c . c .  m a t e r i a l s  r e s p e c t -
r e l a t i o n s h i p s  w ere  n o t  r e s t r i c t e d  t o  r e f l e c t i o n  i n  t h e
no m s l  c e n t r e d  c u b ic  t w i n  m odes w ere  d e te r m in e d  w i th  s h e a r s
R esults
The fo rm a l  c r y s t a l l o g r a p h y  o f  t h e  w 1 1 2 t and
ive ly  i s  w e l l  k n o w n ^ ^ , and  w i l l  o n ly  be  b r i e f l y  d i s c u s s e d  
here . I n  p r e d i c t i n g  c u b ic  t w i n  modes t h e  o r i e n t a t i o n
plane o r  r o t a t i o n  o f  % a b o u t  t h e  ^  ^ d i r e c t i o n .  However
a
g < 2 2s o r  • . » « » ,  t h e  n o d e s  d e s c r i e s  »  o p e r a t i v e  W i n e
in b . c . c .  a *  f . c . c .  u n t o r i a l s  c o n f o m  I t !  « .
t ,Ho+-+-jir'p s t r u c t u r e s  t h e y  of o th e r  w o r k e r s ,  i n  t h a t  f o r  s i n g l e
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have th e  s m a l l e s t  s h e a r  c o n s i s t e n t  w i t h  no s h u f f l e s .
The ^ 1 1 2 ^  and ^ 1 1 1 ^  modes a r e  d e f i n e d  by  t h e  m a t r i c e s
I^a and F-^a  r e s p e c t i v e l y .  As a  c o n se q u e n c e  o f  I ^ a  
■“I T  0e q u a llin g  (^p&) ? "t i ie  i n d i c e s  o f  t h e  d i r e c t i o n s  o f  one 
mode a re  t h e  i n d i c e s  o f  p l a n e s  o f  t h e  o t h e r ,  and b o th  
modes have t h e  same m a g n i tu d e  o f  s h e a r .  I n  a d d i t i o n ,  a s  
shown i n  ^  2 ,6  t h e  m a t r i x  S ,  w h ich  r e p r e s e n t s  t h e  o r i e n t ­
a tion  r e l a t i o n s h i p s  b e tw e e n  p a r e n t  and  t w in  l a t t i c e s  , i s  
the same f o r  c u b ic  t w i n  modes d e f i n e d  by  t h e  m a t r i c e s  U
~-i m
and (U ) • The l a t t e r  r e l a t i o n s h i p  b e tw e e n  b . c . c .  and 
f . c . c ,  modes i s  r e l e v a n t  t o  r e c e n t  d i s c u s s i o n s  c o n c e r n in g  
the i n t e r p r e t a t i o n  o f  e l e c t r o n  d i f f r a c t i o n  p a t t e r n s  o b t a i n e d  
from tw inned  r e g i o n s  o f  m e t a l  f o i l s .
Two a n a l y t i c a l  m e th o d s  f o r  c a l c u l a t i n g  t h e  p o s i t i o n s  
of p a re n t  and t w i n  r e f l e c t i o n s  on  e l e c t r o n  d i f f r a c t i o n  
p a t te rn s  o f  tw in n e d  c u b ic  c r y s t a l s  h a v e  r e c e n t l y  b e e n  
published^1 . M e ie r  a n  end  E i c h m a n ^ 1  ^ c o n s i d e r e d  t h e
case of tw in n in g  on ^ 1 1 2 ^  in  a  b . c . c .  s t r u c t u r e ,  w h i l e  a  
more g e n e ra l  t r e a t m e n t  f o r  c o n v e n t i o n a l  tw in n in g  on any  
plane i n  a c u b ic  c r y s t a l  was p r e s e n t e d  by  J o h a r i  and 
Thomas The l a t t e r  a u t h o r s  u s e d  a  r o t a t i o n  m a t r i x ,
r o p re se a t in g  t h e  o r i e n t a t i o n  r e l a t i o n s h i p  b e tw e e n  n o rm a ls
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to p a re n t  and t w i n  l a t t i c e  p l a n e s ,  t o  d e te r m in e  w hich  tw in
planes were a p p r o x i m a t e ly  p a r a l l e l  t o  t h e  e l e c t r o n  beam..
They a p p l i e d  t h e i r  t e c h n i q u e  t o  b o t h  i 111} t w in n in g  i n
f ,c « c .  end ^ 1 1 2 |  tw in n in g -  . i n  • b „ c . c ,  b u t  d i d  n o t
show t h a t  t h e  o r i e n t a t i o n  r e l a t i o n s h i p ,  as d e s c r i b e d  i n
(53^the l a s t  p a r a g r a p h ,  i s  t h e  s a n e  f o r  b o th  c a s e s ,  K e l ly  , 
who has r e c e n t l y  u s e d  t h i s  p r o p e r t y  i n  a s i m p l i f i e d  s t e r o -  
graphic t e c h n iq u e  f o r  a n a l y s i n g  e l e c t r o n  d i f f r a c t i o n  p a t t e r n  
f a i l e d  t o  p o i n t  o u t  t h a t  t h i s  i s  a  g e n e r a l  p r o p e r t y  o f  a l l  
twin modes i n  c u b ic  l a t t i c e s  d e f i n e d  by  m a t r i c e s  U and.
—1 rn (
(U ) . -The e x t e n s i o n  o f  a  r e c e n t l y  p u b l i s h e d  m e t h o d ^  
fo r c a l c u l a t i n g  t h e  p o s i t i o n s  o f  t w i n  r e f l e c t i o n s  f o r  any
conventions.! t w in  i n  an y  c r y s t a l  t o  i n c l u d e  n o n ~ c o n v e n t io n a l
twins i s  d i s c u s s e d  i n  £  5 ,  5 . 2 ,
S tu d ie s  o f  d e f o r m a t i o n  tw i n n in g  i n  f . c « c ,  m a t e r i a l s  
have always shown t h e  4  111V  t w i n  modes t o  be  o p e r a t i v e ,
V. J
^55)However, t h e  r e c e n t l y  p u b l i s h e d  w ork  o f  R ichm anv , and 
Richmar^L and C o n a r d ^ 6 ) on t h e  p l a s t i c  d e f o r m a t io n  o f  
Pe -  Hi -  q m a r t e n s i t e s  and  o f  an  Fe *- 5 wt, p e t .  Be 
al lo y  have shown t h a t  modes o t h e r  t h a n  ^  112J* a r e  o p e r a t i v e  
i*1 b . c . c .  m a t e r i a l s .  O th e r  w ork on a  r a n g e  o f  Fe -  Be 
a lloys c o n t a i n i n g  b e tw e e n  16 and  27 a t . p e t .  Be h a s  a l s o  
been r e p o r t e d  ■ by  R i c h m a d 1 3 b  and  B o l l i n g  and R ichm an1'
-  I l l  -
In a d d i t i o n  t o  t h e  p r e d o m in a n t  and w e l l  e s t a b l i s h e d
tw in s , Richman eh a l  r e p o r t e d  tw i n s  w i th  c o m p o s ito n  p l a n e s
loih » x  04-5} o r  £ C 8 9 ^  end  - { 2 , 3 ,  10} o r  { 127 j  •
I t  i s  now t h o u g h t  t h a t  t h e  {  0 ,  1 ,  1 3 }  h a b i t  r e p o r t e d  
for th e  ]?e — Ni -  C a l l o y s ^ )  i s  more l i k e l y  t o  b e  n e a r
W -
A lthough  t h e  f u l l  t w i n  e le m e n t s  o f  t h e s e  u n u s u a l  tw in
modes co u ld  n o t  b e  d e t e r m i n e d  d i r e c t l y  from  t h e  e x p e r i ­
mented r e s u l t s , t h e  a u t h o r s  a t t e m p t e d  t o  d edu ce  t h e  e le m e n ts  
by c o n s id e r in g  t w i n  i n t e r s e c t i o n ^ ^ 7  ^ and  b y  u s i n g  t h e
■projection t e c h n i q u e  o f  Jasw on  and Dove . Cn t h e  b a s i s
(5 9 )of th e  r e s u l t s  o b t a i n e d  u s i n g  t h e  p o l e  l o c u s  m ethod  , 
the h a b i t s  w e re  assu m ed  t o  b e  r a t i o n a l ,  and t h e  o t h e r
hab its  i r r a t i o n a l  and  a p p ro x im a te d  b y  t h e  i n d i c e s  q u o te d  
above. They assum ed  t h a t  t h e  t y p e  o f  mode d e s c r i b i n g  t h e  
! ° 4  ■ h a b i t " i s  e i t h e r  Type I  o r  compound, and t h e  modes 
d esc r ib in g  t h e  o t h e r  h a b i t s  a r e  o f  Type I I .  How ever, as 
shown in  C h a p te r  1 t h i s  d e d u c t i o n  i s  n o t  v a l i d  as  a l l  
twin modes i n  c u b ic  s t r u c t u r e s  w h ic h  obey  t h e  c o n v e n t io n a l  
o r ie n ta t io n  r e l a t i o n s h i p s  o f  d e f o r m a t i o n  tw in n in g  m ust be  
compound. I t  i s  p o s s i b l  e t h a t  t h e  <{013}  h a b i t  c o u ld  be 
described  by  a  compound m ode, and  a s  i n d i c a t e d  by  t h e  
r e s u l ts  p r e s e n t e d  i n ^ ' 5 . 2  and  ■§• 5 .3  t h e  i r r a t i o n a l  h a b i t s
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may be e x p la in e d  b y  modes w i t h  f o u r  i r r a t i o n a l  o r  h ig h  
index e lem en ts*  H ow ever, a s  no  el = 1 o r  m = 2 modes w i th  
four i r r a t i o n a l  e l e m e n t s  and  s m a l l  s h e a r s  h av e  b e e n  d e t e r ­
mined, i t  i s  t h o u g h t  t h a t  t h e  h a b i t s  m ust be  h i g h  in d e x e d  
r a t i o n a l  p l a n e s  a s s o c i a t e d  w i t h  c l a s s  1)A t w i n  nodes*  I t  i s  
evident from  t h e  r e s u l t s  p r e s o n t e d ^ ^ ^ ^ ^ ^  , and a 
recen t c o m m u n ic a t io n ^ ^ ^  , t h a t  t h e  h a b i t  p l a n e s  w ere  n o t  
a c c u ra te ly  d e te rm in e d *  At p r e s e n t  i t  i s  t h e r e f o r e  o n ly  
p o ss ib le  to  make some g e n e r a l  comments on t h e s e  e x p e r i ­
mental s t u d i e s ,  and  some s p e c u l a t i v e  c o m p a r is o n s  w i th  t h e  
r e s u l t s  p r e s e n t e d  i n j ^ 3 . 3 «
The m ost c o n v in c in g  e x p e r i m e n t a l  r e s u l t s  a r e  t h e  
ind ices  ^ 013^  d e t e r m i n e d  f o r  one s e t  o f  o b s e rv e d  h a b i t  
p lanes . The f u l l  t w i n  e l e m e n t s  w ere  d e te r m in e d  u s i n g  t h e  
p ro je c t io n  t e c h n i q u e  o f  Jasw on  and D o v e ^ u \  The m = 1 
b#c.c* mode w i t h  s m a l l e s t  s h e a r  and  K-^  013^ d e te r m in e d
is  t h a t  d e f i n e d  by  t h e  m a t r i x  1 - ^  o f  t a b l e  3 * 7 j  w h ich  h a s  
also Deen g iv e n  b y  K i h o ^ ^ *  The m a g n i tu d e  o f  s h e a r  o f  t h i s  
ffiode i s  l a r g e  com pared  w i t h  a n y  s h e a r  p r e v i o u s l y  o b s e rv e d  
in d e fo rm a tio n  t w i n s , By a n a l y s i n g ' i n t e r s e c t i n g  ^ 1 1 2 ^  
and ^ 013j r  t w i n s  t h e  d i r e c t i o n  o f  t h e  node
was shown to  be  o f  t h e  fo rm  < 1 35> , w h ic h  i s  i n  a g re em e n t  
w i t h ^  o f  t h e  p r e d i c t e d  node*  B e ca u se  o f  t h e  p o s s i b i l i t y
113 -
th a t  th e  s h e a r  o f  c r o s s i n g  tw in s  may h e  p a r t l y  t r a n s m i t t e d ,  
by s l i p  m ec h an ism s , and  t h e r e f o r e  m ak ing  Cahn’ s c o n t i n u i t y  
con d it io n s  i n v a l i d ,  E e e d - H i l l ^ 1  ^ h a s  s u g g e s t e d  t h a t  
the tw in  e le m e n ts  d e t e r m i n e d  by  R ichm an u s i n g  t w i n  i n t e r ­
se c t io n  g e o m e try  may b e  i n c o r r e c t ,  T h e re  i s  t h e r e f o r e  some 
doubt as t o  w h e th e r  t h e  ^  0 1 3 ^  mode d e f i n e d  b y  I l d  does  
describe  t h e  ^ 0 1 3 ^  h a b i t . ,
I f  i n  f a c t  R ichm ans d e t e r m i n a t i o n  o f  ^ i s  c o r r e c t  
the absence  o f  t h e  -^4* 1 5^* h a b i t  h a s  t o  b e  a c c o u n te d  f o r .  
One p o s s i b i l i t y  i s  t h a t  t h e  |^4- 1 5^  t w i n  mode may 
describe  t h e  1 ^ 0  4- 1 and 1 ^ 0  8 9 |  * h a b i t s  o b s e r ­
ved by Richman* I n  a d d i t i o n ,  t h e r e  seem s t o  be  no e v id e n c e  
for tw in n in g  on t h e  ^ 1  4- 7^  p l a n e s  ev en  th o u g h  t h e  s h e a r  
assoc iated , w i t h  t w i n n i n g  on t h i s  p l a n e  i s  much s m a l l e r  t h a t
tha t f o r  t h e  \ o  1 3 V *  The p o s s i b i l i t y  o f  m = 2 modes 
V J
d e sc r ib in g  t h e s e  an o m a lo u s  h a b i t  p l a n e s  m ust n o t  b e  o v e r ­
looked. Even th o u g h  l a r g e  s h u f f l e s  a r e  i n v o l v e d ,  one h a s  
fo c o n s id e r  t h e  l a r g e  s h e a r s  a s s o c i a t e d  w i t h  t h e  n e x t  b e s t  
m = 1 inodes t o  ^  1 1 2 ^ ’ i n  b „ o , c # m a t e r i a l s .  I t  i s  
ev iden tly  d e s i r a b l e  t h a t  f u r t h e r  e x p e r i m e n t a l  work be  c a r r i e d  
out on t h e s e  i n t e r e s t i n g  m a t e r i a l s ,  so  t h a t  a  more d e t a i l e d
comparision o f  e x p e r i m e n t a l  w i t h  t h e o r e t i c a l  r e s u l t s  c a n  
be m<*de.
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Chapter 4 ,  The G e n e r a l  Ana l y s i s ,
*1* I n t r o d u c t io n .
In  c h a p t e r  2 t h e  e q u a t i o n  2 U  = S ,  d e r i v e d  i n - ^  2 , 2 ,  
was used t o  o b t a i n  e x p r e s s i o n s . f o r  t h e  e le m e n ts  o f  tw in  
modes i n  t h e  c u b ic  c r y s t a l  s y s te m .  C r y s t a l l o g r a p h i c  
r e l a t i o n s h i p s  b e tw e e n  t w i n  modes d e f i n e d  by  U m a t r i c e s  
r e la te d  by  s im p le  m a t r i x  o p e r a t i o n s  w ere  a l s o  shown t o  
e x i s t .  l io re  g e n e r a l  r  e le c t io n s  h i p s  e x i s t i n g  b e tw e e n  tw in  
modes co u ld  n o t  be  e x p l a i n e d  b e c a u s e  o f  t h e  i n h e r e n t  
deg en e rac ie s  a s s o c i a t e d  w i t h  an  o r th o n o r m a l  l a t t i c e  b a s i s .
In  t h i s  c h a p t e r  a  g e n e r a l  a n a l y s i s  f o r  t w in n in g  i n  a l l  
l a t t i c e s  i s  p r e s e n t e d .  G e n e ra l  e x p r e s s i o n s  f o r  t h e  tw in  
elements d e f i n e d  b y  a  m a t r i x  U a r e  d e r i v e d  i n  I jp 4 ,2 ,  
followed i n  $  4 , 3  b y  a  d i s c u s s i o n  o f  t h e  p r o p e r t i e s  and 
degenerac ies  a s s o c i a t e d  w i t h  U m a t r i c e s  i n  n o n n c u b ic  
Bravais l a t t i c e s .  F i n a l l y ,  . p r o p e r t i e s  o f  t h e  m a t r i c e s
tt~1 /tt~1 nT m
* ) and U , i n  a d d i t i o n  t o  t h o s e  m e n t io n e d  m
chapter 2 ,  a r e  d i s c u s s e d  i n  <§ 4 , 4 .
E q u a t io n s  f o r  t h e  T w in n in g  E le m e n t s «
U sing t h e  B ow les -  M ack en z ie  n o t a t i o n  d e s c r i b e d  i n  
bbe ap pend ix , t h e  m a t r i c e s  R, U and  S o f  e q u a t i o n  ( 2 . 9 )  
deferred  t o  t h e  p a r e n t  b a s i s  a r e  (p  R p ) 5 ( p U p )  and 
( p S p )  r e s p e c t i v e l y .  L e t  ( o R o  ) ,  ( o U o) and  ( o S o  )
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be th e  m a t r i c e s  g i v i n g  t h e  same d e f o r m a t i o n  o f  t h e  l a t t i c e  
as ( p H p ) ,  ( p U p  ) and  ( p S p  ) r e s p e c t i v e l y ,  b u t  
r e f e r r e d  t o  an  o r th o n o r m a l  b a s i s  o4 * L e t  0 be  t h e  m a t r ix  
r e p r e s e n t in g  t h e  c h an g e  i n  t h e  b a s i s  su c h  t h a t  t h e  f o l l o w ­
ing r e l a t i o n s h i p  e x i s t s  b e tw e e n  t h e  com ponents  o f  a  v e c t o r  
x r e f e r r e d  t o  t h e  tw o b a s e s
£o 5 x j  = ( o Cp ) ^ p §  xfj . (4 * 1 )
The r e l a t i o n s h i p  b e tw e e n  t h e  m a t r i c e s  R , U and S r e f e r r e d  
to  th e  two b a s e s  o^ an d  u s i n g  e q u a t i o n  (A® 14 )  a r e  g iv e n  
by ,
(oRo) = (o  0 p  ) ( p  R p ) ( p  0 o ) (4 ^ 2 )
(o U o )  = (o  0 p- ) (  p  U p ) ( p  Oo ) ( 4 . 5 )
(o So) = (o  0 p ) (  p  S p ) ( p 0 o ) ( 4 e4 )
where (p O o )  *=(o 0 p ) “ 1 .
Using t h i s  g e n e r a l  n o t a t i o n  e q u a t i o n  ( 2 .  9 )  c a n  b e  w r i t t e n  
as
(P E p )  (p  U p )  = (p  S p )  (4 o 5)
Using e q u a t io n s  (A .1 4 )  and  ( 4 . 2 - 4 )  i n  ( 4 . 5 )  we o b t a i n  
■kUe e x p ec te d  r e l a t i o n
(oKo) (o  U o )  = (o  S o ) ( 4 . 6 )
M u lt ip ly in g  e a c h  s i d e  o f  ( 4 , 6 )  b y  i t s  own t r a n s p o s e  and
1?using  th e  p r o p e r t y  o f  o r t h o g o n a l  m a t r i c e s  (oR o ) (o R o )  = I ,
we have
(oU^o')CoUo) = (oSTo ) (  o S o ) ( 4 . 7 )
I n  §  2 .3  we c o n s i d e r e d  t h e  s o l u t i o n  o f  ( 4 . 7 )  f o r  
cubic l a t t i c e s ,  t h a t  i s  w h e re  t h e  e le m e n ts  o f  t h e  m a t r i c e s  
(oUo) and (pUp) a r e  i d e n t i c a l .  F o r  n o n - c u b ic  l a t t i c e s  t h e  
m a tr ice s  (oUo) h a v e  i n - g e n e r a l *  i r r a t i o n a l  e l e m e n t s .  The 
c ry s t  a l i o  g r a p h i c  p r o p e r t i e s  o f  t w i n  modes a r e  t h e r e f o r e  
more obv ious  i f  we c o n s i d e r  t h e  s o l u t i o n  o f  ( 4 . 5 )  f o r  
(pUp) r a t h e r  t h a n  ( 4 . 7 )  f o r  (o U o ) ,  a l t h o u g h  u s e f u l  
a d d i t io n a l  i n f o r m a t i o n  c a n  be  o b t a i n e d  u s i n g  ( 4 .7 ) *
I t  i s  p o s s i b l e  t o  e l i m i n a t e  t h e  m a t r i x  (pRp) from  
equation  ( 4 . 5 )  b y  w r i t i n g  (pR p) = ( p S p ) ( p b p )  ^ nnd s u b ­
s t i t u t i n g  t h e  e l e m e n t s  o f  (pRp) i n  e q u a t i o n  ( 2 . 7  )°
However, t h e  r e s u l t i n g  n i n e  e q u a t i o n s  i n  t h e  e le m e n ts  o f  
(pSp) and ( p  U p  )~ 1 a r e  d i f f i c u l t  t o  s o l v e ,  and  a  more 
convenient m ethod  i s  a s  . f o l lo w s #  S u b s t i t u t i n g  f o r  
(° H o ) and (o  S o )  f ro m  ( 4 . 3 )  nnd ( 4 . 4 )  i n  e q u a t io n  
(4 .7) we o b t a i n
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(p UTP ) (P  0To ) ( o  0 p ) ( p  U p )  « (p STp ) ( p  O ^ )
(o 0 p ) ( p  3 p ) (4*8)
Also by d e f i n i t i o n  t h e  m e t r i c  a s s o c i a t e d  w i t h  t h e  l a t t i c e
Using ( 4 ,9 )  i n  ( 4 , 8 )  w e ■o b t a i n
(p UTp ) (  p G p ) (  p U p ) = ( p  STp ) ( p  G p ) ( p  8 p )  ( 4 ,1 0 )
but as a l l  m a t r i c e s  a r e  r e f e r r e d  t o  t h e  same b a s i s  
we may w r i t e  ( 4 , 1 0 )  a s
Por an o r th o n o rm a l  b a s i s  G = X an d  (4 * 1 1 )  r e d u c e s  
eq u a tion  ( 2 *15 )5  f o:c l a t t i c e s  o t h e r  t h a n  c u o ic  i f  
orthonorm al b a s i s  o^ i s  c h o s e n  e q u a t i o n  (4 * 1 1 )  r e d u c e  
e qu a tion  ( 4 , 7 ) ,  and  t h e  U m a t r i c e s  l o s e  t h e i r  j . a b i o n a l  
form*
b a s is  p i s  g i v e n  b y  (A p p e n d ix  ) 
*~i
(P G P )=  (P O^o ) (  o 0 p ) (4 „ 9 )
ut gu = s t gs 0 .11)
-  118 ~
!o  o b t a i n  e q u a t i o n s  i n  t h e  i n d i c e s  o f  t h e  tw in n in g  
elem ents m and  1 l e t  G = g . . ,  and s u b s t i t u t e  f o r  S from  
eq u a tio n  ( 2 , 2 )  and  U = u 2: i n  e q u a t i o n  ( 4 * 1 1 ) ,  U s in gu
equ a tio ns  ( 2 , 3 )  and  ( 2 , 4 )  t h e  e q u a t i o n s . ( 4 ,1 1 )  r e s u l t  
in  n in e  s i m u l t a n e o u s  e q u a t i o n s  i n  t h e  I 1 , im , e le m e n ts  
Uj, g. . and t h e  . m a g n i tu d e  o f  t h e  tw in n in g  s h e a r  g ,  T hese  
are
Y( i ) ( a )  = s(i)(3) -+ g2m( i ) E ( d ) + s -s ( i ) x lX m( a ) +
- x—g-| U /'. sU^ . \ = 0 .  ( 4 .1 2 )
S-SWd) X m(i)"8lmu(i)u(d)
( 'The sum m ation  c o n v e n t i o n  i s  s u s p e n d e d  f o r  i n d i c e s  
in  p a r e n t h e s ) ,  l o r  t h e  i n d i c e s  l 1 and t h e  e le m e n ts  
we r e p r e s e n t  e q u a t i o n  ( 4 , 1 2 )  b y
0 ( m , l , u )  -  o ( 4 .1 3 )v x y v J j
I f  th e  e le m e n ts  u3  a r e  assumed, know n, t h e  e q u a t io n s  
(401 2 ) ,  w h ich  a r e  sy m m e tr ic  i n  ( i )  and ( j ) ,  re d u c e ,  t o  
s ix  e q u a t io n s  ‘w i th  s e v e n  unknowns m± , * x and g .  For 
the c u b ic  l a t t i c e s  e q u a t i o n s  (4 ,1 2 )  r e d u c e  t o  e q u a t i o n s ,
~ 0 o f  ( 2 , 1 6 )  and  g^ = u .  .u. , ~ 3 .  Suchr j - L j
a sim ple  fo rm  f o r  g d o e s  n o t  e x i s t  i n  t h e  n o n ^ c u b ic  l a t t i c e s ,
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and th e  p o s s iD le  fo rm s  a r e  c o n s i d e r e d  i n  4 .3*3=  How~ 
ever,/  i t  i s  n o t  n e c e s s a r y  t o  d e r i v e  an  e x p r e s s i o n  f o r  g 
in  term s o f  t h e  e le m e n t s  u V  a s  i t  i s  p o s s i b l e  t o  s o lv eo
for th e  m^ and I 1 i n d e p e n d e n t l y  o f  g* The s o l u t i o n s  f o r  
ithe and 1“ a r e  o f  s i m i l a r  fo rm  t o  t h o s e  o f  t h e  m^ and
1± of t h e  c u b ic  a n a l y s i s  o f  §  2 .3 *  The q u a d r a t i c  e q u a ­
lst io n  i n  1 w i l l  b e  d e r i v e d  and o t h e r  s o l u t i o n s  o f  s im -
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i l a r  form q u o te d ,
1 2 3
S u b s t i t u t i n g  f o r  ( g q q l  + Sq2^ + St *1 ) aXi -^
1 p 3 ^
(gf^l' + 022 1 + &23 ^ 5 ^ rom ^ 1*1 “ 0 an<^ ^ 22 = 0 r e s P e c t '
i v e l y , i n  -  0 and  s i m p l i f y i n g  we o b t a i n
T ' ■ Qn O 1 m-,
( e 2 2 ~ Sl a  u 2 Ug)(~) -2(s12"gxmul u2^ ip +
( ® 11 "  S im  U1  = 0
and in  g e n e r a l
l 8 ( d ) ( d ) " 8 l m u ( d ) ( d ) ) ( 5 ( i ) ) - 2 l S ( i ) ( i ) ' glm
n (d)
U( i ) U( d ) ) ( % } )  + ( s ( i ) ( l )  "  glmu ( i ) u ( i ) ) = 0 (4,1Zt' )
I t  i s  t o  b e  n o t e d  t h a t  e q u a t io n s  ( 4 .1 4 )  a r e  in d e p e n d e n t  
g> and sy m m etr ic  i n  ( i )  and  ( j )  and  t h u s  t h r e e  q u a d r a t i c s  
w ill d e f in e  t h e  c o m p l e t e ly *  F o r  r e a l  s o l u t i o n s
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ls ( i ) ( d )  "  Sl m U( i )  U( i ) )  ^  \  S ( l ' ) ( o )  ~ s lm
u (d) U( d ) )  (  S ( i ) ( i )  "  Sl n  U( i )  U( i ) )  ( 4 " 15 )
In a d d i t i o n ,  so  t h a t  t h e  t h r e e  q u a d r a t i c s  i n ( ~ L ) , ( —1 )
d 3
and (m^/niq.) may be c o n s i s t e n t  we must have
(m^/m^ ) (m^/ng, ) — ) • (4=15 )
B e fo re  d i s c u s s i n g  s o l u t i o n s  o f  ( 4 e1 3 )  f o r  p a r t i c u l a r  
l a t t i c e s ,  i t  i s  c o n v e n i e n t  t o  d e r i v e  t h e  q u a d r a t i c s  i n  t h e  
I 1 , and a l s o  e q u a t i o n s  i n  t h e  i n d i c e s  o f  t h e  e le m e n ts  o f  
the tw in  mode d e f i n e d  b y  (U
I n v e r t i n g  b o t h  s i d e s  o f  (4 * 1 1 )  we o b t a i n
r  '
U~1G~1 (U~1 ) a? = S~1G~1 (8~1 ) a? (4 .1 6 )
le t  V = U  ^ so  t h a t  ( 4 .1 6 )  may b e w r i t t e n
v  g""1 yrj? = S”1 G”1 ( s ”1 ) 03. (4o l7 )
S u b s t i tu t in g  f o r  g""1 « g ^  5 s"*1 fro m  e q u a t i o n  ( 2 .5 )  and 
^ s 2-11 ( 4 .1 7 )  r e s u l t s  i n  t h e  n i n e  s im u l t a n e o u s  eq ua tion*
T( l ) 0 )  = ( i ) ( d )  2 x C i q C d )  _ _ (o. ( i ) x 1 (d )
v  -  s  i -  T ( i )  T ( j l 1  ( 4 .1 8 )
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Let eq u a tio n s (4* 1 8 )  i n  th e  m. ,1 ^ 'a n d  be r e p r e se n te dr  o
by
Y (1 ) ^ ) ( 1 ,m,v )  a o ( 4 .1 9 )
Solving f o r  th e  I 1 o f  ( 4 .1 9 )  we o b ta in
g(d)(d) - g i » v(3) 2 -2 ( s w x r  _
i
g lm v ( i ) v Q )  W ^ ( i )  j + ^ g ( i ) ( i )  ~ g lm
l ( j )
v ( i )  v ( a ) | = 0  ( 4 ,2 0 )
1 m
E quations s im i la r  t o  (4 * 1 2 )  f o r  th e  tw in  mode 
defined by (U ^ )^  may be o b ta in e d  as fo l lo w s *  The 
equation coC T esponding t o  (4 * 1 1 )  i s  o b ta in e d  by r e p ­
lacin g  U by ( iT 1 ) 1 , and t h e r e f o r e  th e  e q u a tio n s  c o r r e s ­
ponding to  (4 *12 ) o b ta in e d  b y  r e p la c in g  th e  e lem en ts uj.. 
by those o f  th e  m a tr ix  (U ^)^« I f  we l e t  2 = = (U ) ,
and s u b s t i t u t e  5 . and I 1 f o r  mq and I 1 r e s p e c t iv e ly  to
- I Tin d ica te  th a t  e q u a tio n s  and s o l u t i o n s  are fo r  (U ) e n d
uot u ? th en  t h e s e  e q u a t io n s  may7* be w r i t t e n  as
(4 .2 1 )
-  1 2 2  -
S im ila r ly  t h e  e q u a t i o n s  c o r r e s p o n d i n g  t o  (4-,20) a r e  
given by
y C ^ C d ) ^  . j j ,  t )  = o ( 4 .2 2 )
where 1 = t^  = E q u a tio n s (4 * 2 1 ) and ( 4 .2 2 )  can  be
obtained in  ; f u l l  b y  com p arison  w ith  e q u a tio n s  (4 . 15 )  and
(4.19) r e s p e c t i v e l y .  We le a v e  d i s c u s s io n  o f  th e  s i g n i ­
ficance o f th e  q u a d r a t ic  e q u a t io n s ,  s im i la r  t o  ( 4 .1 4 )  
and ( 4 .2 0 ) ,  w hich g iv e  th e  s o l u t i o n s  to  e q u a tio n s  ( 4 .2 1 )  
and (4 * 2 2 )'u n t i l  ^  4 . 4 . 2 .
The in d ic e s  o f  th e  e le m e n ts  o f  a tw in  mode d e f in e d  
by the matiruc U a r e  d e term in ed  from  e q u a tio n s  ( 4 .1 4 )  and
(4 .2 0 ). E q u ation s (4 * 1 4 )  g iv in g  an s o lu t io n s  th e  M ille r  
indices o f th e  two tw in  p la n e s  m-^  and and (4 . 20 )
the in d ic es  o f  th e  two tw in  d i r e c t io n s  1-^  and l^* 
pairs o f s o lu t io n s  t o  th e  e q u a tio n s  a re  ch osen  su ch  th a t  
- 1° Iq = 2 2^ ® 12 -  0 ? an& th e  s ig n s  o f  th e  in d ic e s  such  
that g as d e f in e d  i n  § 2*3 i s  p o s i t i v e *
es f o r  N on-C ubic B r a v a is  l a t t i c e s .
In  §  2 . 6  i t  was show n t h a t  i n  g e n e r a l  f o r  c u b ic  
l a t t i c e s ,  t h e  1152  d i f f e r e n t  U m a t r i c e s  o b t a i n e d  from
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one tf m atr ix  gave  s o l u t i o n  t o  e q u a tio n s  ( 2 , 19 ) and 
(2 ,25) which w ere c r y s t a l l o g r a p h i c a l l y  e q u iv a le n t*  From 
the form o f  e q u a t io n s  (4-, 1 4 )  and ( 4 . 2 0 ) ,  in  p a r t ic u la r  
the terms ^  e v id e n t  t h a t  a l l  U m a tr ic e s
derived from one TT m a tr ix  w i l l  n o t  g iv e  c r y s ta l lo g r a p h y  
ic a l ly  e q u iv a le n t  s o l u t i o n s  t o  t h e s e  e q u a t io n s , Howwe.p, 
a ll U m a tr ic e s  d e r iv e d  from  th e  c u b ic  U m a tr ic e s  w i l l  
define a l l  p o s s i b l e  tw in  modes f o r  any l a t t i c e , A n aly­
s is  of e q u a tio n s  ( 4 .1 4 )  and ( 4 ,2 0 )  shows t h a t  t h i s  a r i s e s  
because on in c r e a s in g  th e  symmetry o f  any n o n -c u b ic  l a t t i c e ,  
a U m atrix r e t a in s  t h e  same form  and th e  tw in  e le m e n ts , i f  
not r a t io n a l ,  w i l l  change u n t i l  th e y  become th o s e  a s s o c i ­
ated w ith  th e  c u b ic  l a t t i c e ,  C o n v e r s ly , on r e d u c in g  th e  
symmetry o f a l a t t i c e  th e  n o n - c r y s t a l lo g r a p h ic a l ly  e q u i­
valent U m a tr ic e s  a r i s i n g  from  any U m a tr ix  may d e f in e  
further tw in  m odes,
With a change i n  th e  e le m e n ts  o f  a tw in  mode due 
to a red u c tio n  i n  sym m etry w e  e x p e c t  a c o rr esp o n d in g  
change in  tw in n in g  s h e a r .  T h is change i s  c l e a r l y  i l l u s ­
trated by th e  change o f  th e  form  o f  th e  m a tr ic e s  (o U o ), 
s p e c ia l ly  in  r e d u c in g  th e  sym m etry from  c u b ic  t o  t e t r a ­
gonal to  orthorhom bic a s  shown in  §  4 a3 , h  As th e  form  
°f (oUo) changes f o r  d i f f e r e n t  l a t t i c e s ,  th e  sh ea r  fo r
modes d e f in e d  b y  th e  same (pUp) b u t f o r  d i f f e r e n t
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la t t ic e s  w i l l ,  d i f f e r *  I t  i s  th u s  n o t p o s s ib l e  to  d eterm in e
simply th e  ran ge  o f  U m a tr ic e s  w hich w i l l  g iv e  tw in  modes
with shear g 4  g max, The p ro ced u re  adopted  was as f o l lo w s ,
U m atrices were determ ined' f o r  c u b ic  sh e a r s  o f  g ^ 3 fo r
m. = 1 , g ^ 2 f o r  m = 2 and g ^ 3 f o r  m = 4 .  T h is range
2"0*
of U m a tr ices  i s  s u f f i c i e n t l y  la r g e  t o  d eterm in e  a l l  
known m = 1 and m -  2 tw in  modes i n  a l l  l a t t i c e s ,  and a ls o  
other p o s s ib le  modes w ith  c o n s id e r a b ly  h ig h e r  s h e a r s .
The method f o r  o b ta in in g  t h e s e  U m a tr ic e s  i s  d e sc r ib e d  
in §  2 *7e Only th o s e  m = 4  U m a tr ic e s  g iv in g  fa c e  c e n tr e d  
and base c e n tr e d  m = 2 U m a tr ic e s  have been  d e term in ed .
This enabled com puting t im e  t o  be c u t  a p p ro x im a te ly  by  
h a lf, For g = 2^/^  and m = 4  th e  number o f  r e p r e s e n t ­
ations fo r  th e  in t e g e r  16 (g^ + 3 ) -  80  i s  l a r g e ,  and 
the time r e q u ir e d  t o  d e ter m in e  p o s s i b l e  U m a tr ic e s  from  
these r e p r e s e n ta t io n s  lo n g .  I t  was th u s  n e c e s s a r y  t o  
consider ways o f  r e d u c in g  com puter t im e . The m = 2 b a se
|  centred U m a tr ic e s  w ere d e term in ed  by a p p ly in g  an e x te n -
I sion of th e  r u le s  ( a ) , ( b ) , ( c )  and (d ) o f  $•- 2*3- These are  
n . . ■
H (S) ® (0  <3> &  <d « 1/,
0 11* u1 2 ’ u1 3 ’ u 2 1 * u 2 2 5 u 2 3 9 0 mult i p l e s  o f  /4
•j and u^^ b o th  odd or  even  m u lt ip le s  o f  i ,  u ^  a
J “u lt ip ie  o f i .
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(b ) § ^ I P * "^2 1 ® u 22 odd m u lt ip le s  o f  ^ 4 ,  and u -^i ,
;t? ~ i  ® cPUvo both odd or ev en  m u l t ip le s  o f  and u-j*, u ^  and
(P -
\\y^  m u lt ip le s  o f  -g-.
. i d? 1/ CP ® ® ®(c ) u -^ , Ug^ odd m u lt ip le s  o f  / 4 ,  u -^  + u - q , u22 + U21 ’
® ® ' n  -1® 1 • * 1 ' .? *»u^2 + u^ -^  a l l  e v e n , and u ^  a m u lt ip le  o f  ■£•
The e x te n s io n  o f  th e  r u le  ( a )  o f  §  2 .3  i s  su ch  th a t  
U m atrices o f  t h i s  form  a r e  c o n ta in e d  in  th e  U m a tr ic e s  
with m = 2 , E x c e p tio n s  a re  th o s e  U m a tr ic e s  h a v in g  e lem en ts  
odd and even m u lt ip le s  o f  ■£ b u t su ch  t h a t  th e  in v e r s e  o f  
these m a tr ic e s  have e le m e n ts  w hich  ore  odd m u lt ip le s  o f  
^ 4 . By r u le s  ( a ’ ) ,  (b 1 ) and ( o ’ ) above th e  o n ly  p o s s ib l e  
base cen tred  U m a tr ic e s  w h ich  o r i s e  come from r e p r e s e n t ­
ations o f even  i n t e g e r s ,  so  t h a t  th o s e  in v o lv in g  odd 
integers need n o t  b e  c o n s id e r e d . Those U m a tr ic e s  s a t i s -  
tying r u le  (a  ) above s a t i s f y  t h e  n e c e s s a r y  c o n d it io n s  fo r  
n = 2 fa ce  c e n tr e d  U m a t r ic e s 0 In  a d d i t io n ,  a l l  th e  p o s s ib le  
11 = 2 body c e n tr e d  U m a tr ic e s  a re  g iv e n  by ta ilin g  th e  
transposes o f  th e  m = 2 f a c e  c e n tr e d  m a tr ic e s ,
Using r u l e s  ( a * ) ,  (d  * ) and  ( c * ) we c a n  r e s t r i c t  t h e  
column v e c t o r s  o f  o p e r a t i o n  1 )  o f  J? 2<,7 t o  t h o s e  w hich  
w ill g ive  b a s e  c e n t r e d  U  m a t r i c e s *  E o r  e x am p le ,  co lum ns
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c o n ta in in g  one e le m e n t  o n ly  a s  a  m u l t i p l e  o f  V 4  would 
be r e j e c t e d .  S e c o n d ly  we can. r e s t r i c t  t r i p l e t s  o f  column 
vectors t o  t h o s e  w h ich  w i l l  g i v e  b a s e  c e n t r e d  U m a t r i c e s .
For exam ple> a  t r i p l e t  w i t h  one colum n c o n t a i n i n g  2 e l e ­
ments as odd m u l t i p l e s  o f  one colum n odd and one
column even m u l t i p l e s  o f  i  w ou ld  be  r e j e c t e d  by  (c  ) ab o v e .  
Operation 3 )  o f  S 2 ,7  i s  t h e n  c a r r i e d  o u t  f o r  eac h  t r i p l e t  
of columns. ^
The U m a t r i c e s  d e t e r m i n e d  a r e  l i s t e d  i n  t a b l e s  3*2*
3*5} 4 ,1  and 4 , 2  i n  o r d e r  o f  i n c r e a s i n g  m a g n i tu d e  o f  s h e a r
when d e f i n i n g  t w i n  modes i n  t h e  c u b ic  l a t t i c e .  The U
m atrices f o r  m = 1 and  g ^  3 a r e  g i v e n  i n  t a b l e  3 - 2 ,  and
for m = 4 and g ^  3/£> i n  t a b l e  4 , 2 .  The m = 2 U m a t r i c e s
are g iven  i n  t a b l e  3 .5  f o r  g \  3 / 2 and  t a b l e  4 . 1  f o r  
25/2 < g < 4 . The n o t a t i o n  u s e d  f o r  i d e n t i f y i n g  U m a t r i c e s  
is  as f o l lo w s .  The sym bol U r e p r e s e n t i n g  a  U m atr ix j  i s  
followed by s u b s c r i p t s 3 t h e  f i r s t  s u b s c r i p t  d e n o t i n g  t h e  
m value o f  t h e  U m a t r i x  f o r  s im p le  c u b ic  modes and t h e  
second th e  p l a c e  o f  t h e  U m a t r i x  i n  t h e  t a b l e  f o r  a  p a r t i c u  
la r  m v a lu e .  The t w i n  e l e m e n t s  o f  t h e  mode d e f i n e d  by t h e  
U m atr ix  i n  t h e  c u b ic  l a t t i c e  a r e  g i v e n  i n  t h e  r e m a in in g  
columns o f  t h e  t a b l e s  g i v e n  a b o v e .  I n  a l l  f o u r  t a b l e s  a  
U m atrix  i s  f o l lo w e d  b y  (iT*1 ) 11 and 6 ^  i n  t h a t  o r d e r .
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TABLE 4- o 1 *
J2.17
'2.18
U2.19
tJ2.20
U2.21
U.2.22
2.23
2.24
2.25
2.26
2.27
2U iL ! ‘Y\ i 3L
4 0 0 1 2 ■» JUU" ■ ■ 1 2
0 2 0 fc2 025 0 0 0 0
0 0 1  I 2 1 2 1
2 0 3 1 0 1 4 7
0 2 0 2 ,2 3 5 0 0 0 0
0 0 2 1 O' 3 4
1 2  2 1 0 5 4 I
1 0  2 2 2 . 5 2 2 2
! 0 0 2 1 4 5 0
2 0 0 i 0 1 0 0 j. 0
0 1 1 2 . 5 1 + 4 0 2 I ?  x 1~40 2 13
0 0 4  1 13 1+40 2 13 1 + 4 0
I 2 0 0 1 0 4- 0 •  0 1 00 4 -1 \ 2 . 5 2 + 10^ 1 i 2+102 1
0 0 1 \ 1 2+ 102 -1
0i—i1CVJ
2 0 3 0 3 6 7
0 2 1 2 .5 0 1 2 1
0 0 21 1 0 5 4
2 0 0 1 3 0 3 6
0 2 0 2 . 5 1 0 1 2
-3 -1  2 | 0 1 4 5
2 0 0 o ■ JL 0 0 x 0
0 2 3 2 . 5 7 + 4 0 2 "9 7 “40 9
1 0  2 1 9 7+401 Qy 7+40
2 0 0 0 1 0 0 1 ....0
0 2 -2 2 ,5 7 + 4 0 2 1 1 7 ~ 4 0 2 1
0-1  3 1 7 + 4 0 2 1 7+40
1 -2  3 | 1 I r 5
1 2 - 1 3 2 0 2 4
0 2 0 f 1 1 3 1
1 1 0 1 I 1 5 1
3 0-1 3 0 2 4 21-2 2 2 j 1 1 1 3
x
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TABLE 4 . 1 .  
( c c n t d . )
^2.28
1 0  2 I 
0 2 0 
0 0 4  1t *
3 .2 3
l  +1 3 2 
0 
8
- 8  
0 X  ; 
1 +132
4
1 - 1 3 2 
0
8
8
_  0 -i 
1+13 2
2, 29
4  0 2 
0 2 0 
0 0 1
3 .2 5
8 +52^ 
0 
1
I
0 j. 
8 +5 2 2
48 - 52^  
0 
1
1
-  0 1 - 
S+522
^2. 30
2 0 3 
0 2 2 
1 0  0 2 1
3 .2 5
0
0
1
3
2
0
12
8
13
3 
2
4
2 0 0 | 
0 2 0 
- 3- 2  2 f
3 .2 3
3
2
0
-■ 0 
0 
1
3 
2
4
12
8
13
^2,32
1-3  0 
1 - 3 - 2  
1 1 0
3 . 5
T
14  ;
1
1
1
1
3
0
3
1
5
^2,33
1 - 1- 1  
0 0 2
3 1 3
-
3 . 5
1
1
1
I
5
4
3
1
5
1
•3
0
*2.34
1 0  1
0 4  2 
0 0 2
3 . 5
5
6
. 5
2
1
0
1
2
1
4
1
2
*2.35
4 0. 0
0 1 0
-2 -1  2 ——.---- ----
3 . 5
2
1
0
5
6
5
4
1
2
1
2
1
The m = 2 U m a t r i c e s  w h ic h  d e f i n e  c u b ic  tw in  modes
with s h e a r s  in. t h e  r a n g e  3 / 2  < g^  < 4 .  The e le m e n ts  o f :  
the cubic t w in  modes d e f i n e d  b y  t h e s e  m a t r i c e s  a r e  a l s o  
Siven i n  t h e  t a b l e .  -
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TABLE 4 . 2 .
r..I,u " 1 ^
N 4U 5-.... -..... | ^ 1 V *^2
rH
tJ 14 0 1 0 4 1 
0 0 4
0
01_u
1
1
0.
4
- 4 
1
i
i
8
\ . 2
2 1-3 
2-3 1 
2 3 3/
5  ^ .
3
3
3
1
1
2
1
1
I
1
1
^4.3
3 1-3 
3-3 1 
2 2 2 i
3
1
1
2
3
3
I
1
1
2
1
1
\ a
1-5 0 
3 1 0  
0 0 4 !i
T
1
0
1
1
0
3
5
0
5
3
0
*4.6
3 1 1  
-1 5  1 
0 0 4)
T
1
1
1
1
0
3
5
1
IT
5
8
^4.7
*4.8
4 2 1 
0 2 3 
0-4 21
f-3'1 2 
!- l  3-2 
2 2 4
0
2
1
1
s + #
5
12
T
1 4 1+2
4
2
T
I
1 1 
2+8 2
T
3
2
1
1 4 1-2
\ 9
!-4 0 2 
0 4 2 
2-2 2
iT a T+22
1
1 1 
2-8^
1
A  iI -2 2
1
I  X 
■5+8 2
*4,10
0 2-5 1
0 2 3
4 0 0/ 1
0
2+40 2 
9
0 i
I+iO2,
2
0 ±  
2-402
9
0 1
T-102
2
Vll
0 4-3
0 4 1 
4 0 0
0 1
4+40 2 
3
0 4 2+10*
- 4
0 x 
4+402
5
0 4 2+10^
4
1 3 0  -
TABLE 4 . 2  
( c o n td
12
2+6 2
2 -2  2 1+6
3 1~2
1+6 1+6
2+6
0-2 3
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u4,22
U4,23
U4,24
U4,23
U4,26
U4,2?
O'4,28
I14,29
U4,30
u
4,31
TABLE 4 ,2 ,  
C con td )
0 2 3 _ 01 - °  4 0 L 0 x0 6 1 2+8 2 1 -2 2f82 1+2 2
4 0 Oj 1 n 2 1 2
4 0 3 | 0 1 4 7
0 4 3 0 - 1 4 50 0 4 1 0 3 8
1-3 1 1 5 11 2
1 1-3 1 1 I 11
6 2 2. 1 1 I 11
2 2 2 1 1 7 3
-5-1 1 , 1 1 7 3
1-1-5 1 1 2 3 14
3 3-2 1 3 1 11 1 2 3 3 3 12-6 0 2 6 2 2
3 1-2 3 i 1 13 1 6 3 1 32-2 0 6 2 2 2
~4 0 1 4 5 4 50-4 1  ^ 4 5 i 4 x 5 44 4 2 l + l l 2 4-1762 1-112 4+1762
-3 1 1 1 5 1 5 T
1-3 1 5 i 1 1 5 i 1 14 4 4 7~442 14+176? 7+44 2 14-176:2
3 3 1 3 0 3 243-1 5 1 1 3 194 0 0 1 1 3 3
11~3 1 7 5 31 5 5 1 2 7 22-2 2 1 3 11 1
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TABLE 4-p2 .  
X c o n td )
\ 3 2
I 0 2 7
0 2-1
I 4- 0 0 *
0 1 
6+104 2 
17
0 i
6-1042
4
0 r 
6-1042 
17
0 1 
6+1042 
4
A  33
4 0 1 
0 4 3 
0 0 4
0
0 -
1
1
5
0
4
20
13
T
5
8
V *
0 4 1 
0 4 5 4 0 0
0 4 12+104
5
0 1 
€>+26 2 
4
0 jl
12-1042 
5
°46+26
4 '
°4.35
2-2 1 
2 6 3 
0 0 4 i
2
2
1
rr
7
8
2
6
5
31
0
^.36
5-1 2 
3 1-2 
4 4- 0 j
X+182
1+22
2
2+18? 
-4+2 2
7
1+18^ 1
• “"1+22 
2
2+18? 
4+2 2 
7 .
4.37
2 2 0 
-2-2 4 
2-6 2 1
' 1-2J 
5-18 2 
1
4+2 21 
4+18 2 
4
1 +2!
5+182
1
4+2?
4+18^
4
4.38
5 3 4 
- 1 1 4  
2-2 0
4+2^ V 
4+18 2 
4
±1-2 21 
5 ~18 2 
T
5+2^ 1 
4+18 2 
4
41+21 
5+18 2~ 
1
4.39
2-2 2 
2-2-6 
0 4 2
2+18?
7
T+ 182 1+22 
2
2+181
4+2
7
1+18?
r+2 2
2
1?
4*40
4 2 1 
0 6 1 
0-4 2
0
2
1
1
1
2
4  
10
5
5
11
18
^  • 4,41
-- L
4-2-1 
0 2-1 
0 4 6 !
0
2
1
T
1
2
4
2
11
521
2..... . a
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TABLE 4 . 2 ,
f . i i t y ^ w n w  w i
{ c o n t d j
1+6
6-2  1
, 14+13614+136
4 0-2
12
20
T+6
24
14+2725-1 3 
5 3-1
7+68 7+68
W
1-7 2
2 2-4
2-2 0 
4 0-2
16
4-4 4 16
| 5 5--21 1+12?
1
2+3 2
x  1 
1+12? 2 + 3 t
II. 5 3 2 1 + 1 2 2 2+311 1+12 2 2+3 2
1 2"-2 0 2 4 2 4
X X 1
% R3
11 1 4 2+3? 1 -1 2 ? 2 - 3 ? 1+12?
1 1--4 2+3 2 1 - 1 2 2 2 ~ 3 2 1+12 2
K 4"-41 4 2 4 2
3 7 0 1 I T 7
•^*54 -1 3 0 1 1 7 10 0 4 0 0 0 0
^■.55
5 3 0 3 1 *' 1 3
3 3 0 1 3 3 1
0 0 4 0 0 0 0
3 1 0 1 1 T 1
54-.56 1 3 0 H 11 T- 40 0 8 8 2 1 8 2 2 2
6’-2 0 I 1 1 T
4,571 ~2 6 0 1 - 1 l i l - i H0 0 2 ...2 2 8^ 2 2 8
The m = 4  s im p le  c u b ic  U m a t r i c e s  w h ic h  c a n  b e  
to o b ta in  a l l  f a c e  c e n t r e d  and  ' b a s e  c e n t r e d 1 c u b ic  
i = 2 t i  m a t r i c e s  w h ic h  d e f i n e  t w i n  modes w i t h  s h e a r s  
< 3/2 .  S in c e  t h e  a p p l i c a t i o n  o f  t h e  g e n e r a l  a n a l y s i s  
to the  n o n -c u b ic  B r a v a i s  l a t t i c e s  t h e  m a t r i x  . 5  
been found t o  b e  e q u i v a l e n t  t o  U ^ g  and  i s  t h e r e  
not in c lu d ed  i n  t b i s  t a b l e *
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However,if U ^ i s  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  t o  U 
for th e  c u b ic  l a t t i c e  i t  i s  o m i t t e d ,  s i m i l a r l y  f o r
CT1 )* and UT .
4,3.1 Orys U m a t r i c e s  i n  t h e
and  E hom bohedra l L a t t i c e s
In  t h e  c u b ic  l a t t i c e s  a l l  1152 U m a t r i c e s  d e r i v e d  
from a TT m a t r i x  d e f i n e d  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  
twin modes* As t h e  sym m etry  o f  t h e  l a t t i c e  i s  d e c r e a s e d  
the number o f  d e g e n e r a c i e s  i n  t h e  c r y s t a l l o g r a p h i c  e q u i ­
valence o f  U m a t r i c e s  a l s o  d e c r e a s e s *  The d e g e n e r a c i e s  
or more p r e c i s e l y  t h e  num ber o f  n o n “ c r y s t a l l o g r a p h i c a l l y  
equivalent U m a t r i c e s  d e r i v e d  f ro m  a  U m a t r i x  c a n  b e  
determined fro m  e q u a t i o n s  (4* 13 )« The m e t r i c s  o f  t h e  se v e n  
c ry s ta l  sy s te m s  a r e  g iv e n ,  i n  t a b l e  4*3* U s in g  t h e  rhom bo- 
hedral m e t r i c  i n  e q u a t i o n  (4 * 1 4 )  we o b t a i n
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T A B L E  A . 3 .
CRYSTAL g . . 
SYSTEM ’ 13 -
TRICLINIC / \ 2 A/  B (a^) a ^ ^ c o s ^  a^a^cos*^
a a „ c o s i  (a ~ )2 a~a c o s ^  1 2  \5 2 2 3  fl
al a3 C0S^2 a2a3co s^ l
/  ' 4 %
al  a2C0S%  a3C0S4
0 a ^ s in ^  a ^ ( c o s ^ - c o s ^  j
c o s ^ V s i a ^  j
I
0 0 a ^ K /s in ^  j
MONOCLINIC r 2(a^) 0 a l a3 C0S^2! 
0 ( a , ) 2 0
2 |a l a3 c ° s ^  0 (a^) ^
a 0 a cos££. 1 p 'd
0 a2 0
0 0 a ^ s in ^
ehombohedeal ^ n 2 2 /y 2 .3  a a c o s ^  a c o s ^
2 2  ^a co so ( - a a c o s ^
2 2 2 a^ cosC^ a c o s ^  a
S' \  a a c o s  a cos.^  j
0 a sinQj' a co s< ^ (l-co s^ )/
sinO^
/ 2 1 0 0 a ( l -3 cosc<  * !
V 3 A
2cos ^ ) 2/ s in o i  j
HEXAGONAL a ~a2/ 2  0
-a 2/ 2  a 2 0
, 0 0 ( a , ) 2 
V  2 j.
a « a /2  0
, 0 3^a 0
0 0 a-? 
k  .... ^
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TABLE k ,3  
(co n td )
ORTHORHOMBIC
TETRAGONAL
CUBIC
( V 2 0
0 (a 2 )
0 0
a
( a . )3
(a  )'3
^ C
a l 0
0 a.
0 0
a 0
0 a
0 0
c.a 0 0 a 0 0
0 2a 0 0 £1 0
0 0 2a
, +
0 0 a
The metrics g . . and the m a tr ic e s  (o 0 p) fo r  the seven  c r y s t a l  system* 
r 13 -  x
K= L M  c o s \ i  " P c o s 2^ 2 -  c o s ^  + 2 c o s |  c o s ^  c o s ^ J  2
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where 1 and m ta k e  on v a lu e s  1 , 2 ,3  b u t 1 /  m*, summation  
is  carr ied  ou t f o r  n = 1 , 2 ,3  b u t n o t  f o r  in d ic e s  in  p a r e n t-  
th eses. By e q u a t io n  (4 * 2 2 )  in te r c h a n g in g  th e  rows o f  th e  
U matrix does n o t change th e  m agnitude or th e  ord er o f  th e  
indices o f  th e  tw in  p la n e s*  H owever, in te r c h a n g in g  c o l ­
umns does change th e  o rd er  o f  th e  in d ic e s  though n o t th e  
magnitude. Thus t h e  in d ic e s  o f  tw in  p la n e s  g iv e n  by  
equation ( 4 ,2 2 )  a r e  c r y s t a l l o g r a p h i c a l l y  e q u iv a le n t  fo r  
a ll in te rc h a n g es  o f  row s or colum ns o f  a TJ matrix:* The 
same c o n c lu s io n s  a r e  o b ta in e d  f o r  th e  tw in  d ir e c t io n s  when 
equations ( 4 ,1 8 )  a r e  a n a ly se d  as a b o v e . H owever, changin g  
the s ig n  o f  th e  row or colum n o f  a U m a tr ix  changes th e  
magnitude o f  s o l u t i o n s  t o  ( 4 , 2 4 ) ,  Thus th e  tw in  e lem en ts  
defined by m a tr ic e s  d e r iv e d  from  a tJ m a tr ix  by ch angin g  
signs o f colum ns and rows a re  n o t  c r y s t a l lo g r a p h ic a l ly  
equivalent. In  g e n e r a l  s i x t e e n  n o n - c r y s t a l lo g r a p h ic a l ly  
equivalent rhom bohedral U m a tr ic e s  can  b e  o b ta in e d  from  
erne IT m a tr ix . The p o s s i b l e  m a tr ic e s  a re  in d ic a te d  in  t a b le  
^#4 where th e  f i r s t  s u p e r s c r ip t  i n d ic a t e s  a n e g a t iv e  column 
sud the second  a n e g a t iv e  row o f  th e  TJ m a tr ix , A dash  as 
a su p erscr ip t i n d ic a t e s  a p o s i t i v e  row or colum n. T h is  
dotation i s  u sed  e x t e n s i v e l y  in  th e  a p p l ic a t io n  o f  th:e 
^ s ly s i s  to  th e  m ercu ry l a t t i c e *  On in c r e a s in g  th e  symmetry 
the rhom bohedral l a t t i c e  t o  c u b ic ,  i . e , l e t t i n g  a  = 90°?
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TABLE 4 * 4
IT " tT 1 _ U 2 ~ u  3 ~
U ~ 1 1 1 u  2 l u  3 1
U ~ 2 U 1 2 u  2 2 u  3 2
: ' 
U - 3 U 1 3 u  2 3 u  3 5
The n o n - c r y s t a l l o g r a p h i c a l l y . e q u i v a l e n t  
rh o m b o h ed ra l  TJ  m a t r i c e s  o b t a i n e d  from  one U 
m atrix*
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equations  ( 4 ,2 2 )  a r e  i d e n t i c a l  w i t h  e q u a t io n s  ( 2 . 1 8 ) ? 
and a ls o  a l l  U m a t r i c e s  o f  t a b l e  4*4  d e f i n e  c r y s t a l l o g r a p h  
i c a l l y  e q u i v a l e n t  t w i n  m odes .
U sing  t h e  o r t h o r h o n b i c  m e t r i c  i n  e q u a t i o n  ( 4 .1 4 )  
we o b ta in
1 u - 1 '  ■   ' H i w ) 2(d) b(d)(d)l!sr(i)l - 2(d )■
h i  u ( i )  u ( d ) ) l | ( i ) ]  + [ 6 n  ta( i)u(i)".e ( i ) ( i ) ) “ 0
( d >  ( 4 .2 3 )
Changing t h e  s i g n  o f  t h e  row s o f  t h e  U m a t r i x  d o e s  n o t  
change t h e  m a g n i tu d e  o r  s i g n  o f  i n d i c e s  o f  t w i n  p l a n e s ,  
however by  e q u a t i o n  ( 4 . 2 5 )  c h a n g in g  t h e  s i g n  ox colum ns 
of U does change  t h e  s i g n  b u t  h o t  t h e  m a g n i tu d e  o f  t h e  
in d ices  o f  t w i n  p l a n e s *  The o r th o r h o m b ic  l a t t i c e  b a s e  
vecto rs  a r e  m u t u a l l y  o r t h o g o n a l  and  t h u s  i o r  c h a n g e s  i n  
sign of co lum ns and  row s o f  t h e  U m a t r i x  a l l  t w in  p l a n e s  
and d i r e c t i o n s  d e f i n e d  b y  t h e  r e s u l t a n t  m a t r i c e s  a r e  c r y s t  
a l l o g r a p h i c a l l y  e q u i v a l e n t .  I n t e r c h a n g i n g  colum ns and 
nows of t h e  U m a t r i x  d o e s  c h a n g e  t h e  m a g n i tu d e  o f  uhe 
ind ices o f  t h e  t w i n  e l e m e n t s , t h e  t o t a l  p o s s i b l e  ways o f  
d°ing t h i s  a r e  3 6 ,  an d  t h u s  t h i s  i s  t h e  num ber i n  g e n e r a l
of n o n - c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  U m a t r i c e s  t o  be 
derived  f ro m  one U m a t r ix e  The p o s s i b l e  U m a t r i c e s  a r e  
given i n  t a b l e  . The f i r s t  two s u p e r s c r i p t s  g iv e  t h e  
columns o f  t h e  U m a t r i x  w h ic h  a r e  t h e  f i r s t  two colum ns 
of th e  U m a t r i x ,  t h e  s e c o n d  two s u p e r s c r i p t s  l i k e w i s e  d e n o te  
the f i r s t  two r o w s . >
U sing  t h e  t e t r a g o n a l  l a t t i c e  m e t r i c  i n  e q u a t io n  
(4*13) we o b t a i n  e q u a t i o n s  s i m i l a r  t o  ( 4 * 2 3 ) ,  b u t  a s  
g-jjL = g ^  t h e  num ber o f  n o n - c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  
U m a t r ic e s  i s  r e d u c e d  t o  n i n e .  The l i s t  o f  p o s s i b l e  m a t r i c e s  
are g iv en  i n  t a b l e  h . 6 ,  t h e  f i r s t  and  se c o n d  s u p e r s c r i p t s  
i n d ic a t in g  t h e  co lum n and  row  o f  t h e  U m a t r i x  w h ich  a r e  t h e  
th i r d  row and co lum n o f  t h e  U m a t r i x  r e s p e c t i v e l y .
Ihe Form o f  t h e  U M a t r i c e s  f o r  C e n t r e d  L a t t i c e s .
I n  g e n e r a l  th e .  fo rm  o f  t h e  U m a t r i c e s  f o r  c e n t r e d  
l a t t i c e s  i s  e x a c t l y  t h e  same a s  t h a t  g i v e n  f o r  t h e  c e n t r e d  
cubic l a t t i c e s .  T h is  a r i s e s  b e c a u s e  t h e  a rg u m e n ts  fo rw a rd e d  
in § 2 . 3  gave  c o n c l u s i o n s  w h ich  w ere  i n d e p e n d e n t  o f  t h e  
l a t t i c e  p a r a m e t e r s .  Thus t h e  n e c e s s a r y  c o n d i t i o n s  f o r  a  
CpUp) m a t r i x  t o  g i v e  an  ( f U f ) ,  ( i  U i )  o r  ( c U c )  m a t r i x  
with a p a r t i c u l a r  m v a l u e  a r e  a s  g iv e n  b y  t h e  r u l e s  o f  
§ 2 * 3 . The m u l t i p l i c i t y  o f  U m a t r i c e s  a r i s i n g  from  one
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TABLE 4 . 5
^1212 1jl312 Ij2112 ^2 3 1 2 U3112 ff3212
iT1213 u1313 U2313 U3113 u 3213
jj1221 u1321 u 2121 JJ2321 U3121 |j3221
u1223 u1323 u 2123 U2323 U3123 U3223
u1231 jj!3 3 1 jj2131 jj2331 u 3131 U’3231
U1232 jj1332 u 2132 jj2332 tj3132 u 3232
The n o n - c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  o r t h o -  
rhombic U m a t r i c e s  o b t a i n e d  from  one U m a t r i x .  
TABLE 4-.6
j IT11 L21 - !J31
. '  '  ' \  ■
IT12 fj22 1132
The n o n - c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  t e t r a g o n a l  
h m a t r ic e s  o b t a i n e d  f ro m  one U m a t r i x .
KN
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U m atr ix  i n  n o n ~ c u b ic  l a t t i c e s  d o e s  h o w e v e r ,  i n t r o d u c e  a 
major d i f f e r e n c e  b e tw e e n  t h e  two m a t r i c e s  ( f  U f  ) and 
( i  U i  ) and t h e  m a t r i x  (c  U c )  w h ich  c a n  b e  d e r i v e d  from  
a given (p U p ) .  I f  t h e  f i r s t  m a t r i c e s  o f  t a b l e s  4* 4 ,
4*5 and 4*6 s a t i s f y  t h e  n e c e s s a r y  c o n d i t i o n  t h a t  t h e y  
define an ( f  U f  ) o r  ( i  U i )  m a t r i x  w i t h  a  p a r t i c u l a r  
m v a lu e ,  t h e n  so  w i l l  a l l  t h e  o t h e r  U m a t r i c e s  i n  t h e  t a b l e ,  
the m v a lu e s  b e i n g  t h e  same* T h is  i s  n o t  so  f o r  t h e  m a t r i c e  
( c U c ) ,  a s  may b e  r e a d i l y  s e e n  b y  c o n s i d e r i n g  r u l e s  ( a  ) ,
(b*) and ( o ' )  o f  £  4 * 3 •  T h e r e f o r e  when a p p ly i n g  t h i s  
an a ly s is  t o  b a s e  c e n t r e d  l a t t i c e s ,  f o r  exam ple  b a s e  c e n t r e d  
o rtho rhom bic , t h e  t o t a l  num ber o f  U m a t r i c e s  f o r  a  p a r t ­
ic u la r  m v a lu e  and  U m a t r i x  i s  much re d u c e d *
.The D e te rm in a t io n  o f  t h e  M a g n i tu d e  o f  t h e  S h e a r  o f  t h e  
Twin D efined  b y  a  U M a t r i x *
To a p p ly  a  maximum s h e a r  c o n d i t i o n  on t h e  U m a t r i c e s , 
i t  i s  c o n v e n ie n t  t o  b e  a b l e  t o  d e te r m in e  t h e  m a g n i tu d e  o f  
the sh e a r  o f  a  p o s s i b l e  t w i n  mode w i t h o u t  h a v in g  t o  s o lv e
equations ( 4 .1 4 ) *  The m a g n i tu d e  o f  t h e  s h e a r  i s  g i v e n  by
the e q u a t io n
g^ = u .  . u .  . -  3 (4 * 2 4 )6 ui g  ui j  J .
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where
u.  . = ( 0 U 0 ) = ( o O p ) ( p D p ) ( p O o ) ,  ( 4 ,2 5 )
' 2As ( p U p )  i s  known a l l  t h a t  i s  n e e d e d  t o  o b t a i n  g i s  a
general e x p r e s s i o n  f o r  t h e  m a t r i x  (o O p ) ,  w hich  r e l a t e s
a c r y s t a l  b a s i s  t o  an  o r th o n o r m a l  b a s i s , The m ost con-’
venient fo rm  o f  (o  C p ) ,  e s p e c i a l l y  f o r  hand  c a l c u l a t i o n s ,
is  a t r i a n g u l a r  fo rm ,  T h is  i s  o b t a i n e d  by  c h o o s in g  an
1orthonorm al b a s i s  o ^ ,  s u c h  t h a t  t h e  v e c t o r  o c o i n c i d e s
1 p x
with p and t h e r e f o r e  ( o 0 p ) £  » (o O p ) ^  = o ,  and  s e c o n d ly
I P  3th a t  o l i e s  i n  t h e  p l a n e  o f  p  and p  and  t h e r e f o r e  (o 0 p )2
= o« The u p p e r  t r i a n g u l a r  e le m e n t s  h a v e  t h e  g e n e r a l  fo rm
given f o r  t h e  t r i c l i n i c  (o  0 p )  i n  t a b l e  4 , 3 #  The m a t r i c e s
( oOp)  f o r  o t h e r  l a t t i c e s  a r e  o b t a i n e d  d i r e c t l y  from  t h e
t r i c l i n i c  fo rm  by” s u b s t i t u t i o n  o f  t h e  a p p r o p r i a t e  l a t t i c e
p a ram ete rs ,  and  a r e  a l s o  g i v e n  i n  t a b l e  4 , 3 *
As t h e  e le m e n t s  o f  ( o l i o )  d e te r m in e  t h e  tw in n in g  
shear, and as t h e  t w i n n i n g  s h e a r  i s  t h e  same f o r  a l l  
c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  U m a t r i c e s  w h ich  d e f i n e  
tw ins, t h e n  t h e  fo rm  o f  t h e  m a t r i x  ( o U o )  m ust b e  r e p r e ­
s e n ta t iv e  o f  t h e  sy m m etry  o f  t h e  l a t t i c e  i n  q u e s t i o n ,  Xt
is  thus  p o s s i b l e  t o  d e t e r m i n e  t h e  num ber o f  n o n ~ c r y s t a l l ~
°gr,a p h ic a l l y  e q u i v a l e n t  m a t r i c e s  w h ich  c a n  be d e r i v e d  from  
°ne u m a t r ix  f ro m  t h e  fo rm  o f  ( o U o ) ,  As an  exam ple  t h e
orthorhom bic (oU  o )  i s  c o n s i d e r e d  below* U s in g  e q u a t io n  
(4.3) and t h e  o r th o rh o m b  i c  (o  O p) m a t r i x  o f  t a b l e  4-.3 and 
(p Up) -  u^ we o b t a i n  ,
(oUo)=
u2 aI
■
2
a2
2 a2
U1 u2
3
H
al
al
U2 f 2
a2
u 3 f la*
2
u* £2.
J a-, o
u
(4 * 2 6 )
By e q u a t i o n s  (4 * 2 6 )  and  (4 * 2 4 )  t h e  m a g n i tu d e  o f  t h e  
shear i s  i n d e p e n d e n t  o f  c h a n g in g  t h e  s i g n  o f  row s and 
columns o f  ( p U p ) ,  b u t  d e p e n d e n t  on t h e  o r d e r  ox rows and
p
columns* T h i r t y  s i x  v a l u e s  o f  g axe  t h u s  
one U m a t r ix  w h ic h  i s  i n  a g re e m e n t  w i t h  c o n c l u s i o n s  o f  
§  4 93«1« The t e t r a g o n a l  (o  U o )  m a t r i x  i s  o b t a i n e d  from  
(4e26) by l e t t i n g  a^  = a ^ ,  and  t h e r e f o r e
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Only n in e  d i f f e r e n t  s h e a r  v a l u e s  c a n  be  o b t a i n e d  from  
(4.27) by  i n t e r c h a n g i n g - r o w s ,  o r  co lum ns o f  (p  U p ) ,  w h ich  
is  ag a in  i n  a g re e m e n t  w i t h  t h e  c o n c l u s i o n s  o f  §  4 . 3 . 1 ,
The p ro c e d u re  d e s c r i b e d  abov e  c a n  be  u s e d  f o r  o t h e r  l a t t i c e s ,  
hut i s  more d i f f i c u l t  ow ing t o  t h e  c o m p le x i ty  o f  t h e  m a t r i x  
(oUo)  f o r  l a t t i c e  b a s e s  w h ic h  a r e  n o t  o r t h o g o n a l .  How­
ever, i n  a l l  c a s e s  t h e  m a g n i tu d e  o f  t h e  s h e a r  o f  t h e  tw in  
defined by a  U m a t r i x  may be  r e a d i l y  o b t a i n e d  by  u s i n g  t h e  
m atrices  ( o O p )  o f  t a b l e  4 . 3  and  e q u a t i o n s  ( 4 .2 4 )  and ( 4 . 2 3 ) .
^4. The M a tr ic e s  U (U ~^)^  and  U^.
^4.1.The K a t r ix  U
r “1In<>2.6 t h e  p r o p e r t i e s  o f  t h e  m a t r i x  U r e f e r r e d  t o
a. cubic l a t t i c e ' b a s i s  w e re  e x a m in e d .  The c o n c l u s i o n s  w ere  
in f a c t  in d e p e n d e n t  o f  l a t t i c e  p a r a m e t e r s  and a r e  t h u s  
genera l.  I t  was shown t h a t  t h e  m a t r i x  U ^ gave  t h e  e l e ­
ments o f  t h e  t w i n  d e f i n e d  b y  U, b u t  r e f e r r e d  t o  t h e  tw in  
Father t h a n  p a r e n t  l a t t i c e  b a s i s .  Thus u s i n g  e q u a t io n  ( 4 .2 3 )  
the m a t r ic e s  ( o U o )  and  ( o  U o ) " 1 m u st r e s u l t  i n  t h e  same 
value of g 9 i . e .  t h e  sums o f  t h e  s q u a r e s  o f  b o t h  m a t r i c e s  
must be t h e  sam e. I f  t h i s  i s  n o t  so  t h e n  t h e  s o l u t i o n s  
■to th e  q u a d r a t i c  e q u a t i o n s  I n  t h e  m^ o r  l 1 , w i t h  t h e  
elements o f  U o r  u " 1 a s  d a t a ,  w i l l  n o t  b e  c o n s i s t e n t .  I t  
is  t h e r e f o r e  t o  b e  e x p e c t e d  t h a t  o f  t h e  U m a t r i c e s  d e f i n i n g
c la ss 3 ) modes i n  c u b ic ,  o n ly  a sm a ll p e r c e n ta g e  w i l l  
define c la s s  3 )  modes i n  th e  n o n -cu b ic  l a t t i c e s .  How­
ever, . i t  i s  p o s s i b l e  f o r  a U m a tr ix  d e f in in g  c o n v e n tio n a l  
modes in  th e  c u b ic  l a t t i c e s  t o  d e f in e  c la s s  3 ) modes in
the n on -cu b ic  l a t t i c e s *  T h is i s  b e ca u se  th e  m a tr ic e s  U 
- Iand U are n o t  n e c e s s a r i l y  c r y s t a l lo g r a p h ic a l ly  e q u iv a le n t  
in non -cu b ic  l a t t i c e s  even  though th e y  may be in  c u b ic .
—1 m m
.2. The M atric es  (U ) and UJ,«
r
The q u a d r a tic  e q u a t io n s  . (4 * 1 4 ) and (4 -.20 ) o f  J  4 .2
gave p a ir s  o f  s o l u t i o n s  nr and l 1 where i  = 1 , 2 f o r  th e
twin p la n es  and d i r e c t io n s  d e f in e d  by th e  m a tr ix  U* I t
was a lso  s t a t e d  t h a t  s im i la r  q u a d r a tic  e q u a tio n s  cou ld
be obtained  from e q u a t io n s  ( 4 .2 1 )  and ( 4 .2 2 )  g iv in g  th e
pairs o f  s o lu t io n s  m  ^ and I 1 f o r  th e  mode d e f in e d  by
(U 1 )T. N otin g  t h a t  z^ *= v? and t 1. = u? t h e s e  e q u a tio n s  
. ' 0 i  0 r
I t  i s  t o  b e  n o t e d  t h a t  t e r m s  l i k e  glm  ( e q u a t i o n
\
(4*28)a) do n o t  c o n t r a c t  i n  t h e  u s u a l  way. T h is  i s  b e c a u s e
the e lem en ts  z 2: a n d  t V  r a t h e r  t h a n  v? and u f  h a v e  b e e n  
d o 1 1
used i n  e q u a t io n s  (4 * 2 8 )  and  ( 4 . 2 9 )  r e s p e c t i v e l y .  However, 
i t  i s  c o n v e n ie n t  t o  u s e  t h e  p r e s e n t  fo rm  o f  t h e  e q u a t io n s  
when com paring  them  w i t h  e q u a t i o n s  ( 4 , 2 0 )  and ( 4 * 1 4 ) ,
Because o f  t h e  r e l a t i o n s h i p  b e tw e e n  e q u a t io n s  ( 4 ,1 4 )  
and (4*29)? t h e  e l e m e n t s  1 .  c a n  b e  d e r i v e d  from  m. by
- g  cl
rep lac ing  g . . by  S i m i l a r l y  t h e  S  ." c an  b e  d e r i v e d
J
from th e  1 .  b y  r e p l a c i n g  by  Thus i n  g e n e r a l  a l l—"d ‘ n j
twinning e le m e n ts  w i l l  b e  i r r a t i o n a l  and  d i f f e r e n t  from
each o ther*  H ow ever, i f  t h e  e l e m e n t s  g . . a r e  r a t i o n a l  i t  i s
d
possib le  f o r  t h e  t w i n n i n g  e l e m e n t s  t o  b e  r a t i o n a l  a l s o .
In d e g e n e ra te  c a s e s  m. and  I 1 may b e  in d e p e n d e n t  o f  
and g r e s p e c t i v e l y ? a n d  h e n c e  a r e  i d e n t i c a l  w i t h  1 and
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A l i s t  o f  t h e  p o s s i b l e  t y p e s  o f  r e l a t i o n s h i p s  w hich  
can e x i s t  b e tw e e n  t h e  e le m e n t s  o f  t w i n  modes i s  g iv e n  i n  
tab le  4 . 7 .  Twin p l a n e s  and  d i r e c t i o n s  a r e  r e p r e s e n t e d  by 
l e t t e r s ?  l e t t e r s  w i t h  s u b s c r i p t  X r e p r e s e n t  p lan .e s  w h i le
l e t t e r s  w i th  s u p e r s c r i p t  X r e p r e s e n t  d i r e c t i o n s .  As
Xdescribed  above  t h e  i n d i c e s  .of t h e  d i r e c t i o n  A a r e  o b t a i n -  
ed by r e p l a c i n g  g 1 1^ f o r  t h e  g .  . i n  t h e  i n d i c e s  o f  t h e  p l a n e  
Aj, and v i c e  v e r s a .  L e t t e r s  w i t h o u t  s u p e r s c r i p t s  and s u b ­
sc r ip ts  r e p r e s e n t  r a t i o n a l  d i r e c t i o n s  o r  p l a n e s .  A compa­
rison of t h e  t y p e s  o f  mode w h ich  a r i s e  i n  t h e  a p p l i c a t i o n  
of t h i s  a n l y s i s  t o  n o n ~ c u b ic  l a t t i c e s  w i t h  t h o s e  o f  t a b l e  
4.7 w i l l  be made l a t e r .
The r e l a t i o n s h i p s  w h ic h  e x i s t  b e tw e e n  t h e  e le m e n ts
—1 Tof tw in modes d e f i n e d  b y  t h e  m a t r i c e s  U and  (U- ) a l s o
-1  f]}
exis t be tw een  t h e  e l e m e n t s  d e f i n e d  by  m a t r i c e s  U and U . 
This i s  b e c a u s e  = ' ^ ( U  A c o m p le te  s e t  o f
r e l a t io n s h ip s  b e tw e e n  t h e  e le m e n ts  o f  t w i n  modes d e f i n e d  by  
the m a t r ic e s  U,U ^ , (U and  U^* a r e  g i v e n  i n  t a b l e  4 . 8 .
The e lem ents EXG and  H a r e  t h e  e le m e n t s  A, B,C and D r e s p e c t ­
ively , b u t  r e f e r r e d  t o  t h e  t w i n  r a t h e r  t h a n  p a r e n t  b a s i s .
This t a b l e  i s  t h e  m ore gerjfeal v e r s i o n  o f  t a b l e  2 . 1 .
A d is c u s s io n  o f  th e  m V a lu es o f  th e  tw in  modes d e f in e d  
by the m a tr ic es  U ' a n d  ( t f 1 ) 1 h as b een  g iv e n  i n  d e t a i l  in
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The t y p e s  o f  r e l a t i o n s h i p s  w h ic h  c a n  e x i s t  
be tw een  t h e  e l e m e n t s  o f  t w i n  modes d e f i n e d  b y  
U and (U The n o t a t i o n  u s e d  i s  d e s c r i b e d  i n
bhe t e x t .
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The m ost g e n e r a l  r e l a t i o n s h i p s  w h ic h  c a n  
e x i s t  b e tw e e n  t h e  e le m e n t s  o f  tw in  modes 
d e f i n e d  b y  U, i f 1 , ( i f 1 )1  and  UT .
■
1 5 2  -
g 2 .6 , and w i l l  n o t  be  r e p e a t e d  h e re *  I t  i s  c o n v e n ie n t  
to r e in t r o d u c e  t h e  r e c i p r o c a l  l a t t i c e  c o n c e p ts  t o  d i s c u s s  
fu rther  r e l a t i o n s h i p s  b e tw e e n  t w i n  modes d e f i n e d  by  m a t r i c e s  
0 and ( t f 1 ) !
To e v e ry  l a t t i c e  d e f o r m a t i o n  A o f  v e c t o r s  o f  t h e  
d irect l a t t i c e  b a s i s  d^ t h e r e  i s  a  c o r r e s p o n d i n g  d e fo rm -
-1  yi
ation (A ) o f  v e c t o r s  o f  t h e  r e c i p r o c a l  l a t t i c e  b a s i s  
r* ( s e e ^ 2 « -6 ) .  H ence i f
[a . x ]  = Cd Ud) [d , y ]
^■en m j s  ( r U r )  . j^r 5 ■ n"|
where ( d U d )  = U and  ( r U r )  * ( i T 1 ) 1 , S i m i l a r l y  i f  
(dRd) a r  t h e n  ( r R r )  = ( P r 1 ) ^ ,  end i f  ( d S d )  « S t h e n  
(rSr) = ( s  x )^ '<, The e q u a t i o n  HU=S i s  w r i t t e n  f o r  t h e  
bases &± and r 1 a s  ( d R d )  (dUd) = (dS d) and ( r E r )  ( rU r )
* (rSr) r e s p e c t i v e l y , ,  I f  (d S d )  i s  a  t w i n n in g  s h e a r  t h e n  
(rSr) i s  a t w i n n in g  s h e a r ,  b e c a u s e  ( r E r )  i s  a  r i g i d  body 
ro ta t io n  and ( r U r )  a  U m a t r ix *  The m a t r i x  ( r U r )  h a s  t h e  
sane n v a lu e  a s  (dUd) i f  d^  i s  a  p r i m i t i v e ,  f a c e  c e n t r e d  
or body c e n t r e d  l a t t i c e  b a s i s .  The m a g n i tu d e  o f  t h e  s h e a r s  
determined by (dS d )  and  ( r S r )  m ust b e  e q u a l .  T h e r e f o r e  t h e
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m agnitude  o f  t h e  s h e a r  d e t e r m i n e d  b y  ( 0U0 ) o f  e q u a t io n
(4 ,2 5 )  f o r  t h e  m a t r i x  U and  d i r e c t  l a t t i c e  p a r a m e te r s  m ust
~1 Tequal t h a t  f o r  (U ) and  r e c i p r o c a l  l a t t i c e  p a r a m e t e r s .
In  t h e  c u b ic  l a t t i c e s  b o t h  t h e  d i r e c t  and r e c i p r o c a l  l a t t i c e
p a ra m e te r s  a r e  t h e  s a m e , and  t h e r e f o r e  t h e  m ag n itu d e ' o f  t h e
“ I  Ts h e a rs  o f  t h e  t w i n  modes d e f i n e d  by  m a t r i c e s  U and  (U ) 
a re  equal® F u r t h e r  d e g e n e r a c i e s  a s s o c i a t e d  w i th  t h e  c u b ic  
l a t t i c e s  w e re  d i s c u s s e d  i n  ^  2 *6 . 3 *
4.4* 3 • Summary o f  t h e  r e l a t i o n s h i p s  b e tw e e n  t h e  t w i n  modes
—1 m
d e f in e d  by  t h e  m a t r i c e s  U and  (U ) .
I n  c h a p t e r  5 t h e  a n a l y s i s  i s  a p p l i e d  t o  r h o m b o h e d r a l , 
t e t r a g o n a l  end  o r th o r h o m h ic  l a t t i c e s ® . .  Exam ples o f  t h e  
r e l a t i o n s h i p s  b e tw e e n  t w i n  modes d e f i n e d  by  m a t r i c e s  U 
and (U a r i s e ' ,  and  i t  i s  c o n v e n ie n t  f o r  d i s c u s s i o n  t o  
have a  l i s t  o f  t h e s e  r e l a t i o n s h i p s  t o  r e f e r  to *  The 
g e n e ra l  r e l a t i o n s h i p s  a r e  a s  f o l lo w s *
1) I f  U d e f i n e s  a  f a c e  c e n t r e d  t w i n  mode w i th  a. p a r t i c u l a r  
m v a lu e ,  t h e n  ( t T 1 ) 0^ w i l l  d e f i n e  a  b o d y  c e n t e d  t w i n  mode 
w ith  t h e  same m v a l u e ,  end  v i c e  v e r s a .  I f  U d e f i n e s  a  
p r i m i t iv e  l a t t i c e  t w i n  mode w i t h  a  p a r t i c u l a r ' m  v a l u e  *
(U w i l l  d e f i n e  a  p r i m i t i v e  l a t t i c e  t w in  mode w i t h  t h e
L
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same n v a l u e .  The r e l a t i o n s h i p  b e tw e e n  m v a lu e s  o f  
base c e n t r e d  t w i n  modes i s  n o t  so  s p e c i f i c * ,  de  b a i  3- s a r  e 
given in t j  2 .6 * 3 .
2) The i n d i c e s  o f  t w i n  d i r e c t i o n s  o f  t h e  mode d e f i n e d  by  
" " I T(U ) a re  o b t a i n e d  f ro m  t h e  . i n d i c e s  o f  t w i n  p l a n e s  o f  t h e  
mode d e f in e d  by  U, b y  r e p l a c i n g  t h e  e le m e n ts  g1  ^ f o r  th e  
elements g. . w h ic h  a r i s e  i n  t h e s e  i n d i c e s .
3) The i n d i c e s  o f  t w i n  p l a n e s  o f  t h e  mode d e f i n e d  by
• “I  T t(U ) a re  o b t a i n e d  f ro m  t h e  i n d i c e s  o f  t w i n  d i r e c t i o n s  o f
the mode d e f i n e d  by  U, b y  s u b s t i t u t i n g  t h e ' e l e m e n t s  g . .
for th e  e le m e n ts  g 1  ^ w h ic h  a r i s e  i n  t h e s e  i n d i c e s .
4) The e x p r e s s i o n  f o r  t h e  m a g n i tu d e  o f  t h e  s h e a r  o f  t h e  
twin mode d e f i n e d  by  (Tjf1 )^  i s  o b t a i n e d  from  t h a t  f o r  t h e  
mode d e f in e d  by  U, b y  r e p l a c i n g  t h e  d i r e c t  l a t t i c e  . 'p a ra ­
meters by r e c i p r o c a l  l a t t i c e  p a r a m e t e r s .
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Chapter 5*
A p p l i c a t i o n  of  t h e  G e n e ra l  .Analy s i s  t o t h e  
T e tra g o n a l , E h o m b o h ed ra l  and  Q rth o rh o m b ic ' C r y s t a l  
Systems.
3,1/ In tro d u c t io n *
The m ost r e c e n t  a n a l y s i s  o f  p o s s i b l e  t w i n  modes w i t h  
small s h e a r s  a n d  s i m p le  s h u f f l e s  i n  t h e  t e t r a g o n a l ,  
rhombohedral and  o r th o r h o m b ic  c r y s t a l  s y s te m s  was b y  
C ro c k e r^ .  He h a s  a l s o  p u b l is h e d ^ ® ^  a  more d e t a i l e d  
an a ly s is  o f  t w i n n in g  i n  a~ u ran iu m *  T hese  r e s u l t s  do n o t  
include any p r e v i o u s l y  u n r e p o r t e d  t w i n  modes l i k e l y  t o  
explain  t h e  h a b i t  p l a n e s  o f  an o m alo us  m odes . H ow ever, 
for th e  c a s e  o f  d o u b le  l a t t i c e  s t r u c t u r e s ,  t h e  a n a l y s i s  
of s h u f f l e s  a s s o c i a t e d  w i t h  t w i n n i n g  s h e a r s  gave  an  , 
ex p la n a t io n  i n  som e4 c a s e s  a s  t o  why tw in n in g  s h o u ld  a r i s e  
on a tw in  p l a n e  r a t h o r  t h a n  i t s  r e c i p r o c a l 0 As s t a t e d  
in §  1 « 2  one o f  t h e  r e a s o n s  f o r  d e v e l o p in g  t h e  t h e o r y  
p resen ted  i n  c h a p t e r s  2 and  4  was t o  e x p l a i n  anom alous 
twin modes. I n  t h i s  c h a p t e r  t h e  a n a l y s i s  o f  c h a p t e r  4  i s  
applied "co cne t e t r a g o n a l , r h o m b o h e d r a l  and  o r th o rh o m b ic  
c ry s ta l  sy s te m s  * The r e s u l t s  a r e  p r e s e n t e d  and i n c l u d e  
both c o n v e n t io n a l  m odes an d  n o n ~ 'c o n v e n t io n a l  m odes .
The la t t e r  c o u ld  o n ly  be p r e d ic t e d  by u s in g  th e  p r e se n t  
an a lysis , or in  a l e s s  d i r e c t  way by u s in g  th e  th e o r y  o f  
double tw in n in g *^'7\  A lth ou gh  th e  c o n v e n t io n a l modes have  
in many c a se s  b een  g iv e n  by p r e v io u s  w o r k e r s , th e  a d d it io n ­
al in form ation  p r o v id e d  by th e  U m a tr ic e s ,  w hich d e f in e  
these tw in s and th e  r e l a t io n s h ip s  betw een  th e  d i f f e r e n t  
twin modes, i s  o f  c o n s id e r a b le  i n t e r e s t .  D is c u s s io n  regard"  
ing the tw in  e le m e n ts  w h ich  a r e  a s s o c ia t e d  w ith  o p e r a t iv e  
twin modes i s  b r i e f  and f o l lo w s  t h e  a p p l ic a t io n  o f  th e  
analysis o f  each  c r y s t a l  sy s tem  c o n s id e r e d . The o n ly
exception i s  f o r  t h e  rh o m b o h e d ra l  l a t t i c e  o f  c r y s t a l l i n e
. (3 1 )mercury w here a  t w i n  mode e x p l a i n i n g  t h e  o p e r a t i v e  tw in  
is p re s e n te d  f o r  t h e  f i r s t  t i m e .
I 11 .§ 5*2 t h e  a n a l y s i s  o f  c h a p t e r  4  i s  a p p l i e d  t o  t h e  
te trag o n a l  s y s te m  f o r  a x i a l  r a t i o s  i n  t h e  r a n g e  i  t o  2 .
The orthorhomb i c  s y s te m  i s  c o n s i d e r e d  i n  §  5*3* l n  t h i s  
case th e  a n a l y s i s  h a s  b e e n  r e s t r i c t e d  t o  t h e  b a s e  c e n t r e d  
orthorhomb i c  l a t t i c e ,  w h ic h  i s  r e l e v a n t  t o  t h e  c a s e  o f  
a~uranium and t h e  c l o s e  p a c k e d  h e x a g o n a l  m e ta l s *  Twin modes 
with sh e a rs  <: 1 and m = 1 and  2 h a v e  b e e n  d e te r m in e d  f o r  
the oruranium  l a t t i c e  and  h e x a g o n a l  l a t t i c e s  w i th  a x i a l  
r &tios be tw een  = 1*5 and  1 * 9 .  M ercu ry  was c h o s e n  f o r  t h e  
a p p lica t io n  o f  t h e  a n a l y s i s  o f  c h a p t e r  4  t o  t h e  rh o m b o h e d ra l
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l a t t i c e  f o r  t h r e e  r e a s o n s  . I t  i s  u n iq u e  i n  h a v in g  a  s i n g l e
l a t t i c e  rh o m b o h e d ra l  s t r u c t u r e ,  t h e  l a t t i c e  p a r a m e te r s  a r e
near th o s e  o f  t h e  f a c e  c e n t r e d  c u b ic  s t r u c t u r e ,  and f i n a l l y
recent e x p e r im e n ta l  r e s u l t s  h ad  shown t h a t  t h e  tw in n in g
 ^ behaviour was u n u s a l .  O nly  no s h u f f l e  m e rc u ry  tw in  modes
(
with s h e a r s  ^  1 h a v e  b e e n  c o n s i d e r e d  i n  d e t a i l .  However, 
examples o f  low  s h e a r  m = 2 n o n ~ c o n v e n t io n a l  modes a r e  a l s o  
examined,, T h ese  r e s u l t s  a r e  p r e s e n t e d  i n  § 5 * 4 .
| 5.2.The 'T e tragona l C r y s t a l  S y s te m ,
( ^ . In t ro d u c t io n .
The m e th o d , o f  a p p l y i n g  t h e  a n a l y s i s  o f  ch a .p te r  4  i s  
common t o  a l l  c r y s t a l  s y s t e m s .  To d e te r m in e  t w i n  modes i t  
is f i r s t  n e c e s s a r y  t o  s e l e c t  t h e  p o s s i b l e  n o n ~ c r y s t a l l o ~
. g rap h ic a l ly  e q u i v a l e n t  U m a t r i c e s  a r i s i n g  from  t h e  U m a t r i c e s
f of t a b le s  3 * 2 , 3*5? 4 . 1  and  4 . 2 ,  The maximum number o f
U m atr ices  w hich  c a n  b e  o b t a i n e d  from  one U m a t r i x  h a s  b e en  
discussed i n  d e t a i l  i n ^ 4 , 3 « l  f o r  t h e  l a t t i c e s  c o n s i d e r e d  
i& t h i s  c h a p t e r .  The U m a t r i c e s  o f  t a b l e s  3 * 2 , 3*5? 4«1 and 
 ^ ^*2, used f o r  d e t e r m i n i n g  t w i n  m o d e s ,a r e  f i x e d  by  t h e
f a c t i o n  o f  l a t t i c e  s h u f f l e s  r e q u i r e d  t o  r e s t o r e  t h e  l a t t i c e  
completely f o l l o w i n g  t h e  s im p le  s h e a r .  F o r  e x a m p le ,  f o r  
11 - 1 s im p le  l a t t i c e  m odes o n ly  t h o s e  U m a t r i c e s  o f  t a b l e
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3,2  would be  c o n s i d e r e d ,  w h e re a s  f o r  m = 1 c e n t r e d  l a t t i c e  
modes i t  i s  n e c e s s a r y  t o  c o n s i d e r  U m a t r i c e s  o f  t a b l e s  
3 .2 ,  3*5 and  4 * 1 .  The U m a t r i c e s  a r e  t h e n  u s e d  t o  d e te r m in e  
m a t r ic e s  (o IT o ) and  t h e  maximum s h e a r  c o n d i t i o n  o f  t h e  
• e q u a l i t y  (4*24 ) i s  a p p l i e d *  The U m a t r i c e s  n o t  s a t i s f y i n g  
th e  maximum s h e a r  c o n d i t i o n  a r e  d i s c a r d e d ,  and t h o s e  r e m a in ­
ing u se d  a s  d a t a  i n  e q u a t i o n s  (4 * 1 3 )  and ( 4 * 1 9 ) .  U s in g  
the  e q u a l i t y  ( 4 , 1 5 )  t h o s e  s o l u t i o n s  o f  ( 4 , 1 3 )  and (4 *1 9 )  
which a r e  c o n s i s t e n t  a r e  d e t e r m i n e d ,  and t h u s  t h e  m a t r i c e s  
d e f in in g  twTi n  m odes i d e n t i f i e d *  The p r o c e d u r e  d e s c r i b e d  
above i s  m ost  c o n v e n i e n t l y  c a r r i e d  o u t  u s i n g  a  d i g i t a l  
com puter. To o b t a i n  t h e  g e n e r a l  a n a l y t i c  fo rm  o f  t h e  e lem en ­
t s  o f  a  s p e c i f i c  t w i n  mode i t  i s  o f  c o u r s e  n e c e s s a r y  t o  
so lve  e q u a t i o n s  (4 * 1 3 )  and  ( 4 . 1 9 )  a l g e b r a i c a l l y .  The U 
m a tr ic e s  u s e d  a s  d a t a  a r e  t h o s e  d e te r m in e d  b y  co m p u te r  as  
g iv ing  c o n s i s t e n t  s o l u t i o n s  t o  e q u a t i o n s (4 * 1 3 )  and (4* 19 )?  
and d e f i n i n g  t w i n  modes w i t h  low  s h e a r s .
T e t r a g o n a l  L a t t i c e  R e s u l t s *
The p r o c e d u r e  d e s c r i b e d  i n  §  5 * 2 .1  was u s e d  t o  
determ ine  t h e  m = 1 and  m = 2 s im p le  t e t r a g o n a l  modes 
fo r  a x i a l  r a d i o s  i n  t h e  r a n g e  i  t o  2* F o r  t h e  m = 1 modes 
the  TJ m a t r i c e s  o f  t a b l e  3*2 w e re  u s e d  a s  d a t a ,  and t h e
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r e s u l t in g  U m a t r i c e s  an d  c o r r e s p o n d i n g  tw in  modes w i t h  
shears ^  2 2~ a r e  g i v e n  i n  t a b l e  5 . 1 .  The U m a t r i c e s  
of t a b l e s  3*5? 4*1 and  4 . 2  w ere  u s e d  t o  d e te r m in e  t h e  
m = '2 tw in  modes f o r  g < 4# The m = 2 c o n v e n t io n a l  and 
n o n -co n v e n tio n a l  t w i n s  a r e  p r e s e n t e d  i n  t a b l e s  5*2 and
5.3 r e s p e c t i v e l y .  I n  t h e  t a b l e s  t h e  t w i n  modes a r e  i n  
order o f  i n c r e a s i n g  s h e a r  f o r  t h e  d e g e n e r a t e  c a s e  o f  = 1 .  
The p la c e  o f  a  t w i n  i n  e a c h  t a b l e  i s  g i v e n  i n  t h e  f i r s t  
column, t h e  U m a t r i x  d e f i n i n g  t h e  t w i n  i n , t h e  s e c o n d .  The 
twin e lem en ts  and m a g n i tu d e  o f  t h e  s h e a r  a r e  a s  i n d i c a t e d .  
The m v a lu e s  o f  t h e  t w i n s  when r e f e h r e d  t o  b od y  and  fa.ee 
centred t e t r a g o n a l  c e l l s  a r e  g i v e n  i n  co lum ns h e a d e d  I  
and 1 r e s p e c t i v e l y .  The U m a t r i c e s  d e f i n i n g  t h e  c o n v e n t ­
ional modes o f  t a b l e s  5 . 1  and  5*2 a r e  i n  p a i r s ,  a  m a t r i x  
U follow ed by  t h e  m a t r i x  (U The o n ly  e x c e p t i o n  i s
mode 1 o f  t a b l e  5 .1  w h e re  U = (Tj” 1 ) 1 . F o r  t h e  n o n - c o n v e n t -  
ional modes o f  t a b l e  5*3 t h e  m a t r i c e s  a r e  i n  t h e  o r d e r  
u, if}  ( i f1)1 and UT.
The v a r i a t i o n  o f  t h e  m a g n i tu d e  o f  s h e a r  w i t h  a x i a l  
ra t io  f o r  tw in s  1 ,  2 a n d  3 o f  t a b l e  5*1 I s  g i v e n  i n  
f i S 5 .1 .  The num bers  on  t h e  c u r v e s  c o r r e s p o n d  t o  t h e  
Place of t h e  r e s p e c t i v e  t w i n  i n  t h e  t a b l e .  The v a r i a u i o n  
°£ Magnitude o f  s h e a r  w i t h  soc ia l  r a t i o  f o r  t h e  t w i n s  o f  
tab le  5*2 a r e  g i v e n  i n  f i g s  5*2 and  5 * 3 . A n o t i c e a b l e
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TABLE 5 . 1 .
U23
Ul . l <0 1 1 > 1>
2><0 1 0 >
<0 0 1 >
2><1 1 0>
XjH
•u1 .4 1><1 1 1>
Simple t e t r a g o n a l  m = 1 t w i n  modes w i t h  g <2 2 f o r  a x i a l  
Patios i n  t h e  r a n g e  i  t o  2 .
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TABLE 5«2 .
N u % ' V
K2 ^ 2
■t
s 2 '
m
I E
1
2 2
*2.1 M < 0 4 1 > { 010V < 0 0 1 > 3 ^ / 4 4 4
2 tj3 32 #1 { 0 0 l £ < 0 1 0 > { o n } < 0 1 4 > r 2A
4  . 4
3 U1 1U2 , 4 < 0 0 1 > { i n * < 2 2 1 > ^ / z  7 2 4
4 p j l l
u 2 . 5 i 0 0 4
< 1 1 0 > } 2 2 T ) < 1 1 4 > ' 2 / 2 4 2
5
3 3
U2 . 2 { in} < i i S > I 1 1 1 ) < 1 1 2 > 3 f 2 / 2 + 2 ^ 2 ~ 2
4  - 1
6 fj33
u 2 . 3 i 1 1 2 ) < 1 1 1 > I 1 1 2 } < 1 1 T > 2 ^ " 2 + ^ 2/ 2 - 2
1 4
7 tj3 32 . 8 1
—1 < 0 1 1 > 4 ° 1 3 ] < 0 3 T > 9 y 2 / 4 + ^ 2/ 4 - 3 / 2 2 2
8 fj22
2 . 8 { o n } < O lT > i 0 3 li < 0 1 3 >
y  2 4 +9 ^ 2 4  - 3 /2 2 2
9 n 31
2 . 1 7 < 1 0 2  > { 2 ° !} < 1 0 2 >
4 j f 2 + J ^ 4 —2 4 4
,10 IT1 3U2 . 1 7 { 102} < 2 0 1 > < 2 0 1 > 4 .$ " 2 + S 2 / 4  - 21 4-------
4
Simple t e t r a g o n a l  m = 2 tw in .m o d e s  w i t h  g ^ / 2  f o r  a x i a l  
Ratios i n  t h e  r a n g e  V 2  t o  2 ,
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TABLE 5 ,3
N U K1 ’2 1 1  ’2
1
1. d t e £ 0 , l - 3 ^ 2 , 2 (1 - '« 2 )+ 2 z \ < 0 ,2 $ 2 , <J21 )  + X>
2, ^2 .1 { 0 , 1 , (  - 1+4 ^ 2 ) + 2 X } < 0 , 4 ^ % , ( l - 4 ^ 2 )+ 2 X>
3. j j332 .6 { 0 , 2 , ( l - $ 2 )+  Y } < 0 $ ~ 3 , 2 ( $ 2 - l )  + 2 X>
4. tt332 .7 {0 , 4 - 3 ^ 2 , ( - 4 + ^ 2 )+ 2 x } < 0 ,# 2 , 4 - ^ 2 + 2 X >
Examples o f  n o n - c o n v e n t i o n a l  s im p le  t e t r a g o n a l  
twin modes (m * 2 )  ; 2  = ( 1 - 3 J^+  4-b '4 ) ^ T  =
, g^ = ( a  ^ -  3 / z p  f o r  modes 1 and 2 ?
6 = ('if ^ + 2 f ^ /^  ~ 3/ 4 ) f o r  modes 3 and  4* F o r  a l l  
m°des m ( 1 ) ~ m (if) = 4 . The i n d i c e s  o f  and^'|.^ a r e  
given by t a k i n g  t h e  p o s i t i v e  s i g n s  i n  t h e  e x p r e s s i o n s  
given i n  t h e  t a b l e  and  ^  an& T ^ ' ^  ^ i e  n e Sa ' t :i ve  s i g n s .
o  * < o
' CO 
0 
'P . o 
S
•H
£
-P ’
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o•H
-P0P
rP
0•H
s
■p
•H
£  '
P00
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CQ
O.
0
f00
-•P.
•H0
.to.0 * 
£ H  
♦
0 lf\
•0"
•P 0i- )
<H A  O 0
•P0
O <H 
• H O
0 K\ 
•H
p  03 0 0 
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O OJ. /-< r*
rH^  H
H
«
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o
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O -H
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fea ture  o f  f i g s *  5 * 1 - 5 .3  i s  t h e  r e l a t i o n s h i p  b e tw ee n
curves f o r  t h e  t w i n  modes d e f i n e d  b y  m a t r i c e s  U and
O f l ) * ,  From t a b l e s  5 .1  and  5 .2  i t  c an  be  s e e n  t h a t
2i f  fo r  t h e  mode d e f i n e d  by  U t h e  v a l u e  o f  g =
AY*"2 + BY2 + C, w h e re  A, B and C a r e  c o n s t a n t s ,  t h e n
P “*1 Tthe v a lu e  o f  g f o r  t h e  mode d e f i n e d  b y  (U ) i s
g2 = A2T2 + B$/""2 : + Co The m a g n i tu d e  o f  t h e  s h e a r  o f  
the mode d e f i n e d  b y  (if*1 ) 1 i s  o b t a i n e d  from  t h a t  
defined by  U b y  r e p l a c i n g  d i r e c t  l a t t i c e  p a r a m e t e r s  
by r e c i p r o c a l  l a t t i c e  p a r a m e t e r s ,  and  t h e r e f o r e  i n  
agreement w i th  r e l a t i o n s h i p  4- o f  ^ 4 . 4 - .  I n  t h i s  
example th e  c u r v e s  o f  v a r i a t i o n  o f  g w i t h  f o r  tw in s  
defined by U and ( i f 1 ) 1 c o u ld  b e  d e s c r i b e d  by  one c u r v e ,  
i f  the h o r i z o n t a l  a x i s  r e p r e s e n t s  ^  and  Jf ^ f o r  t h e  
two U m a t r i c e s  r e s p e c t i v e l y *  I n  f i g .  5»4 v a r i a ­
tion of s h e a r  w i t h  % f o r  t h e  n o n —c o n v e n t i o n a l  modes o f
table 5 .5  i s  p l o t t e d  i n  t h i s  w ay . m  t h i s  f i g u r e  th e
\
place of a  tw in  i n  t h e  t a b l e  i s  f o l lo w e d  b y  t h e  a p p ro ­
p r ia te  h o r i z o n t a l  a x i s  i n  p a r e n t h e s e s .  I t  i s  t o  be  
seen i n  t h i s  ca.se t h a t  one c u rv e  r e p r e s e n t s  t h e  v a r i a ­
tion of s h e a r  w i t h  a x i a l  r a t i o  f o r  a l l  f o u r  t w i n  modes 
t a b le  5 . 5 .  T h is  i s  b e c a u s e  modes 1 and  2 h a v e  t h e  
same m agnitude  o f  s h e a r ,  t h e  e le m e n ts  o f  one mode b e -  
r e f e r r e d  t o  t h e  p a r e n t  b a s i s  and  t h o s e  o f  t h e  o t h e r
i • gJ i a  | o
I ^  o
V CO rH
HO Oj
.£ O 
O -H
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to the  tw i n  b a s i s .  Modes 3 and  4- a r e  r e l a t e d  i n  
the same w ay.
An i m p o r t a n t  f e a t u r e  o f  t h e  r e s u l t s  p r e s e n t e d  
above i s  t h e  a b s e n c e  o f  n o n ~ c o n v e n t io n a l  modes w i t h  
shears < i *  Ho m -  1 s im p le  t e t r a g o n a l  modes a , r i s e  
with s h e a r s  2 ~ ^ ,  b u t  m = 2 modes w i t h  m inim a 
equalling  % do a r i s e *  The exam ple  g iv e n  i n  t a b l e
5.3 and d i s c u s s e d  ab ove  i s  one  o f  t h e s e .  I n  t h i s  
case th e  c o r r e s p o n d i n g  modes i n  t h e  c u b ic  l a t t i c e  
are a lso  non.” c o n v e n t i o n a l  a s  c a n  b e  shown by  p u t ” 
ting Y = 1 ,  H ow ever, i n  t h e  t e t r a g o n a l  l a t t i c e  
eight n o n - c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  tw in
— 1 —p p
planes a re  d e f i n e d  by  t h e  m a t r i c e s  U , U 9 (U ) 
and TI* w h ereas  i n  c u b ic  o n l y  f o u r  a r e  d e f i n e d  b y  
the same m a t r i c e s .
S e v e ra l  g e n e r a l  c h a r a c t e r i s t i c s  o f  t e t r a g o n a l  
twin modes a r e  i l l u s t r a t e d  b y  t a b l e s  5 -l*“5#3 and 
f igs 5 .1 -5 .4 * .  F o r  e x a m p le ,  t h e  c u r v e s  o f  f i g s  
5 .1-5 .3  a re  o f  two t y p e s ,  t h o s e  w i t h  d i s t i n c t  m in ­
ima in  t h e  social r a t i o  r a n g e  c o n s i d e r e d ,  and t h o s e  
with minima a t  ^ 0  o r  ' ^ = 0 ^ ,  T hose  U m a t r i c e s  
defin ing  tw in s  w i t h  minimum s h e a r s  a t  0f = o and 
Y =«>£> have e le m e n t s  = 0 and  “ 0
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r e s p e c t i v e l y .  I n  a d d i t i o n ,  t h e  i n d i c e s  o f  tw in
—1 m
elements d e f i n e d  b y  m a t r i c e s  U and  (U ) s a t i s f y  
r e l a t i o n s h ip s  2 and  3 o f  l |  4 , 4  and* a s  d i s c u s s e d  
above, t h e  s h e a r s  o f  t h e  two t w i n  modes s a t i s f y  
r e l a t io n s h ip  4  o f  ^  4 . 4 .
An i n t e r e s t i n g  f e a t u r e  o f  mode 1 o f  t a b l e  5 ,1  
is t h a t  t h i s  i s  t h e  f i r s t  ex am ple  o f  a  v a r i a n t  o f  
the u n i t  U m a t r i x  d e f i n i n g  a  t w i n  mode w h ich  d o es  
not r e s t o r e  t h e  l a t t i c e  t o  t h e  i d e n t i t y .  T h is  i s  
th e re fo re  an exam ple  o f  M a l l a r d s  law ? a s  a  symm­
etry p la n e  o f  t h e  c u b ic  l a t t i c e  becom es a  t w i n  
plane on d i s t o r t i o n  o f  t h e  l a t t i c e  t o  t e t r a g o n a l . ,  
Further d i s c u s s i o n  o f  M a l l a r d s  law  i n  r e l a t i o n  t o  
U m atr ices  i s  g i v e n  i n  ^  5 « 3 *4-, The o t h e r  t w in  
modes o f  t a b l e  5 .1  h a v e  minimum s h e a r s  a t  Y  = o 
or % = cp  ana. l a r g e  s h e a r s  • f o r  i  ^ Y £ 2 . They h av e  
no u n u su a l ly  i n t e r e s t i n g  c r y s t a l l o g r a p h i c  f e a t ­
ures and w i l l  n o t  be. d i s c u s s e d  f u r t h e r .  The U 
matrices d e f i n i n g  t h e  o p e r a t i v e  f . c . c .  and b . c . c .  
iwin modes h e r e  d e f i n e  t h e  m -  2 tw in s  5 nnd 6 
ta b le  5 , 2 e The t w i n s  h a v e  t h e  same r a t i o n a l  
indices as t h e  c u b ic  modes b u t  w i t h  much lo w e r  
shears, and f o r  c e r t a i n  v a l u e s  o f  2f t h e  s h e a r s  a r e
-  1 6 9
zero* Modes 7 ~ 10  o f  t a b l e  5*2 a l s o  h av e  z e r o  
shears f o r  c e r t a i n  v a l u e s  o f  Y* and  w i th  mode 1 o f  
table  5 .1  e s t a b l i s h  an  e n v e lo p e  o f  s m a l l  s h e a r ,  
simple s h u f f l e  t w i n s  o v e r  t h e  w hole  r a n g e  o f  a x i a l  
ra t io s  c o n s i d e r e d  f o r  t h e  s im p le  t e t r a g o n a l  l a t t ­
ice. -
<.2,3 .The Body C e n tr e d  and F a c e  C e n t r e d  T e t r a g o n a l  
Lattice  R e s u l t s .
The f a n e  c e n t r e d  t e t r a g o n a l  c e l l  w i t h  a x i a l
ratio5Y can  be  r e f e r r e d  t o  a  b od y  c e n t r e d  t e t r a -
- 4gonal c e l l  w i t h  a x i a l  r a t i o  2 2 I t  i s  t h u s  
only n e c e s s a r y  t o  c o n s i d e r  t w i n  modes o f  t h e  body  
centred t e t r a g o n a l  l a t t i c e .  H ow ever, b e c a u s e  o f  
the r e l a t i o n s h i p s  b e tw e e n  U m a t r i c e s  d e f i n i n g  
f . c . t  and b . c . t .  t w i n  m o d es ,  b o t h  l a t t i c e s  a r e  
trea ted  h e r e .
Some o f  t h e  U m a t r i c e s  d e f i n i n g  b . c . t .  and  
f . c . t .  tw in  modes w i t h  no and  h a l f  s h u f f l e s  a r e  
contained i n  t a b l e  5 ,1  and  5 , 2 .  The m v a l u e s  o f  
these modes a r e  g i v e n  i n  co lum ns h e a d e d  I  and F 
uespec tive ly  o f  t a b l e s  5 , 1  end  5 * 2 .  The n o n - c o n -  
vontional tw in  modes o f  t a b l e  5 , 5  s h e a r  o n ly  a
-  1 7 0  -
quarter o f  f a c e  c e n t r e d  and body  c e n t r e d  l a t t i c e  
points t o  t h e i r  c o r r e c t  t w i n  p o s i t i o n s .
A ll  o t h e r  U m a t r i c e s  d e f i n i n g  f . c . t .  tw in  
modes w ith  m = 2 a r e  d e r i v e d  from  t h o s e  U 3 $ a t r ic e s  
of t a b l e  4 . 2  w h ic h  h a v e  s i x  e le m e n t s  a s  m u l t i p l e s  
of ^ /4 ,  The b . c . t .  t w i n  modes a r e  d e f i n e d  by  t h e  
transposes o f  t h e s e  m a t r i c e s .  'Hie a d d i t i o n a l  
b . c . t .  and f . c . t .  modes d e f i n e d  b y  t h e s e  m a t r i c e s  
are l i s t e d  i n  t a b l e  5 * 4 .  The i r r a t i o n a l  e le m e n ts  
in d ica ted  by  i n v e r t e d  commas i n  t h i s  t a b l e  a r e  
l i s te d  i n  t a b l e  5*5* The U m a t r i c e s  from  w h ich  U 
matrices o f  t a b l e  5 . 4  d e f i n i n g  b . c . t .  m -  2 modes 
are o b ta in e d  a r e  n o t  l i s t e d  i n  t a b l e  4 . 2 .  T h u s ,  
as no s u b s c r i p t s  c a n  b e  g i v e n  t o  U m a t r i c e s  d e f i n ­
ing b . c . t .  m od es , a  m a t r i x  w i t h  s u p e r s c r i p t - T  
in d ica te s  t h a t  t h e  U m a t r i x  i s  t h e  i n v e r s e  o f  t h e  
U m atrix  p r e c e d i n g  i t  i n  t a b l e  5*4  t r a n s p o s e d .
The v a r i a t i o n  o f  m a g n i tu d e  o f  s h e a r  w i t h  a x i a l  
natio if o r t h e  t w i n  modes o f  t a b l e  5*4 i s  g i v e n  
i a f ig  5 .5 .  ;
The o n ly  Type I  and  Type I I  modes t o  a r i s e  
in t h i s  t e t r a g o n a l  a n a l y s i s  a r e  modes 3 -  10  o f  
^nhle 5 . 4 , .  A l l  t h e  r e l a t i o n s h i p s  b e tw e e n  b . c . t .
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TABLE 5 , 4
tJ
10
u13U4.2
^ . 2
U4.2
f
4.2
tJ324.2
0®
. 4 . 2
U124.6
4,6
|j2l
4,19
4.19
K, Eb mI  F
{x 1 1}
b  1 4
V3 1 4
4
i l l
* f
I " !
( l 5  3 j
' / 
t — }
W 1}
L i
<1 1 2>
<1 1 1>
•>
<5 1 1>
<1 1 1>
•>
<1 5 3>
<■ ->
<1 1 1>
I1 1 b
{3 3 2 j
' I
t — 1
j a i  i]
' I
t— i
.2 3
I 11 4
\ 1 
t — i
i, 7 i i
<3 3 2>
<1 1 3>
<2 1 1>
< •
< ^ 3  3
<• ->
<0 1 1 >
<-
<4 ?  1>
->
9 X 2/&+%2/ 2 ~ 3 / 2
9K2/S + # 2 / 2 - 3/ 2
r 2 +10V2 - l 3 )
i1 /i6|C5>52 + ioV r2- i 3 )  
( 1/ l ^ ( 1 3 Y ' 2 +18Y2- 2 9  ) 
| 1 / l ^ ( 1 3 ^ 2 +18)T2- 2 9  ) 
^ 7 l6 ) (  9 Y 2 +26Y2-2 9  )
9# + 2 6 ) r - 2 9 )
l1/ l 6 j ( 2 5 ^ 2 +2Y%3)
|1/ l ^ ( 2 5 ^ 2 -i-2<f213 )
8 2
2 8;
8 2
2 8
8 2
2 8
8 2
8
8 2
2 8
centred and f a c e - c e n t r e d  t e t r a g o n a l  m = 2 t w in  m odes. A d d i t i o n a l  
 ^ modes.are g i v e n  i n  t a b l e s  5*1 and  5*2 ( s e e  t e x t ) .  A d a s h  i n  
commas i n d i c a t e s  a n  i r r a t i o n a l  e l e m e n t .  The g e n e r a l
form q£ 4-1*. •
ne ^ r a t i o n a l  e l e m e n t s  f o r  t h e  modes ab ove  a r e  g i v e n  i n
5.5,
3?ABLE 5 .5 .
H
3 = <~4-X2 + 2 ,2^2+ 1,1C$2~7> *, K2=-^-l+3^2 ,~3+y2 , 5 - 7 ^
Z). Kx = ^-4+ 2#2 , 2+^2 ,10~7S2^  iT |2 =<-$2+3,~3K2+ l,5#27>
5 = < ^ 2- 2 , - 2 ^ 2+3,63'2-5> 5 K2= ^ 3 -9 ^ 2 ,~11+9^2 ,13-“13^2j
6 ^  -  ^ 4 -2 ^2 ?-2+3^2 ,6-5K2^  <3^2- 9 ,“l i y 2+9,13K2~15^
7 \  !  = < -8Y2 , - l ^ 2+9,26^2+15) 5 K2=|l+K2 , ~3+5$2 ,3~3^2 ^
8 A  = ^'"8 ^ 1Zf+9^2 »28+15<f2^  ^ 2=<^2+ l5~3^2+5?3^2“5>
9 ^  = <4-,~2^2+3,~2^2+ 7> , K2=^~7+^2 ,-l~ ¥ 2 ,25 -'7^)
10 K1 =^ 2 j~2+3</2 ,-2+7^2 ^  ??}2=<-7$2+ l , ~ I 2- l ,2 3 l2-7> 1
i r r a t i o n a l  e l e m e n t s  o f  t h e  t e t r a g o n a l  t w i n  modes 
given in  t a b l e  5 . 5 .
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and f . c . t .  t w i n s ,  d e f i n e d  b y  m a t r i c e s  U and
-1 m
(U ) r e s p e c t i v e l y ,  w h ich  w ere  d i s c u s s e d  i n
§ 4 .4 ,  a r e  c l e a r l y  i l l u s t r a t e d  i n  t a b l e s  5 . 4  and
5,5* Thus i f  a  m a t r i x  U d e f i n e s  an  f . c . t *  t w in
mode w ith  a  p a r t i c u l a r  m v a l u e ,  t h e n  t h e  m a t r i x  ;
"1 T(U ) w i l l  d e f i n e  a  b . c . t .  t w in  mode w i t h  t h e  
dame m v a l u e .  T h is  i s  c l e a r l y  s e e n  from  t h e  l a s t  
two columns o f  t a b l e  5 , 4 ,  T a b le s  5*1 and 5*2 
also d i s p l a y  t h i s  r e l a t i o n s h i p .  The r e l a t i o n s h i p s  
between i n d i c e s  o f  e l e m e n t s  and t h e  m a g n i tu d e s  
of shear o f  t h e  tw o modes d e f i n e d  by  m a t r i c e s  U
— 1  m
and (U ) a r e  a l s o  a s  p r e d i c t e d  by  r e l a t i o n s h i p s
2,3 and 4 o f  * § 4 . 4 .  An i m p o r t a n t  f e a t u r e  o f  t a b l e  
5.4- i s  t h a t  t h e  f i r s t  s i x  t w i n s  a r e  d e f i n e d  by  
d if fe re n t  v a r i a n t s  o f  e i t h e r  U 4 . 2  o r  U 4?2. As 
indicated i n  f i g  5 . 5  a l l  h a v e  low  s h e a r s  and 
simple s h u f f l e s  and  c o u ld  b e  c o n s i d e r e d  a s  p o s s ­
ible o p e r a t iv e  m odes? d e g e n e r a c i e s  o f  t h i s  t y p e  a r e  
discussed i n  5 * 3 . 4 .
Modes 5 end  6 o f  t a b l e  5*2 a r e  m « l f # o . t .
^ d  b . c . t , 'm o d e s  r e s p e c t i v e l y ,  and  when -  1
these a re  t h e  f . c . c .  and  b . c . c .  o p e r a t i v e  t w i n  modes
, ^
with a s h e a r  g = 2 O n ly  one o t h e r  low  s h e a r
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m = 1 f . c . t *  mode a r i s e s  i n  t h e  t a b l e s ,  t h i s  i s  
mode 1 o f  t a b l e  5*1 w h ic h  i s  a l s o  an  m = 1 b . c . t .  
and sim ple  t e t r a g o n a l  mode* The m = 2 b . c . t .  and 
JhGota tw in s  o f  p a r t i c u l a r  i n t e r e s t  a r e  t h o s e  w i th  
d is t in c t  m inim a a lo n g  t h e  i f  a x i s *  The o n ly  modes 
which s a t i s f y  t h i s  c o n d i t i o n  a r e  modes 7 and 8 
of t a b l e '5*3 and  1 and  2 o f  t a b l e  5*4-. The o t h e r  
m=-2 b . c . t .  and  f . c . t .  modes w h ich  a r i s e  i n  t a b l e s  
5,1 s 2 and 4  h a v e  s h e a r s  g r e a t e r  t h a n  t h o s e  d es~  
■cribed above f o r  a n y  v a l u e  o f  i f  i n  t h e  r a n g e  c o n ­
sidered i n  t h i s  a n a l y s i s .  They w i l l  n o t  be  d i s ­
cussed f u r t h e r o
A c o m p a r iso n  o f  e x p e r im e n te d ,  r e s u l t s  w i th  - 
the p r e d i c te d  modes g i v e n  ab ove  i s  made i n  
f  5.2,4-.
'^■Comparison o f  'Rv-ppr-i m e n t a l  R e s u l t s  w i t h  P r e d i c t e d  
Modes.
E x p e r im e n ta l  o b s e r v a t i o n s  o f  tw i n n in g  h av e  
been r e p o r t e d  f o r  i n d iu m ,  w h ich  h a s  a  s i n g l e  l a t t i c e  
^ c e  c e n t r e d  t e t r a g o n a l  s t r u c t u r e  w i t h  Y  = 1 .0 7 8 ,  
and [3-tin w hich  i s  b u i l t  up  on tw o i n t e r p e n t e t r a -  
^ing body c e n t r e d  t e t r a g o n a l - l a t t i c e s  w i th  Jf « %5 41 .
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The o p e r a t iv e  in d iu m  t w i n  mode h a s  t h e  w e l l  
e s t a b l i s h e d ^ '^  '  e le m e n ts
•^101^<10l> ^ioT^ <101>
and m agnitude  o f  , s h e a r  g = o* 1 5 0 , From t h e  
i n i t i a l  h y p o t h e s i s  o f  t h e  p r e s e n t  a n a l y s i s  t h i s  
mode i s  e x p e c te d  t o  be  o p e r a t i v e .  T h is  mode h a s  
been d i s c u s s e d  i n  d e t a i l  i n £ |5 a 2 * 3 *  The s m a l l  
shear o f t h e  t w i n  i s  d ue  t o  t h e  in d iu m  t e t r a g o n a l  
cell b e in g  a  s l i g h t l y  d i s t o r t e d  c u b ic  c e l l .  I n  
the d e g e n e ra te  c a s e  o f  t h e  c u b ic  c e l l  t h e  t w in n ­
ing sh ear  i s  z e r o .
In  (3 -  t i n  t h e  t w i n  mode w i t h  t h e  l o w e s t  
shear and low  m v a l u e  i s  t h e  o p e r a t i v e  t w i n  mode 
and corresponds* t o  t w i n  8 o f  t a b l e  5 * 2 , h a v in g  
elements
<011> 031 <013> g = o #1 1 3 .
Both 1 011^ and ^031^ t w i n  p l a n e s  h a v e  b e e n  
observed^^0 *^ } t h e  l a t t e r  b e i n g  p re d o m in a n t*  A 
study of t h e  s h u f f l e s  n e c e s s a r y  t o  r e s t o r e  t h e  
l a t t ic e  c o m p le te ly  h a s  b e e n  u n d e r t a k e n  by  C r o c k e r ^
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t o ‘d e te rm in e  why. { 031}  i s  p re d o m in a n t*  I t  was 
shown t h a t ,  i n  b o t h  c a s e s  by  m ak ing  a  s u i t a b l e  
choice o f  m o t i f  u n i t , t h e  m a g n i tu d e s  o f  t h e  
shu ff les  c o u ld  b e  v e r y  s m a ll*  T h is  e x p l a i n s  why 
twinning o c c u r s  e a s i l y  i n  P -  t i n ,  b u t  t h e  d i f f e r ­
ence i n  m a g n i tu d e  o f  s h u f f l e s  f o r  p O i l a n d  
|03lj[ tw in  p l a n e s  was v e r y  s m a l l , and i t  i s  n o t  
clear why ^ 0 3 1 ^  s h o u l d  b e  t h e  p re d o m in a n t  t w in  
plane*
The two t w i n  modes g i v e n  above  d e s c r i b i n g  
the o p e r a t iv e  t w i n  modes o f  in d iu m  and (3 “  t i n  
conform w i th  t h e  g e n e r a l  p a t t e r n  o f  o p e r a t i v e  
twin modes* The in d iu m  mode s h e a r s  a l l  l a t t i c e  
points t o  t h e i r  c o r r e c t  t w i n  p o s i t i o n s ,  w hich  
is the  c a se  f o r  a l l  s i n g l e  l a t t i c e  s t r u c t u r e s  
known to  tw in*  The mode d e s c r i b i n g  t h e  (3 - t in  
operative  t w i n s  a l s o  h a s  a  s n a i l  s h e a r  and s im p le  
shuffle, mechanism* The c h a r a c t e r i s t i c s  o f  t h e  
operative t e t r a g o n a l  modes i n d i c a t e  t h a t  t h e  non~ 
conventioncil modes o f  t a b l e  5*3 a r e  u n l i k e l y  t o  be  
opera tive .
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5*3* Olie O rtho jfhombic C r y s t a l  S y s te m *
5,3.1, In tr o d u c tio n .
The sym m etry  o f  t h e  o r th o rh o m 'b ic  c r y s t a l  s y s te m  
does n o t  p e r m i t  a  g e n e r a l  a n a l y s i s  o f  t w in n in g  t o  
be c a r r i e d  o u t .  Thus a s  e x am p le s  o f  t h e  a p p l i c a t i o n  
of th e  a n a l y s i s  o f  c h a p t e r , 4- t o  t h e  o r th o rh o m 'b ic  s y s te m ,  
twinning i n  cc-uranium  and  i n  t h e  c l o s e  p a c k e d  h e x a g o n a l  
metals i s  c o n s i d e r e d .  The a -u r a n iu m  u n i t  c e l l  i s  b a se^  
centred o r th o rh o m 'b ic ,  and  t h e  m ost c o n v e n ie n t  c e l l  t o  u s e  
for the  h e x a g o n a l  l a t t i c e s  i s  t h e  o r th o h e x a g o n a l  c e l l  
which i s  a l s o  b a s e  c e n t r e d .  The c . p . h .  m e t a l s  and 
oruranium w ere  c h o s e n  f o r  'Gwo r e  a s  o n s .  I n  b o th  c a s e s  
twinning i s  p jc o fu s e ,  and  i n t e r e s t i n g  r e l a t i o n s h i p s  
exist be tw een  t h e  t w i n  modes o f  t h e  two s t r u c t u r e s .
A ll  no s h u f f l e  and  h a l f  s h u f f l e  tw in s  w i th  
shears g ^  1 h a v e  b e e n  d e te rm in e d . .  The p r o c e d u r e  u se d  
is as d e s c r i b e d  i n  §  5 . 2 . 1 ,  I n  t h i s  a p p l i c a t i o n  a l l  
U m atr ices  of. t a b l e s  3 * 2 ,  3 . 5 ,  4 . 1  and 4 . 2  a r e  u s e d  
for the  s e l e c t i o n  o f  U m a t r i c e s  d e f i n i n g  p o s s i b l e  t w i n  
modes, The r e s u l t s  p r e s e n t e d  w i l l  n o t  i n c l u d e  t h e  m = 1 
Mid n = 2 modes f o r  t h e  s i m p l e ,  f a n e  c e n t r e d  and body  
centred o r th o rh o m b ic  l a t t i c e s  h a v in g  t h e  l a t t i c e
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parameters o f  e i t h e r  or*uranium o r  t h e  c . p . h .  m e t a l s .
The a~uranium  l a t t i c e  r e s u l t s  a r e  g i v e n  i n  5 * 3 .2 .  
followed by a  c o m p a r is o n  o f  e x p e r i m e n t a l  r e s u l t s  w i t h  
p red ic ted  modes i n  §  5 - 3 . 3 .  S i m i l a r l y ,  t h e  c . p . h .  
re s u l ts  a r e  p r e s e n t e d  and  com pared  w i t h  e x p e r i m e n t a l  
re su l ts  i n  § 5 * 3 .4 - .  and  § > 5 .3 .5 *  r e s p e c t i v e l y .
5.3*2. The q-Uraniura l a t t i c e  R e s u l t s .
A d e t o . i l ed i n v e s t i g a t i o n  o f  t w i n  modes i n
(8 )
oruranium h a s  r e c e n t l y  b e e n  p u b l i s h e d .  A l l  c o n v en ­
tional tw in  modes w i t h  no and  h a l f  s h u f f l e s  and s h e a r s  
1 were g i v e n .  The m = 1 and  m = 2 c o n v e n t io n a l  
twin modes w i t h  g $  1 h a v e  b e e n  r e d e t e r m i n e d  u s i n g  t h e  
analysis o f  c h a p t e r  4 ,  an d  f o u n d  t o  a g r e e  w i t h  t h o s e  
of Crocker Two a d d i t i o n a l  modes w ere  a l s o  f o u n d .
For co n ven ien ce  t h e  t a b l e  o f  c o n v e n t i o n a l  t w i n  modes 
given by C ro c k e r  i s  r e p r o d u c e d  h e r e ,  and  i s  g i v e n  i n  
table 5 .6 .
The U m a t r i c e s  d e f i n i n g  t h e s e  modes a r e  g i v e n  i n  
table 5* 7? w here  t h e  n o t a t i o n  o f  t a b l e  4*6 i s  u s e d ,  
fable 5 .7  c o n s i s t s  o f  a l t e r n e . t e  row s l a b e l l e d  IT and U.
numbers i n  ro w s  N r e p r e s e n t  t h e  p l a c e  o f  t w i n  modes 
tn ta b le  5*7$ t h e  s u b s c r i p t s  and  s u p e r s c r i p t s  o f  t h e  U
Possible tw inning modes in  a-uranium
' j. A'i | K t  : | m Ij 72 7 ! 7
1 { 111} ‘{1 9 7 }’ i - ‘<156>’ £<512> ' 4 ■ 0.216
2 { 112} ‘{1 7 2 }’ ' i ‘<372>’ K 3 1 2 > 4 0.227
3 {02 1} ‘{8 2 1 }’ ‘<100>’ K 1 3 2 > . 4 ' 0 .286
4 * (001) {401} [1 0 0 ] <104> 4 0.288
5 { 110} {130} . ' V <110> K 3 1 0 > 2 ' 0.299
6 (0 0 1 ) ‘{.8 , 33 , 5 } ’ ■h <110> K 1 1 3 ) 4 . 0.329
7 { 110} {170} 1- < 110> K 7 1 0 > 4 0.337
S {0 1 1 } {0 1 1 } <011> <011> 4 ' 0 .340
9 / {261} ‘{2 2 5 }’ - - ‘<2T2 >’ K U O ) ■ 4 0.445
10 {171} ‘{3 3 5 }’ - £ ‘<67, 5, 32>’ K n o > . 4 0.471
. 11 , (0 10) ' {2 1 0 } . - " [ 100] <120> 4 ' 0 .486
12 ' {113} ‘{0 1 0 }’ ‘<1'41>’ <101> 4 ' 0.4S7
13 . {023} ‘{S 23}’ ‘< lo o > ’ K 112> 4 0.498
14 (0 0 1 ) ‘{24, 32 , 13}’ i< 3 1 0 > K 3 1 8 > 4 . 0 .524
15 {421} {0 2 1 } ‘<232>’ [ 100] 4 0.566
16 (00 1) . {2 0 1 } [10 0] < 102> 2 0.576
17. (0 0 1 ) ■. {041} ' [0 1 0 ] ■ <014> 4 0.592
18 . {2 2 1 } . ‘{2, 6 , 13}’, ‘<0 12>’ K 3 1 0 > 4 0.603
19 { 111} ‘{3 5 1 }’ ‘<10, 7, 3>’ <211> 4 0.639
20 (0 0 1 ) ‘{4, 16, 5 } ’ £ <TT0> K 114 > 2 0.659
21- { 112} ‘{17 2 }’ ‘<14, 12 1>’ <201> 4 0.705
22 ' {131} ' ‘{1 1 5 }’ 4 ‘<5, 7, 16>’ K 110> 2 0.723
23 . .{172} . ‘{3, 3, 1 0 }’ £ ‘<79, 7, 64>’ K 110> .• 4 0.740
' 24 {113} ‘{3 5 1 }’ £ ‘<15, 3 , 2 > ’ K 1 1 3 > 4 ,  . 0.749
. 25 {2 1 1 } {0 1 1 } "‘< 7 6 8 )’ • [ 100] 4 0.754
26 (001) ‘{40, .32, 2 9 }’ £ ‘<510>’ K o l 8> 4 0.779
27 ' (00 1 ) ’{T, 2 , 1}’ <2 1 0 > . <214> , 4 ■ 0.S26
28 {011} ‘{ 101} ’ ‘< 7 1 1 )’ • ' < 111> 4 0.827
29 ■ { H I } " ' ‘{0 1 0 }’ ‘<341>’ <301> ■ 4 0.843
30 (01 0 ) {0 1 2 } [0 0 1 ] <021> ■ 4 0.S44
31 {02 1 } ‘{86 3 }’ ‘< 100>’ K 3 3 2 > . 4 0.849
32 (0 0 1 ) {403} [100] • < 304) • 4  : 0 .864
33 (0 01) ‘{8 , 96, 3 7 }’ -k< 130> K 138> . 4 0.900
34 {132} ‘{9, 19, 1 4 } ’ £ ‘<41, 17, 4 6 > ’ K H - > 4 ; 0.902
35 { 110} {3o0} i- <110> £<530> ■. 4 0.935
36 • {114} { 1 10} ‘<16, 4, 5 > ’ [00 1] 4 0.965
37 (010) { 1 10} . [1 0 0 ] -K iio > i 0.973
3S (010) ‘{1 2 3 }’ < 101> < 121> • 4 0.974
39 (00 1 ) ‘{S, 32 , 1 5 }’ £ < n o > K 33S> 4 0.9SS
40 {351} , ‘{7 7 5 }’ £ ‘<101, 67, 32>’ K 110>. 4 ■ 0.991
41 {423^ {023} ■ ‘<2 1 2 >’ [ 100] 4 • 0.992
5 ,6 ,  Tiie m=l and  r = 2  c o n v e n t i o n a l  a-iiranivusi tw in -m o d e s  v i t i a  
■S < 1# ( A f t e r  C r o c k e r ^ ) .
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TABLE 5 ,7
I  ji
1 d. 3 4 5 6
u 15214 .3
2121
4 .2 7
1212
4 . 7
2121
2 .1
2323
2 .8
1212
4 .1
N 7 8 9 10 11 12
U 12124 .5 4
1312
1 . 1
2112
4 .2 1
- 2323
1 .3
3131
2 .1 6
N 13 14 15 16 17 18
U 1212 4 .2 0  •
2121
4 .1 2
2321
2 .1 0
2121
1 . 3
1212
2 .1
1221
4 .3 5
N 19 : 20 21 22 23 24
!j 3131
2 .2
3232
2 . 5
1323
2 .3 4
3232
2 .1 6
-  . 3212
4 . 2
N. 25 26 27 28 29 30
II 1212
1 .4
1221
4 .3 3
1213
2 . 9
1312
1 . 4
2332
2 .3 3
1313
1 .3
N 31 32 33 34 35 36
tf - 12122 .1 8
1212
4 . 1 2
1212
4 .2 6
1212
4 . 3
2323
2 .4
N 37 38 39 40 41
ff 2323
! 1 .6i
2121
1 . 5
1212
4 . 2 3
1221
4 . 6
3232
2 .3 1 j
®ie B m a t r i c e s  w h ic h  d e f i n e  t h e  t w i n  modes o f
table  5 . 6 .
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matrices d e f i n i n g  t h e s e  t w i n s  a r e  g i v e n  d i r e c t l y  b e lo w  
in the  rows U, I t  i s  t o  b e  n o t e d  t h a t  i n  t a b l e  5*6 a 
q value o f  1 o r  2 c o r r e s p o n d s  t o  m = 1 ,  and  q = 4  t o  
n = 2#
The l a t t i c e  p a r a m e t e r s  o f  t h e  a -u r a n iu m  b a s e  
centred o r th o r h o m b ic  l a t t i c e  a r e  a-  ^ = 2 * 8 5 4 , ^  =5*869
and a ,  = 4*955 A0 . F o r  Type I  t w i n s  t h e  i r r a t i o n a l
. 2  2 2 elements a r e  a p p r o x im a te d  b y  l e t t i n g  t ^  s a3 ®
1 * 4  s 5* The a p p r o x im a te  i n d i c e s  a r e  i n d i c a t e d  by
inverted commas i n  t a b l e  5 # 6 .
In  t a b l e  5 .7  i t  i s  t o  b e  n o t e d  t h a t  f o r  N=10, 23
and 31 t h e r e  i s  n o ' c o r r e s p o n d i n g  U m a t r ix #  T h is  i s
because t h e  r a n g e  o f  U m a t r i c e s  u s e d  was n o t  l a r g e
enough. However , i f  t h e  r a n g e  o f  t h e  m a t r i c e s  o f  t a b l e
4*2 had been  e x te n d e d  t o  t h o s e  d e f i n i n g  c u b ic  t w i n  modes 
±
with s h e a r s  ^  3 2 ? t h e  m i s s i n g  modes w ould  h a v e  b e e n  
determined. The p o s s i b i l i t y  o f  u s i n g  a n  a l t e r n a t i v e  
unit c e l l  i n  d e t e r m i n i n g  ' t w i n  m o d e s v an d  t h u s  a  d i f f e r -* 
eat range o f  U m a t r i c e s  i s  d i s c u s s e d  l a t e r . '
In  a d d i t i o n  t o  t h e  41  c o n v e n t i o n a l  modes o f  t a b l e  
5*6, lo  non—c o n v e n t i o n a l  m = 2 modes w ere  d e te r m in e d  
Using th e  a n a l y s i s  o f  c h a p t e r  4  f o r  t h e  a - u r a n iu m  
l a t t i c e .  Ho m = 1 n o n - c o n v e n t i o n a l  modes w i t h  g < 1
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were d e te r m in e d .  The U m a t r i c e s  d e f i n i n g  t h e s e  t w i n s ,  
the tw in  e le m e n ts  and  t h e  m a g n i tu d e  o f  s h e a r  a r e  g i v e n  i n  
table  5*8* A f u r t h e r  two n o d e s  w i t h  s h e a r s  g r e a t e r  t h a n  
unity w hich  w i l l  b e  u s e d  f o r  d i s c u s s i o n  l a t e r  a r e  a l s o  
included i n  t h e  t a b l e #
A s t r i k i n g  f e a t u r e  o f  t a b l e s  5*6 and  5*8 i s  t h a t  
a la rg e  number o f  p o s s i b l e  t w i n  modes a r i s e  i n  t h e  
a-uranium s t r u c t u r e ,  a s  i s  t o  b e  e x p e c te d  w i th  c r y s t a l s  
of low sym m etry . The g e n e r a l  c h a r a c t e r i s t i c s  o f  t h e  
conven tiona l t w i n  modes h a v e  b e e n  d e s c r i b e d  p r e v i o u s l y ,  
but w i l l  h e  b r i e f l y  r e s t a t e d  h e r e .  Only i n  f i v e  o f  t h e  
conventional modes a r e  a l l  p o i n t s  o f  t h e  B r a v a i s  sp a c e  
l a t t i c e  s h e a r e d  t o  c o r r e c t  t w i n  p o s i t i o n s #  T h is  i s  
again th e  e x p e c te d  r e s u l t  a s  i n  g e n e r a l  t h e  m ore com­
p l ic a te d  t h e  s h u f f l e  m ech an ism  w h ic h  i s  p e r m i t t e d ,  t h e  
smaller a r e  t h e  s h e a r s  w h ic h  may r e s u l t .  Of t h e  f o r t y  
one c o n v e n t io n a l  t w i n  m o d es ,  t w e lv e  a r e  compound and 
a f u r th e r  tw e lv e  h a v e  t h r e e  r a t i o n a l  e le m e n ts #  The 
degenerac ies  w h ich  r e s u l t  i n  t w i n  modes h a v in g  t h r e e  
National e le m e n ts  vie r e  d i s c u s s e d  i n  d e t a i l  i n  §  1 * 2 .  -
One o f  t h e  m o s t  i m p o r t a n t  r e s u l t s  o f  c h a p t e r  4 ,  
was t h a t  f o r  any  l a t t i c e ,  t h e  r a t i o n a l  e le m e n t s  o f  a  
conventional t w i n  mode d e f i n e d  b y  a  U m a t r i x ,  a r e
always i d e n t i c a l  w i t h  r a t i o n a l  e le m e n ts  o f  t h e  tw in  
mode d e f in e d  b y  t h e  same U m a t r i x  i n  t h e  c u b ic  l a t t i c e . .  
Agreement w i t h  t h i s  r e s u l t  i s  o b t a i n e d  on c o m p a r iso n  
of the  e le m e n ts  o f  t w i n  modes o f  t a b l e  5 .6  w i th  t h o s e  
of th e  tw in  modes d e f i n e d  b y  t h e  same U m a t r i c e s  i n  
tab les  3*2 ,3*5>4-. 1 o r  4-«2.
The n o n - c o n v e n t i o n a l  modes o f  t a b l e  5*8 h a v e  n o t  
been g iv e n  b e f o r e a The f i r s t  f o u r  t w i n  modes o f  t h e  
table have f o u r  i r r a t i o n a l  e l e m e n t s .  U s in g  t h e  c la s s * ” 
i f i c a t i o n  f o r w a r d e d  i n  |  2 , 2  t h e s e  modes a r e  o f  c l a s s  3 ) .  
The re m a in in g  e i g h t  t w i n  modes o f  t a b l e '3 *8  h a r e  two 
i r r a t i o n a l  and tw o r a t i o n a l  e l e m e n t s .  U n l ik e  t h e  Type I  
or Type I I  t w i n  modes , i n  t h e s e  c a s e s  e i t h e r  a n d * ^  
or Kg a n d 7^2 a r e  i r r a t i o n a l *  The e le m e n ts  e r e  i r s f a t i o n a l  
because o f  t h e  i r r a t i o n a l i t y  o f  t h e  s q u a r e  o f  t h e  l a t t i c e  
param eters . T h u s ,  t h e r e  i s  a, c o n s i d e r a b l e  d i f f e r e n c e  
between t h e s e  modes and  modes 1 ~ 4- whose e le m e n ts  a r e  
i r r a t i o n a l  b e c a u s e  o f  t h e  p r e s e n c e  o f  a  s q u a r e  r o o t  s i g n  
i& t h e ' i n d i c e s , a s  w e l l  a s  b e i n g  d e p e n d e n t  on t h e  l a t t i c e  
Param eters. The U m a t r i c e s  d e f i n i n g  modes 1 ~ 4- o f  
table 5*8 d e f i n e  c l a s s  3 )  modes i n  t h e  c u b ic  l a t t i c e s s 
whereas t h o s e  d e f i n i n g  modes 5 “* 12 d e f i n e  c o n v e n t io n a l  
compound modes i n  t h e  c u b ic  l a t t i c e s .
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The U . m a t r i c e s  d e f i n i n g  t w i n  modes i n  t a b l e  5 ,8
are i n  p a i r s ,  a  m a t r i x  U i s  f o l lo w e d  b y  t h e  m a t r i x  i T 1 ,
The m a t r i c e s  d e f i n e  t h e  same tw in ?  one m a t r i x  d e f i n e s
the tw in  mode r e f e r r e d  t o  t h e  p a r e n t  b a s i s  and t h e
other th e  t w i n  mode r e f e r r e d  t o  t h e  t w i n  b a s i s *  The
magnitude o f  t h e  s h e a r s  o f  b o t h  t w i n  modes m ust be  t h e
same, and t h e r e f o r e  t h e  sum o f  t h e  s q u a r e s  o f  t h e
elements o f  t h e  m a t r i c e s  U and U ^ r e f e r r e d  t o  an
orthonormal b a s i s  m u s t  a l s o  b e  e q u a l .  As d i s c u s s e d  i n
§  4 * 4 - , f o r  t h e  o r th o r h o m b ic  l a t t i c e  t h e  o n ly  l i k e l y
- 1examples t o  a r i s e ,  a r e  when t h e  m a t r i c e s  U and U a r e
of th e  same r e p r e s e n t a t i o n  and  d i f f e r  o n ly  i n  t h e  o r d e r
of t h e i r  d i a g o n a l  e l e m e n t s .  T h is  i s  i n  f a c t  t h e  c a s e
for a l l  tw in s  o f  t a b l e  5 * 8 ,  and  o f  c o u r s e  f o r  a l l  tw in s
“ 1of t a b l e  5*6 a s  i n  t h e s e  c a s e s  U and  U a r e  c r y s t a l l o ~  
g ra p h ic a l ly  e q u i v a l e n t .
The modes 4  ~ 12 o f  t a b l e  5*8 a r e  c l o s e l y  r e l a t e d
, 1 2  3 * 3to each o t h e r .  The f o u r  e le m e n t s  u-^, u^» &md U2
common'to a l l  U m a t r i c e s  d e f i n i n g  t h e s e  m odes . A lso
1 *|
oil th e  m a t r i c e s  h a v e  e l e m e n t s  u^ and  U2 s u c h  t h a t  t h e
Modulus o f  one i s  3 / 4  and  t h e  o t h e r  5 / 4 .  The m o d u l i
°f th e  e le m e n ts  u l  and  u f  a r e  common o n ly  t o  t h e  p a i r s
3 5 -1°£ tw in modes d e f i n e d  b y  t h e  m a t r i c e s  U and U •
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1The r e s t r i c t i o n  t h a t  t h e  m odulus  o f  u^ i s  t h e  same a s  
that o f  u ^ ,  and  a l s o  a  m u l t i p l e  o f  ;**/4, e n s u r e s  t h a t  
the m a t r i c e s  d e f i n e  m = 2 b a s e  c e n t r e d  tw in  m odes. Any 
imimodular m a t r i x  s a t i s f y i n g  t h e  c o n d i t i o n s  g iv e n  above 
will d e f i n e  a  n o n - c o n v e n t i o n a l  o r th o rh o m b ic  tw in  mode*
The t r a n s p o s e s  o f  t h e  f i r s t  s i x  U m a t r i c e s  o f  t a b l e
5,8 d e f in e  m -  2 t w i n  m od es . The f i r s t  f o u r  w i th  g > 1
and t h e r e f o r e  n o t  i n c l u d e d  h e r e ,  and  t h e  o t h e r  two 
id e n t ic a l  w i t h  modes 5 and  6 a s  U = U i n  b o th  c a s e s .
The t r a n s p o s e s  o f  t h e  r e m a in i n g  s i x  U m a t r i c e s  i n  t h e
table do n o t  d e f i n e  m = 1 o r  m = 2 t w i n  m odes.
Modes 1 - 4 -  a r e  t h e  o n ly  modes i n  t a b l e  5*8 
giving m = 1 o r  m = 2 n o n - c o n v e n t i o n a l  t w i n  modes i n  
the s im p le  o r th o r h o m b ic  l a t t i c e  h a v in g  oc~uranium l a t t i c e  
param eters . A l l  o t h e r  t w i n  modes i n  t h e  t a b l e  h a v e  m 
values > 2 f o r  t h i s  l a t t i c e .
Examples o f  t h e  r e l a t i o n s h i p s  1 ,  2 and  3 o f  §  4 . 4
between t h e  m v a l u e s  a n d  t h e  e le m e n t s  o f  f . c . t .  and
h / "“1 TD»c .t.  tw in  m o des , d e f i n e d  b y  m a t r i c e s  U and (U ) ,
were g iv en  i n  ^ 5 * 2 . 3 .  As s t a t e d  i n  §  2 . 4 . 3 i i-11 b a s e
centred l a t t i c e s  a l l  o f  t h e s e  r e l a t i o n s h i p s  w i l l  o n ly
i f  t h e  m a t r i c e s  U a n d  (U_ 1 )T d e f i n i n g  t w i n  modes
41,0 d e f e r r e d  t o  p r i m i t i v e  l a t t i c e  b a s e s .  I n  g e n e r a l  o n ly
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the r e l a t i 6 n s l i i p  b e tw e e n  t h e  e le m e n ts  o f  tw in  modes
—1 m
defined b y  m a t r i c e s  U a n d  (U ) o f  t a b l e s  5 ,6  and
5,7 can  b e  e x p e c te d  t o  a r i s e ,  T h is  i s  becam se t h e
“"1 Tm atrices  U and  (U ) o f  t a b l e  5*7 a r e  r e f e r r e d  t o
the b ase  c e n t r e d  o r th o r h o m b ic  c e l l o  As t h e  l a t t i c e
param eters o f  t h e  b a s e  c e n t r e d  c e l l  a r e  so  d i s t o r t e d
from c u b i c , t h e  m a g n i tu d e  o f  t h e  s h e a r s  o f  t h e  t w in
**1 Tmodes d e f i n e d  b y  m a t r i c e s  U and (U ) w i l l  i n  g e n e r a l  
d i f f e r  c o n s i d e r a b l y .  T h u s ,  i t  i s  t o  b e  e x p e c te d  t h a t  
only one tw i n  mode o f  t h e  tw o d e f i n e d  b y  t h e  m a t r i c e s  
U and (U w i l l  a r i s e  i n  t a b l e  5 * 6 .  I n  a d d i t i o n  t h e  
m va lues  o f  t r a n s p o s e s  o f  t h e  U m a t r i c e s  o f  t a b l e  5*7 
are u s u a l l y  > 2 , and  t h e r e f o r e  t h e  tw in  modes d e f i n e d  
by th e s e  m a t r i c e s  a r e  n o t  i n c l u d e d  i n  t h e  t a b l e ,  Thus 
only v e ry  few  e x a m p le s  o f  t h e  r e l a t i o n s h i p s  2 and 5 o f  
§ 4 ,4  can b e  e x p e c t e d  t o  a n i s e  i n  t a b l e  5 * 6 .  T h is  i s  
in f a c t  t h e  c a s e ,  an d  o t h e r  t h a n  d e g e n e r a t e  exam ples  
where U = (u  1 ) T , o n l y  m odes 20 and  36 a r e  r e l a t e d  i n  
th is  way.
I t  i s  c o n v e n i e n t  t o  u s e  t h e  m o n o c l in ic  p r i m i t i v e  
ce ll  sh o rn  i n  f i g  5*6 t o  i l l u s t r a t e  t h e  r e l a t i o n s h i p  
between e le m e n ts  o f  t w i n  modes d e f i n e d  by  m a t r i c e s  
b and (U The r e l a t i o n s h i p  b e tw e e n  l a t t i c e  v e c t o r s
9 2
c —>•
— m. ana D. a e n n e  nut? —- -  - m^ n r i - i n i c
^ a n iu a  T b tio e T 1 The b a s is  ^  d e f in e s  a p r im itiv e  mo* -
,ceil  and the b a s i s  ^  d e f i n e s  a  b a se  c e n t r e d  ■orthorhombic .........................
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r e f e r r e d  t o  t h e  mono c l i n i c  and o r th o rh o m b ic  b a s e s  i s  
given by m1 = b 1 , w h e re  n 1 and  b 1 a r e  t h e  com ponents 
of l a t t i c e  v e c t o r s  r e f e r r e d  t o  t h e  m o n o c l in ic  and o r t h o r -  
iionbic b a s e s  r e s p e c t i v e l y ,  and w here  X^ = Ji 1 o 
Using e q u a t io n  (A ,1 4 )  t h e  m a t r i c e s  (bUb) r e f § r ? e l ‘t o  t h e  
n o n o c lin ic  b a s i s  a r e  g i v e n  b y
2  ( m U el )  =
1 '-1 0 ! 1 1 0
1 1 0 (b Ub ) h i
I 0
1 0
0 0 1 0 2
( 5 , 1 )
We now c o n s i d e r  t h e  r e l a t i o n s h i p s  b e tw e e n  e le m e n ts  
and m v a lu e s  o f  t w i n  modes 20 an d  36 o f  t a b l e  5,6*. The 
matrix = (bU  b )  d e f i n e s  mode 2 0 ,  and  =
( b t d ) " 1 d e f i n e s  mode 36* The i n d i c e s  o f  t h e  r a t i o n a l  
d i r e c t io n s  o f  one  t w i n  mode a,re t h e r e f o r e  t h e  i n d i c e s  
of th e  r a t i o n a l  p l a n e s  o f  t h e  o t h e r ,  and  v i c e  v e r s a .  
However, u s i n g  e q u a t i o n  (5 * 1 )  i t  c a n  b e  shown t h a t
(mUm) /  ( m U v a ) ,  and  a l s o  t h a t  t h e  b a s e  c e n t r e d
- 1
twin modes d e f i n e d  b y  t h e  m a t r i c e s  ( b U b )  and (b U b )
Have d i f f e r e n t  m v a l u e s ,  T h u s , in t a b l e  5 ,6  mode 20
Has q = 2 end mode 36 h a s  q = 4  c o r r e s p o n d i n g  t o  m = 1
and m = 2 r e s p e c t i v e l y .
-1
A l l  r e l a t i o n s h i p s  b e tw e e n  t w i n  modes d e f i n e d  by  
—1 Im a tr ic e s  U and  (U ) w ould  o n ly  a r i s e  i f  f o r  exam ple  
T —1(mUm) and (mU m) w ere  u s e d  a s  d a t a  i n  e q u a t io n s  
(4*13) end ( 4 . 1 9 ) .  B o th  m a t r i c e s  a r e  r e f e r r e d  t o  t h e  
p r im i t iv e  m o n o c l i n i c  b a s i s  and t h e r e f o r e  h av e  t h e  same 
m v a l u e s « I h e  e le m e n t s  o f  t h e  t w i n  modes d e f i n e d  by
m —-j
(mUm) and (m U m) m u st a l s o  s a t i s f y  r e l a t i o n s h i p s  
2 and 3 o f ^ A . A .  I f  t h e  m a t r i c e s  (mUm) and (mU^m) d 
were r e f e r r e d  t o  t h e  o r th o r h o m b ic  b a s i s , t h e  t w i n  modes 
de fined  w ould  h a v e  t h e  same m v a l u e s ,  b u t  t h e  r e l a t i o n -  
ship b e tw een  i n d i c e s  w ou ld  n o t  a p p l y .
As i n  t h e  t e t r a g o n a l  l a t t i c e s  exam ples  o f  t w i n
modes d e f i n e d  b y  d i f f e r e n t  U m a t r i c e s  d e r i v e d  from  t h e
same U m a t r i x  a r i s e  i n  a~ u ren iu m »  I n  p a r t i c u l a r  t h e
modes 1 1 ,  16 and  29 o f  t a b l e  3*6 a r e  d e f i n e d  b y  m a t r i c e s  
tt2323 *^ *1/^ 1 P ^
1*2 ’ Ul « 2  and  Ul * 2  r e s p e c t i v e l y ,  w h ich  a r e  non~ 
c r y s t a l l o g r a . p h i c a l l y  e q u i v a l e n t  v a r i a n t s  o f  t h e  m a t r i x  
^ 1 . 2 -  D i s c u s s i o n  o f  t h i s  t y p e  o f  d e g e n e r a c y  i s  l e f t  
u n t i l  § 5 . 3 . 4 .
* ^ »Comparison o f  E x p e r im e n ta l  R e s u l t s  w i t h  P r e d i c t e d  Nodes * 
A c o m p a r is o n  o f  e x p e r i m e n t a l l y  o b s e rv e d  t w i n  modes 
a’nu?anium w i t h  t h e  modes o f  t a b l e  5*6 h a s  b e e n  made by
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f O *N
Crocker O th e r  t h a n  c o n c l u s i o n s  r e g a r d i n g  t h e  
p o s s i b i l i t y  o f  t w i n  modes w i t h  new o r i e n t a t i o n  r e l a t ­
ionsh ip s  a r i s i n g  i n  p r a c t i c e ,  v e r y  few  a d d i t i o n a l  comments 
a r i s in g  from  t h i s  a n a l y s i s ,  c a n  be  made*
A l i s t  o f  t h e  o b s e r v e d  t w i n  modes fo u n d  i n
oruraniuQ i s  g i v e n  i n  t a b l e  5*9* Modes 1 ~ 4- w ere  r e p o r t e d
> ('zlq ^
by Cahnr ( J % mode 5 b y  L lo y d  end  C h isw ick^  J , and mode 6
has been  s u g g e s t e d  t o  a c c o u n t  f o r  a  tw in n e d  t r a n s f o r m a t i o n
( n \
product i n  an  u ra n iu m  a l l o y v,u''* Com paring t h e  p r e d i c t e d  
nodes o f ' t a b l e  5*6 and  5*8 w i t h  t h o s e  o f  t a b l e  5«9» o n ly  
node 4 o f  t a b l e  5*9 w h ic h  h a s  b e e n  fo u n d  r a r e l y  i s  m i s s i n g .  
The e le m e n ts  a s s i g n e d  t o  i t  b y  C a h n ^ ^ ^ d e f i n e  on m = 3 
mode and w ould  n o t  h a v e  b e e n  p r e d i c t e d  b y  t h e  p r e s e n t  
study. As d i s c u s s i o n  o f  c . p . h .  tw in s  i n  5 .3 * 5  w i l l  
in d ic a te ,  i t  i s  n o t  i m p o s s i b l e  t h a t  m ^ 5 modes w i th  
small s h e a r s  s h o u l d  b e  o p e r a t i v e *  A l l  o t h e r  o b s e rv e d  
modes have  s h e a r s  < o#3 and  a r e  d e s c r i b e d  by  t h e  f i r s t  
Tive modes o f  t a b l e  5 * 6 .
The ^ 1 5 0 ^  t w i n  mode i s  p re d o m in a n t  i n  a ~ u ra n iu m .
^his i s  on m = 1 mode a n d ,  a l t h o u g h  m = 2 modes w i t h  
smaller s h e a r s  do o c c u r ,  t h e  s im p le  s h u f f l e  m echanism s 
asso c ia ted  w i t h  £ l 3 0 ^  t w i n n i n g  i n d i c a t e  why i t  i s  t h e  
Predominant o p e r a t i v e  m ode, f h r e e  o f  t h e  f o u r  o t h e r
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TABLE 9 .9
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K 1
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O
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{ l  3  0 } < 3  I  C >
I 1 1 4
< 1  1  o >
2 ■ ' { 1 7  2 * < 3  1  2 > t 1  1  2 }
1< ---------------yx
3
O
J
H , < — — > i
X 1 7  2 i '
< 3  1  2 >
4
I 1  2  x ) « < — — > ’ 1 — 1 ' < 3  1  1 >
5 \ x  7  s j < 5  1  2 > [ i  1 1 } V — — >
6
1 ° 2  A < 2 S ’ , T 2 >
...... ...— - ■!
\ T Z L t^ < 1  3  2 >
The t w i n  m odes w h ic h  d e s c r i b e  t h e  o b s e rv e d  
tw ins i n  oc -u ran ium . I n v e r t e d  commas i n d i c a t e  
i r r a t i o n a l  e le m e n ts *
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twin modes a r e  o f  p a r t i c u l a r  i n t e r e s t a a s  t h e s e  w ere  t h e  
f i r s t  w e l l  e s t a b l i s h e d  ex am p les  o f  non-com pound tw in s  
to be o p e r a t i v e  i n  m e ta l s *  The p r e d i c t e d  modes c o r r e s ­
ponding t o  t h e s e  modes a r e  mode 1 and 2 and  i t s  r e c i p r o ­
cal o f  t a b l e  5*6* C ro c k e r  h a s  a t t e m p te d  t o  e x p l a i n  
the r e l a t i v e  p re d o m in a n c e  o f  t h e  o b s e rv e d  h a b i t s  by  
studying t h e  m a g n i tu d e s  and  d i r e c t i o n s  o f  s h u f f l e s .
Some d i s c r e p a n c i e s  w i t h  e x p e r i m e n t a l  r e s u l t s  a r i s e  i n  
th is  s tu d y  , b u t  i t  i s  p o s s i b l e  t h a t  t h e  few  e x p e r ­
imental r e s u l t s  a v a i l a b l e  a r e  n o t  r e p r e s e n t a t i v e  o f  t h e  
frequency o f  a p p e a r a n c e  o f  t h e  d i f f e r e n t  h a b i t s *  The 
c r i t e r i o n  t h a t  o p e r a t i v e  t w i n  modes h av e  s m a l l  s h e a r s  
and a s m a l l  f r a c t i o n  o f  s h u f f l e s  a p p l i e s  i n  t h e  c a s e  o f  
ot -uranium* I t  i s  t h e r e f o r e  v e r y  u n l i k e l y  t h a t  an y  o f  
the tw e lv e  n o n - c o n v e n t i o n a l  modes o f  t a b l e  5*8 c o u ld  be 
opera tive  m odes .
H exagonal L a t t i c e  R e s u l t s *
The o r t h o h e x a g o n a l  u n i t  c e l l  i s  t h e  m o st c o n v e n ie n t  
to use f o r  d e t e r m i n i n g  t h e  e le m e n ts  o f  c.p«hw tw in  m odes. 
The t h r e e  l a t t i c e  v e c t o r s  a^* d e f i n i n g  t h i s  c e l l  a r e  shown
7 .  _ _ _ _ _ _ ______________
To conform w i t h  t h e  n o t a t i o n  o f  c h a p t e r  4  t h e  p r i m i t i v e  
Tatcice v e c t o r  n o rm a l  t o  t h e  b a s a l  p l a n e  i s  r e p r e s e n t e d  by  
-3 ra t h e r  t h a n  t h e  u s u a l  c •
VFig, 5 7
aternatiye u n it  c e l l s  fo r  th e  a®*1^agonal c e l l  i s  shown in  b o ld  l in e s  and th e  ..oa .tnoi^  u
shown in  b ro k en  l i n e s .
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This f i g u r e  a l s o  shows t h e  r e l a t i o n s h i p  b e tw e e n  t h e  
p r im it iv e  h e x a g o n a l  c e l l  ( b o l d  l i n e s )  and  t h e  o r t h o -  
hexagonal c e l l  ( b r o k e n  l i n e s ) #  The r a n g e  o f  a x i a l  
ra t io s  c o n s i d e r e d  i n  t h i s  a p p l i c a t i o n  i s  -  1*5  
to 1 -9 , and i n c l u d e s  a l l  t h e  i m p o r t a n t  h . c . p #  m e t a l s .
The p r o c e d u r e  f o r  d e t e r m i n i n g  t w i n  modes i s  as  
described i n j f 5 * 2 d #  -&s 11-e o r th o h e x a g o n a l  c e l l  i s  
base c e n t r e d  o r th o r h o m b ic  5 t h e  same U m a t r i c e s  a r e  
used h e re  a s  f o r  t h e  d e t e r m i n a t i o n  o f  t w i n  modes i n  
ot-uranium, The l a t t i c e  p a r a m e t e r s  o f  a -u r a n iu m  a r e  
approxim ately e q u a l  t o  t h o s e  o f  z i n c .  I t  i s  t h e r e ­
fore to  be e x p e c t e d  t h a t  t h e  num ber o f  U m a t r i c e s  
defining tw in  modes i n  t h e  c«p*h# h e x a g o n a l  l a t t i c e s  
will be o f  t h e  same o r d e r  a s  i n  a -u r a n iu m  f o r  g< 1 # 
However, t h e  a d d i t i o n a l  sym m etry  o f  t h e  h e x a g o n a l  
l a t t ic e  i m p l i e s  t h a t  t h e  t o t a l  num ber o f  n o n - c r y  s t a l l -  
^g raph ica lly  e q u i v a l e n t  t w i n  modes d e te r m in e d  w i l l  b e  
considerably  r e d u c e d #  A lso  a s  we a r e  h e r e  i n t e r e s t e d  
I11 l a t t i c e s  w i t h  a  r a n g e  o f  a x i a l  r a t i o s , a d d i t i o n a l  
(°Uo) m a t r i c e s  h a v e  t o  b e  c o n s id e r e d #
The tw in  modes p r e d i c t e d  u s i n g  t h e  a n a l y s i s  o f  
chapter A a r e  p r e s e n t e d  i n  t a b l e  5 « 1 0 . The p lo .ce  o f  a  
fwin in  th e  t a b l e  i s  g i v e n  i n  t h e  f i r s t  co lum n , end th e
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a = 1 and m = 2 hexagonal twin modes with' g<^l for axial ratios in the 
range 1.5(>f('l.9. The irrational elements denoted by inverted commas are 
aPproximatecl by l e t t i n g ^ / 3 .  A further approximation has been made 
111 cases where indices greater than 100 arise. The irrational elements are
n n  -i vi f f l h l a  q I P .............................._ ...........................  .....
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twin e le m e n ts  and  m a g n i tu d e  o f  s h e a r  a s  i n d i c a t e d #  The 
i r r a t i o n a l  e le m e n t s  d e n o te d  by  i n v e r t e d  commas, and
O
approximated b y  l e t t i n g  S r  -  8 / 3  a r e  g i v e n  i n  f u l l  i n
table 5*12# I n  t a b l e s  5*10 and 5 .1 2  t h e  i n d i c e s  o f  t w in
d ire c t io n s  and p l a n e s  a r e  r e f e r r e d  t o  t h e  f o u r  a x i s  
('n.a's
reference  b a s i s  v * T h is  i s  b e c a u s e  t h e  c r y s t a l l o g r a p h i c
equivalence o f  t w i n  modes i s  n o t  n o r m a l ly  b r o u g h t  o u t  
when th e  o r t h o h e x a g o n a l  b a s i s  i s  u s e d .  T hese  H i l l e r -  
Bravais i n d i c e s  w e re  o b t a i n e d  from  t h e  o r th o h e x a g o n a l  
indices u s i n g  e q u a t i o n s  g i v e n  b y  C ro c k e r
The U m a t r i c e s  d e f i n i n g  t h e  t w i n  modes o f  t a b l e  
5*10 a re  g iv e n  i n  t a b l e  5 * 1 1 .  They a r e  i n  co lum ns h e ad e d  
by the number g i v i n g  t h e  p l a n e  o f  t h e  t w i n  d e f i n e d  by 
these m a t r i c e s  i n  t a b l e  5 * 1 0 .  The U m a t r i c e s  w i t h  
a s te r isk s  a r e  t h o s e  w h ic h  do n o t  d e f i n e  a -u r a n iu m  tw in  
nodes w ith  g< 1 * Thus modes 1 5 ,  16 and  18 c o u ld  n o t  have  
teen o b ta in e d  f ro m  t h e  a - u r a n iu m  r e s u l t s #
Only e i g h t e e n  c . p . h .  t w i n  modes w i t h  s h e a r s  < 1 and 
having n  = 1 o r  m = 2 a r e  p r e d i c t e d ,  com pared  w i th  f i f t y  
0I1e in  a - u r a n iu m .  . A l l  modes o f  t a b l e  5*10 a r e  o f  t h e  
conventional t y p e .  E le v e n  o f  them  a r e  compound, f o u r  
^  Type I ,  and  t h r e e  h  a.ve t h r e e  r a t i o n a l  e l e m e n t s ,  
fourteen o f  t h e s e  modes h a v e  b e e n  g iv e n  b e f o r e ^ ^ , and  a r e
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TABLE 5*11
N 1 2 3 4 5 6
t! 2121
4 .2 7
2121
2 .1
1321
4 .3 1
1221
4 .3 5
2121
1 .3
1212
4 .2 0
TJ 1512
1-1
1212
4 , 1
1212
4 . 7
1212
2 ,1
3232
2 . 5
3212
4 . 2
u 2112
4 .2 1
3131
2 . 2
2121
4 ,1 2
3232
2 .1 6
3131
2 ,1 6
N 7 7 7 8 8 9
U 2325
1 .3
3123 
2 .2 1
2332
2 . 6
2321
2 .1 0
1212
4 , 6
1221
4 .3 3
U 1212
4*3
2312
2 .2 0
1221
4 . ^ 4
1221
4 . 6
1212
4 .1 2
u 1212
4*54
5223
2 .7
i Z.
2123
4 .j?< r
2121
4 . 6
1213
2 .9
N 10 11 12 13 14 15
U 1212
1 .4
1212
2 .1 8
3232
2 .1 6
1313
1 .3
1212
4*26
2131
2 .3 3 *
tr 1212
4 ,1 3
1212
4 .2 3
1312
1 .4
2323
2 . 4
3212
1 .1 *
1212
2*22*
IT 2121
4 .1 3
2121
2 .3 *
2323
2 .1 5 *
N. 16 17 17 18
u 2121
4.45*
3232
2 .3 1
2312
4 .3 0 *
2312
4 .2 *
u 2131
2 .9
2321
4 .3 0 *
u 3121
4,.^n* !
ft m a t r i c e s  w h ic h  d e f i n e  t h e  t w i n  modes o f  t a b l e
5,10. jtgi a s t e r i s k  i n d i c a t e s  a  U m a t r i x  w hich  does  n o t  
j " -— ^ £ £ a r  i n  t a b l e  5 . 6 . __________________ J------------------ —
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TABLE 5 .1 2 .
N
3 V
K *2°
< 4 ^2 - 4 5 ,  4&2 + 9 ,  3 6 -8 o 2 , 8 1 -1 2 S 2 > 
^ 2 - 5 , 2 ,  i - f - ,  7~33'2 }
6 T ( i !
^ 2 :
■ < - 4 ^ - 8 1 , 20jf2 - 8 1 ,  1 6 2 -1 6 ^ 2 , 8 1 "1 2 ^ 2 > 
[ - 2 ,  >f2 - l ,  3 - ^ ,  3 - ^
8 V < - 8 ^  -  1 8 ,2 8 # 2 + 9 , 9~20£2 , 108 >
10 V < - 2 ^ 2 -  1 8 ,  7b/2+ 9 ,  9 - 5 ^ 2 , 54 >
12
IC2
< 2^2 - 3 6 ,  2 ^ + 1 8 ,  1 8 - 4 ^ 2 , 27 " 3 £ 2 > 
^ / 2 - 4 ,  4 ,  - y 2 , 8-22f2Jr
17 ■V < - & t 2 ~ 1 6 2 ,  28#2 + 8 1 ,  8 1 -2 0 ^ 2 ,3 2 4  >
18
____
V
K2
< 3 - 4 ^ 2 , 3+4'(f2 , “ 6 ,  9 ~ ^ 2 >
{ 3 + 5 f2 5 - 6 ,  3 - y 2 , ~ 9+3)f2j>
®te general ex p ress io n  fo r  th e  ir r a t io n a l  elem ents 
of twin modes g iv en  in  ta b le  5 -1 0 .
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pu b lish ed  i n  a  r e c e n t  r e v i e w  b y  C h r i s t i a n ^ }  How ever, 
modes 9» I S ,  1?  and  18 w h ic h  h a v e  n o t  b e e n  g iv e n  b e f o r e ,  
have l a r g e  s h e a r s  com pared  w i t h  known o p e r a t i v e  m odes.
They a r e  t h e r e f o r e  u n l i k e l y  t o  e x p l a i n  t h e  anomoAous 
modes o f  t h e  c . p . h *  m e ta l s *  A c o m p a r is o n  o f  e x p e r im e n ­
ta l  r e s u l t s  w i t h  t h e  p r e d i c t e d  modes o f  t a b l e  5*10 i s  
made in j^ 5 * 3 * 5 *
An i n t e r e s t i n g  f e a t u r e  o f  t h e  r e s u l t s  f o r  c .p .h *  
metals i s  t h a t  no  n o n ~ c o n v e n t io n a l  modes a r e  p r e d i c t e d .
This i s  i n  m arked  c o n t r a s t  w i t h  t h e  r e s u l t s  f o r  a -u r a n iu m .  
The d i f f e r e n c e  a r i s e s  b e e a u s e  f o r  t h e  hexagonaJL l a t t i c e s  
( s i / a 2 ) 2 -  ^  -  ^ 3  an(i t h e r e f o r e  oc-uranium modes 5 ~ 12 
of t a b l e  5*8 becom e o f  c o n v e n t i o n a l  ty p e *  Of t h e s e  m odes ,
? ** 12 hav e  t h r e e  r a t i o n a l  e le m e n t s  and  modes 5 and  6 a r e  
compound when ( a p / a 2 ) 2 = V p  . A lso  t h e  s q u a r e  r o o t  t e rm s  
which a r i s e  i n  t h e  i n d i c e s  o f  modes 1 ~ 4  o f  t a b l e  5*8 
become r a t i o n a l  when ( a ^ / a 2 )^  = ^ 3 *  Thus t h e  U m a t r i c e s  
defin ing  t h e s e  modes r e s u l t  i n  c o n v e n t i o n a l  hexagonaA m odes, 
but c la n s  3 )  modes i n  t h e  c u b i c  and  o r th o rh o m b ic  l a t t i c e s .  
However, t h e  f a c t  t h a t  a l l  n o n ~ c o n v e n t io n a l  a -u r a n iu m  
modes o f  t a b l e  5*8 becom e c o n v e n t i o n a l  c .p .h *  modes i s  
°uly a c o n se q u e n c e  o f  t h e  m v a l u e s  and s h e a r s  c o n s i d e r e d ,  
i s  n o t  on i n h e r e n t  f e a t u r e  o f  t h e  h e x a g o n a l  l a t u i c e s * .
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Mode 7 o f  t a b l e  5*10 i s  a s s o c i a t e d  w i th  n i n e  
degenera te  a ~ u ra n iu m  t w i n s , t h e  l a r g e s t  n u m b e r ' in '  
the p r e s e n t  a p p l i c a t i o n .  S i x  o f  t h e s e  a r e  o f  t h e  n o n -  
conv en tion a l ' t y p e d  The c o r r e s p o n d i n g  n i n e  U m a t r i c e s  
which a r e  g i v e n  i n  t a b l e  5 . 1 1 ,  a r e  o f  c o u r s e  c r y s t a l l o -  
g ra p h ic a l ly  e q u i v a l e n t  when r e f e r r e d  t o  t h e  p r i m i t i v e  
hexagonal l a t t i c e  b a s i s .
The modes 7 and  8 o f  t a b l e  5»8 a l s o  become 
c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t .  T h is  i s  t o  b e  e x p e c te d  
as th e  U m a t r i x  d e f i n i n g  mode 8 i s  t h e  i n v e r s e  o f  t h e  
matrix d e f i n i n g  mode 7* Thus when t h e  two modes become 
conventional f o r  t h e  c . p . h .  t h e y  m u s t  b e  c r y s t a l o g r a p h -  
ic a l ly  e q u i v a l e n t .  They  do i n  f a c t  d e f i n e  mode 8 o f  
table 5*10. I n  a d d i t i o n  two f u r t h e r  U m a t r i c e s  d e f i n e  
th is same m ode. S i m i l a r  r e s u l t s  a r e  o b t a i n e d  f o r  t h e  
pairs o f  m a t r i c e s  d e f i n i n g  mode 9 and  1 0 ,  and modes 11 
nnd 12 o f  t a b l e  5«8* T h ese  r e s u l t s  a r e  i n t e r e s t i n g ,  as 
they mean i t  i s  p o s s i b l e  t o  d e te r m in e  a l l  c . p . h .  a. = 1 
and m s g tw in  m o d es ,  i n  t h e  r a n g e  c o n s i d e r e d ,  from  
conventional a - u r a n iu m  t w i n  j&o&es. T h is  r e s u l t  i s  n o t  
general how ever a s  n o n - c o n v e n t i o n a l  m = 4  c # p # h . tw in  
nodes e x i s t ,  w h ich  c a n  n o t  b e  d e te r m in e d  i n  t h i s  way.
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F r a n k ^ ^  p r e d i c t e d  some o f  t h e  o p e r a t i v e  
a-uranium t w i n  modes b y  t a k i n g  d i f f e r e n t  c r y s t a l l o -  
graphic v a r i a n t s  o f  z in c  t w i n  modes and lo w e r in g  t h e  
symmetry t o  o r t h o r h o m b i c * T h is  ap p ro a ch "  i s  t h e r e f o r e  
the o p p o s i t e  t o  t h a t  d e s c r i b e d  a b o v e .  To e n s u r e  t h a t  
all modes a r e  d e t e r m i n e d  i n  a n  a n a l y s i s  o f  F r a n k ’ s t y p e ,  
i t  i s  n e c e s s a r y  t o  c o n s i d e r  p o s s i b l e  t w i n  p l a n e s  w h ich  
could a r i s e  f ro m  m i r r o r  p l a n e s  on lo w e r i n g  t h e  sym m etry 
of the  l a t t i c e .  H ow ever, o n ly  c o n v e n t i o n a l  modes c a n  be  
determined i n  t h i s  way* F r a n k ' s  a p p ro a c h  i s  i n  f a c t  
analogous t o  t h a t  u s e d  i n  t h e  p r e s e n t  a p p l i c a t i o n  w here  
two s e t s  o f  U m a t r i c e s  a r e  used*. The f i r s t  s e t  d e f i n e  
twin modes w i th  s m a l l  s h e a r s  i n  t h e  l a t t i c e  o f  h ig h  symmetry 
try*, th e  s e c o n d  s e t  d e f i n e  d e g e n e r a t e  modes w i th  z e r o  s h e a r s .  
By our g e n e r a l  d e f i n i t i o n  o f  a  tw i n n in g  s h e a r  t h i s  
technique g i v e s  a l l  modes d e t e r m i n e d  b y  t h a t  o f  F ra n k  
together w i th  n o n - c o n v e n t i o n a l  modes*
I l lu s t r a t iv e  examples o f t h is  techn ique are obtained
from the r e s u lt s  o f  t h i s  s e c t io n , £> 5*2*3 and ^  5 *3*2* I n
““3212Particular th ree  v a r ia n ts  o f  b^ , 2 m atrices b ^ ^  ’
d e f i n e  t w i n  modes w i t h  s m a l l  s h e a r s  i n  t h e  
te trag ona l l a t t i c e s ,  S i m i l a r l y ,  t h r e e  v a r i a n t s  o f  b ^ #2 ’ 
m a t r ic e s  b oxi& b ^ S P  d e f i n e  tw in  modes w i t h
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small s h e a r s  i n  a -u ra n iu m *  An exam ple  r e l e v a n t  t o  
reducing t h e  symmetry from  h e x a g o n a l  t o  o r th o r h o m b ic ,  
and n o t  c u b ic  t o  t e t r a g o n a l  o r  o r th o rh o m b ic  &s a b o v e ,  
is g iven  b y  t h e  U m a t r i c e s  d e f i n i n g  mode 7 o f  t a b l e  5 .1 0 ,
The n in e  U m a t r i c e s ,  w h ic h  a r e  l i s t e d  i n  t a b l e  5 .1 1 ,  d e f i n e  
c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  v a r i a n t s  o f  t h i s  mode, 
whereas t h e y  d e f i n e  n i n e  n o n - c r y s t a l l o g r a p h i c a l l y  e q u i ­
valent modes i n  o r th o rh o m b ic *  S i x  o f  t h e s e  modes a r e  o f
—2323the n o n - c o n v e n t io n a l  ty p e *  F i n a l l y ,  t h e  m a t r i x  ^2*8 
defines a  d e g e n e r a t e  c . p . h .  mode w i t h  z e r o  s h e a r ,  w he reas  
i t  d e f in e s  t h e  (1 3 0 )  o p e r a t i v e  tw i n  mode i n  oc-uranium.
Thus, t h e  r e l a t i o n s h i p  b e tw e e n  t h e  tw o modes d e f i n e d  by  
this one U m a t r i x  i s  e q u i v a l e n t  t o  t h e  (1 3 0 )  p l a n e ,  w hich  •
is a m i r r o r  p l a n e  i n  t h e  h e x a g o n a l  l a t t i c e ,  becom ing  a
possib le  t w i n  p l a n e  i n  t h e  o r th o rh o m b ic  l a t t i c e .
The modes 5 and  13 o f  t a b l e  5*10 a r e  d e f i n e d  b y  
the m a t r ic e s  and  r e s p e c t i v e l y .  T hese  U
Matrices a l s o  d e f i n e  t h e  a - u r a n iu m  modes 20 and 36 o f  
table 5 .6 .  I n  ^  5*3*2 modes 20 and  36 o f  t a b l e  5*6 w ere  
used to  i l l u s t r a t e  r e l a t i o n s h i p s  2 and  3 o f §  4 .4-. I t  i s  
th e re fo re  t o  b e  e x p e c t e d  t h a t  t h e  m a g n i tu d e s  o f  s h e a r  o f  
aodes 5 and 13  o f  t a b l e  5 .1 0  s a t i s f y  r e l a t i o n s h i p  4  o f
^ 4 . 4 .  At f i r s t  s i g h t  i t  w ou ld  a p p e a r  t h a t  t h i s  i s  n o t  so
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To show t h a t  t h e  r e l a t i o n s h i p  d o es  h o ld  i t  i s  n e c e s s a r y
to  c o n s i d e r  t h e  g e n e r a l  e x p r e s s i o n s  f o r  t h e  s h e a r s  o f  t h e s e
two modes* U s in g  e q u a t i o n  (4.24- ) f o r  modes 5 and 13 we
have g'h = ^ / 4 . x  ( & q/ + a ^ / a ^ )  and g'b = -^A-
2 2 2(a^ /a-^ + .a ^  / a g 2 )  r e s p e c t i v e l y .  The l a t t e r  e x p r e s s io n  
2f o r  g i s  o b t a i n e d  f ro m  t h e  fo rm e r  b y  r e p l a c i n g  d i r e c t
l a t t i c e  p a r a m e t e r s  b y  r e c i p r o c a l  l a t t i c e  p a r a m e t e r s ,
“ 1 —~T h e re fo re  t h e  m a g n i tu d e  o f  t h e  s h e a r s  g =0T and g = 3 2cf 
of modes 3 and  13 r e s p e c t i v e l y  s a t i s f y  r e l a t i o n s h i p  4  o f  
§ 4 . 4 .
’5*5. Com parison  o f  E x p e r i m e n t a l  R e s u l t s  w i t h  
P r e d i c t e d  M odes.
The t w i n  p l a n e s  w h ich  h a v e  b e e n  o b s e rv e d  i n  t h e  
c lo s e  p a c k e d  h e x a g o n a l  m e t a l s  a r e  l i s t e d  i n  t a b l e  
5 .1 3 .  I n  c a s e s  w h e re  t h e  f u l l  t w i n  e le m e n ts  o f  t h e  
tw in  mode d e s c r i b i n g  t h e  h a b i t  p l a n e  h a v e  b e e n  d e t e r ­
mined on t h e  b a s i s  o f  e x p e r i m e n t a l  r e s u l t s ,  t h e s e  
e l e m e n t s , t h e  m a g n i tu d e  o f  t h e  s h e a r  and  t h e  & v a lu e  
a re  g iv e n  i n  t h e  co lum ns i n d i c a t e d  b y  t h e  f i r s t  row 
of t h e  t a b l e .  C o m p ariso n  o f  t h e  h a b i t  p l a n e s  and 
modes o f  t a b l e  3 ,1 3  w i t h  t h e  modes o f  t a b l e  3*10
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TABLE 5 , 1 3 .
If % K2
*
/y*i
(1
f ■_ 
1 2
-
s
i
m !
1. L1 0  r  2 ] o H < 1  0  T  T > < 1  0  T  1 > : ( ^ 2 - 3 ) / 3 % . 2
2, l i o n ) o H <1 o n > < 3  0  I  2 > ( 4 ^ 2 - 9 ) / 4 . 3 V 4
3. ( i l 2  i\
1 °  0  0  4
< 1  1  2 1[> <1 1- 2  0 > f t 1
4. { l  1 2 2*j [ l  1  5  ? l < 1  1  5  3 > <2  2  5  3 > 3
5. ( i  o  I  3V
6. '{ 3  o  5  $
7 . ' { i  o I  $
8. {i o  i  n
9 . { l  1 2  3<j i 1
^ i t  p l a n e s  o f  t w i n s  o b s e r v e d  i n  t h e  c l o s e  p a c k e d  
hexagonal m e t a l s .
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shows t h a t  o n ly  t w o ,o f  t h e  t h e o r e t i c a l l y  p r e d i c t e d
modes c o r r e s p o n d  t o  t h e  e x p e r i m e n t a l l y  d e te r m in e d
twin e l e m e n t s ,  w h i l e  mode 13 o f  t a b l e  5 .1 0  may
e x p la in  t h e  o b s e r v e d  1 0 .1 4 -^  h a b i t .  T h ere  a r e
e ig h te e n  t w i n  modes i n  t a b l e  5*10 w i th  m = 1 o r  2
2 )and g < 1 com pared  w i t h  e l e v e n  g i v e n  b y  C ro c k e r  J
O')
which a r e  i n c l u d e d  i n  t h e  r e c e n t  r e v i e w  b y  C h r i s t i a n * '  
However, t h e  t w i n  p l a n e s  o f  t h e s e  new modes do n o t  
co rrespond  t o  t h o s e  o f  t h e  o b s e r v e d  h a b i t  p l a n e s ,  and 
with t h e  e x c e p t i o n  o f  mode 9 w ould  n o t  be  e x p e c te d  t o  
be o p e r a t i v e  b e c a u s e  o f  t h e i r  l a r g e  s h e a r s .
Both  t w i n  p l a n e s  o f  n o d e s  2 and 4- o f  t a b l e  5*13 
have b e en  o b s e r v e d ^ \  T h ese  n o d e s  a r e  t h o u g h t  t o  b e  
o p e ra t iv e  b e c a u s e  o f  t h e i r  s m a l l  s h e a r s  and  t h e  
r e l a t i v e l y  s im p le  s h u f f l e  m echan ism s r e q u i r e d  t o  r e s ­
to re  t h e  l a t t i c e  c o m p l e t e l y  i n  a  t w i n  o r i e n t a t i o n ,  
ihe complex s h u f f l e s  u s u a l l y  a s s o c i a t e d  w i th  m = 3 
and m « 4- modes a r e  c o n s i d e r a b l y  s i m p l i f i e d  i n  t h e s e  
cases b e c a u s e  i n  t h e  f o r m e r  t h e  m o t i f  u n i t  c a n  b e  
chosen t o  be  i n  t h e  p l a n e  o f  s h e a r  w h i l e  i n  t h e  l a t t e r  
^t can b e  c h o s e n  t o  b e  i n  t h e  t w i n  p l a n e .  These 
ftodes w ere n o t  p r e d i c t e d  i n  t h e  p r e s e n t  a n a l y s i s  
because t h e  m v a l u e s  a r e  g r e a t e r  t h a n  tw o .
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Other modes w h ic h  c o u ld  d e s c r i b e  t h e  h a b i t s  ^  I C l l ^  , 
| l 0 1 3 y  and  ^ 1 1 2 2 ^  a r e  m o d e s - 3 ,6  and 12 o f  t a b l e  
5.10 r e s p e c t i v e l y .  T h ese  modes hav e  m = 2 b u t  t h e  
m agnitude o f  s h e a r  i n  e a c h  c a s e  i s  c o n s i d e r a b l y  
l a r g e r  t h a n  t h a t  f o r  t h e  c o r r e s p o n d i n g  m o d e s . o f  
ta b le  5• 13* Modes 1 and 5 o f  t a b l e  5 .1 0  a r e  t h e  o n ly  
modes p r e d i c t e d  i n  t h i s  a n a l y s i s  w h ich  d e s c r i b e  
o p e ra t iv e  h a b i t  p l a n e s .  The ^ 1 0 1 2 ^  tw in  p l a n e  i s  
well e s t a b l i s h e d  and  i s  fo u n d  t o  be  o p e r a t i v e  i n  m ost 
c .p .h .  m e t a l s  and i n  many c .p* h .,  a l l o y s .  Mode 1 o f  
ta b le  5 d e s c r i b e s  t h i s  t w i n  p l a n e  and  h a s  a  c o n s i d e r ­
ably s m a l l e r  s h e a r  t h a n  t h e  o t h e r  .n = 1 and  m = 2 
modes f o r  X  ~ 1*3 t o  1*9* R e e d - E i l l ^ ^  h a s  r e c e n t l y
determ ined  t h e  f u l l  t w i n  e le m e n t s  o f  t h e  £ 1 1 2 l \
■ ■ w J
twins i n  Z irc o n iu m  by  an  a n a l y s i s  o f  g r a i n  b o u n d a ry
r o t a t i o n s  r e s u l t i n g  f ro m  i n t e r s e c t i o n s  w i th  ^ 1 1 2 ]^
tw ins. The t w i n n i n g  s h e a r  was d e te r m in e d  t o  be 0*63
and im p l i e s  t h a t  t h e  ^1 1 2 l |~  t w i n  p l a n e  i s  d e s c r i b e d
by mode 5 o f  t a b l e  5 * 1 0 . T h is  r e s u l t  i n d i c a t e s  t h a t
the m ag n itu d e  o f  t h e  t w i n n i n g  s h e a r  g iv e n  by  
d 69}^apperport  a s 0 .2 3  i s  i n c o r r e c t ,  and  t h a t  t h e  d o u b le  
twinning ■ m echan ism  s u g g e s t e d  b y  C r o c k e r " ^  a s  a 
Possib le  way o f  a c c o u n t i n g  ■ f o r  t h e  s m a l l  s h e a r  v a lu e  
ts not o p e r a t i v e .  The r e s u l t s  o f  R e e d - H i l l ^ ^
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are s i g n i f i c a n t  i n  t h a t  t h e y  show t h a t  tw in s  w i th  l a r g e  
shears c an  a r i s e  i n  c . p . h .  m a t e r i a l s  end c o n f i rm  t h e  
re s u l ts  o b t a i n e d  by  S o k u r s k i i  and
Protsenko8 8 ^ .
F u r t h e r  r e c e n t  work o f  p a r t i c u l a r  i n t e r e s t  i s  
that by Y o s h in a g a  and  H o r i u c h i 8 ^  on t h e  d e f o r m a t io n  
of magnesium s i n g l e  c r y s t a l s  c o m p re sse d  i n  a d i r e c t i o n  
p a ra l le l  t o  t h e  h e x a d  a x i s .  At room t e m p e r a t u r e  and 
at a slow s t r a i n  r a t e  t h e  p r e d o m in a n t  h a b i t  was 
reported t o  b e  |1 0 1 5 j -  - No e s t i m a t i o n  o f  t h e  magni­
tude of t h e  s h e a r  i s  g i v e n ,  b u t  i t  i s  s t a t e d  t h a t  
the i n d ic e s  a r e  m ore i n  k e e p i n g  w i t h  -^1015 j  t h a n  ^
|lO lij*  . I n f r e q u e n t  tv / i n n in g  on a  p l a n e  n e a r  ^1-014^ 
in magnesium a t  h i g h  s t r a i n  r a t e s  h a s  a l s o  b e e n  r e p o r t e d  
by R e ed -H il l  and R o b e r t s o n 6 8 ^. At p r e s e n t  t h e  o n ly  {
pred ic ted  mode w h ic h  c o u ld  p o s s i b l y  e x p l a i n  t h e  -T 1 0 l 5 j  
\ f
0;r ^1014-^ h a b i t s  i s  mode 13 o f  t a b l e  5* 1 0 , w hich  h a s
a la rge  s h e a r  b u t  r e l a t i v e l y  s im p le  s h u f f l e  m echan ism .
Yoshinaga and H o r i u c h i  a l s o  r e p o r t e d  t h a t  a t  h ig h  ^
tem peratures and a t  a  low  s t r a i n  r a t e  - ^ 1 0 1 1 ^ ) ^ 3 0 3 ^
^nd I 1013 \  t w i n s  w ere  p r e d o m in a n t  w h i l e  o n ly  a  v e r y  
V *  ^ «
snail number o f  *-|l0T5^ h a b i t s  w ere  o b s e r v e d .
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At h igh  s t r a i n  r a t e s  and  a t  room t e m p e r a t u r e  «^11^4j 
twinning was p r e d o m in a n t  w h i l e  a t  h i g h  s t r a i n  r a t e s  
and a t  h ig h  t e m p e r a t u r e s  J^lOTl^ and  4 tw in s
were p re d o m in a n t  a T w in n in g  o n  t h e  ^ IOT5J* p l a n e s  
was no t o b s e r v e d  o v e r  t h e  w ho le  t e m p e r a t u r e  r a n g e  
at h igh  s t r a i n  r a t e s .  B e s i d e s  t h e  d e t e r m i n a t i o n  o f  
the ^1015 j  t w i n  p l a n e s , w h ich  a s  w i t h  t h e  11^3^ 
twins8<^  h av e  y e t  t o  b e  e x p l a i n e d ,  t h e s e  w o rk e rs  h av e  
confirmed t h e  r e s u l t s  o f  R e e d - H i l l ^ 8  ^ and C o u l in g  and 
Roberts^1  ^ a s  t o  t h e  o c c u r e n c e  o f  t h e  u n u s u a l  4  ^3034-J 
and ^10l3^g h a b i t  p l a n e s .  . The l a t t e r  h a b i t  p l a n e s  
are a s s o c i a t e d  w i t h  t h e  phenom ena o f  d o u b le  tw in n in g  
which i s  d i s c u s s e d  i n  d e t a i l  i n  c h a p t e r  6 .  The work 
of Xoshinaga and  H o r i u c h i 0 ^  c l e a r l y  i l l u s t r a t e s  t h e  
d iv e rs i ty  o f  d e f o r m a t i o n  tw i n n in g  i n  t h e  c . p . h .  m e ta l s  
under d i f f e r e n t  e x p e r i m e n t a l  c o n d i t i o n s .  I t  i s  e v id e n t  
from t h e i r  r e s u l t s  t h a t  p u r e l y  g e o m e t r i c a l  c r i t e r i a  
not s u f f i c i e n t  f o r  t h e  p r e d i c t i o n  o f  t h e  o p e r a t i v e  
Ndn modes i n  c . p . h .  m e t a l s ,  b u t  w i t h i n  v e r y  w ide 
limits can  be  u s e d  a s  a  g u id e  f o r  t h e  p r e d i c t i o n  o f  
likely o p e r a t i v e  t w i n  m odes .
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5-4 The R hom bohedra l C r y s t a l  S y s te m ,
5,4 ,1 .I n t r o d u c t i o n .
M e rcu ry  i s  t h e  o n l y  low  sym m etry  m e ta l  b u i l t  
up on a  s i n g l e  l a t t i c e ,  t h e  o t h e r  rh o m b o h e d ra l  
m e t a l s ,  a r s e n i c ,  b i s m u th  and a n tim o n y  h a v in g  s t r u c ­
t u r e s  b u i l t  up  on two i n t e r p e n e t r a t i n g  l a t t i c e s .
The t w in  mode f o r  d e s c r i b i n g  t h e  o p e r a t i v e  t w i n  p l a n e s
f o r  t h e s e  t h r e e  d o u b le  l a t t i c e  s t r u c t u r e s  i s  w e l l  
6e s t a b l i s h e d  J * The t w i n n in g  e le m e n ts  o f  t h i s  mode a r e
p i o l  <001> I 001^  <110>,
where t h e  i n d i c e s  a r e  g i v e n  r e l a t i v e  t o  t h e  f a c e -  
c e n t r e d  rh o m b o h e d ra l  c e l l .  The mode i s  p r e d i c t e d  
by t h e  l e a s t  s h e a r  and  s im p le  s h u f f l e  h y p o th e s i s *
The o p e r a t i v e  t w i n  p l a n e  i s  a lw ay s  r e p o r t e d  t o  be  ■
I 110)  and n e v e r  -^001^ * C r o c k e r ^ ,  a n a ly s e d  t h e  
s h u f f l e s  a s s o c i a t e d  w i t h  t w i n n i n g  on t h e s e  two p l a n e s ,  
&&d showed t h a t  a lm o s t  n e g l i g i b l e  s h u f f l e s  a r e  in v o lv e d
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for t h e  Type I I  o r i e n t a t i o n  r e l a t i o n s h i p s  f o r  t w i n ­
ning on ^ 1 1 0 ^  . T h is  i n d i c a t e s  why h 10}  end
not ^OCl)j s h o u ld  be  t h e  o p e r a t i v e  tw in  p la n e *
The d e s i g n a t i o n  o f  a  t w i n  node  t o  t h e  o p e r a t i v e  tw in  
plane i n  m e rc u ry  i s  n o t  so  s t r a i g h t f o r w a r d *  T h is  
sec tion , and t h e  tw o f o l l o w i n g  s e c t i o n s  w i l l  t h e r e ­
fore be p r i m a r i l y  c o n c e rn e d  w i t h  t h e  t h e o r e t i c s l
p r e d i c t i o n  o f  r a e re u ry  t w i n  modes and a  d e s c r i p t i o n
31)of some r e c e n t  e x p e r i m e n t a l  work on t h i s  m e ta l
Andrade and  H u tc h in g s ^ 0  ^ r e p o r t e d  tw in n in g  o n ly  
on the  p l a n e s  i n  m e r c u r y .  T h is  i s  anoma­
lous as b o th  £00lV and { 1 1 0 }  a r e  o f  e q u a l  im p o r t ­
ance as t w in  p l a n e s  , b e c a u s e  no s h u f f l e s  one i n v o l ­
ved, The same w o r k e r s  r e p o r t e d  ^001^ s l i p ,  b u t  
th is  was q u e s t i o n e d  b y  F i s h e r ^   ^ who c la im e d  t h a t  
th e i r  r e s u l t s  c o u ld  e q u a l l y  w e l l  be  i n t e r p r e t e d  as
s l i p .  E x t e n s i v e  i n v e s t i g a t i o n s  on t h e  deform- 
ation modes and  c r y s t a l  g e o m e try  h a v e  r e c e n t l y  b e en  
ca rr ied  out^*^ ^ } T h ese  r e s u l t s  e s t a b l i s h e d  t h a t  
the o p e r a t iv e  s l i p  s y s te m  i s  { i n }  and  n o t  ^ 1 0 (J  
^t has a l s o  b e e n  shown t h a t  t h e  p r e d o m in a n t  o p e r a t i v e  
twin p la n e  i n  m e r c u ry  i s  n o t  ^ 0 0 1 ^  o r  *^110^  , b u t
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3 1 )a p l a n e ^  J d e s c r i b e d  by  a  t w i n  mode w h ich  was p r e d i c t e d  
by t h e  a u t h o r  b e f o r e  t h e  e x p e r i m e n t a l  r e s i i l t s  w ere  e s t ­
a b l i s h e d .  The r e s u l t s  o f  t h e  t h e o r e t i c a l  a n a l y s i s  a r e  
p r e s e n t e d  i n  5 * 4 ,2  and  c o m p a r is o n  o f  t h e s e  w i t h  
e x p e r i m e n t a l l y  o b s e r v e d  tw i n s  made i n  ^ > 5 .4 .3 .
.2, M ercury R e s u l t s .
As w i t h  t h e  a p p l i c a t i o n  o f  t h e  a n a l y s i s  o f  
C h ap te r  4  t o  o t h e r  l a t t i c e s , t h e  m ethod  d e s c r i b e d  i n  
^ 5 - 2 . 1 .  i s  u s e d  f o r  d e t e r m i n i n g  m e rc u ry  tw in  m odes,
The p o s s i b l e  n o n - c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  U 
m a t r ic e s  d e r i v e d  f ro m  one U m a t r i x  a r e  g i v e n  i n  
t a b l e  4 . 4 ,  T h e re  a r e  a d v a n ta g e s  i n  u s i n g  b o t h  p r im ­
i t i v e  and  f a c e - c e n t r e d  c e l l s  f o r  d e t e r m i n i n g  tw in  
modes i n  m e r c u r y .  U s in g  t h e  p r i m i t i v e  c e l l  o n ly  
m -  1 U m a t r i c e s  n e e d  be  c o n s i d e r e d  f o r  no s h u f f l e  
modes. I f  a  f a c e - c e n t r e d  rh o m b o h e d ra l  c e l l  i s  used*  
v a r i a n t s  o f  b o t h  m = 1 and  m = 2 U m a t r i c e s  may d e f i n e  
p o s s i b l e  m = 1 f a c e  c e n t r e d  n o d e s .  H ow ever, a s  t h e  
m ercury f a c e  c e n t r e d  c e l l  i s  o n ly  a  s l i g h t l y  d i s t o r t e d  
c e l l ,  o n ly  a  s m a l l  r a n g e  o f  U m a t r i c e s  n eed  be
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c o n s id e r e d  i n  t h i s  l a t t e r  c a s e .  The u s e  o f  two 
d i f f e r e n t  c e l l s  p r o v i d e s  a  c o n v e n i e n t  way o f  c h e c k ­
in g  r e s u l t s .  I n  a d d i t i o n  some i n t e r e s t i n g  f e a t u r e s  
a r i s e  f ro m  a  c o m p a r is o n  o f  t h e  two s e t s  o f  r e s u l t s .
The a x i a l  a n g l e s  o f  t h e  f a c e  c e n t r e d  and p r im -
f /  ;
i t i ^ e  c e l l s  a r e  98 22 and 70 44*6 r e s p e c t i v e l y .
The r e s u l t s  o b t a i n e d  u s i n g  t h e  p r i m i t i v e  c e l l  a r e  
p r e s e n t e d  i n  t a b l e s  5 * 14  and 5 . 1 5 .  The m' 1  modes 
w ith  s h e a r s  < 1 a r e  g i v e n  i n  t a b l e  5 .1 4 ,  w here  c^ 
i s  e q u a l  t o  t h e  c o s i n e  o f  t h e  a x i a l  a n g le  o f  t h e  
p r i m i t i v e  c e l l .  The m -  2 c o n v e n t i o n a l  and n o n ­
convent i o n a l  t w i n  modes w i t h  s m a l l e s t  s h e a r s  a r e  g iv e n  
in  t a b l e  5 . 1 5 .  The c o r r e s p o n d i n g  r e s u l t s  o b t a i n e d  
u s in g  t h e  f a c e  c e n t r e d  c e l l  a r e  p r e s e n t e d . i n  t a b l e s
5 .16  and  5 . 1 7 .  I n  t h i s  c a s e  C2 i s  e q u a l  t o  t h e  
c o s in e  o f  t h e  so c ia l  a n g l e  o f  t h e  f a c e - c e n t r e d  c e l l .
I n  b o t h  s e t s  o f  r e s u l t s  t h e  U m a t r i c e s  d e f i n i n g  
tw in  modes a r e  g i v e n  i n  t h e  s e c o n d  colum n o f  t h e  
t a b l e s ,  and  t h e  t w i n  e le m e n t s  and  m a g n i tu d e s  o f  s h e a r  
us i n d i c a t e d .  The p l a c e  o f  a  t w i n  mode i n  a  t a b l e  i s  
g iven  by  t h e  num ber N i n  t h e  f i r s t  co lum n .
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TABLE 5.15.
K U K1 4 l K2 ^ 2 S
i t f l
u2 ,5 i1 2 2] <5 1 1> j r ° ° l <C 1 1> ;oo7
2 ^332 ,11 | l , - 2 0 +/
( c i - l ) , l j
< 1 ,4-fT/ 
( 3 c 1 ~ l ) ,1>
{ l , - 2 0 “ /
( C i - l ) , ^
< 1 ,4 P +/
( 3 ^ - 1 ) , 1>
3 2 ,12 i ? +/2
( l - 2 c , ) ,  
1 ,1 }
<2g / ( l - c 1 ) , 
1»1>
k  / 2
(1 -2 C ,) ,  
1 ,1 }
< 2 ^ V ( l “ c 1 ) , 
1 ,1 >
.453
..........
The m = 2 con ven tion a l and non~conventional mercury tw in modes 
with the sm a lle s t  sh ears 0— = } l  “ 2 c + (13c2 -  12c-^+3)2/2 ^  
£ = | l  -  3c1 + (1 3 c2 -  12c1 + 3 )^ j
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TABLE 5»17«
N U Ei h i K2 ^ . 2 g
i
% ~2 { 3 1 1 } < 2 H > {1 1 l \ <2 1 1> 0,007
2 ^ 2 < 3 ,2 V ~ ,3 > < 3 ,2<f+ ,3> 0 .4 5 3
3 ^ 2 < 2 6 "  - , 3 ,3 :
1
< 2 6 + 3 ,3> 
...... ................-■■
0 .4 5 3
i, , ,..........
The m = 2 c o n v e n t i o n a l  and  n o n - c o n v e n t i o n a l  m e rc u ry  tw in  
inodes w i th  s m a l l e s t  s h e a r s , ,  o  ~  = ^ ( - 1 +9 0 2 ) + 2 ( 5 7 c 2 ^ + 6 c 2 + l ) 2 
/(1+7o2 ) .  6± =  ^ - (1 + 1 5 o 2 ) + 2 (57c22+ 6 o 2 + 1 ) ^  j- /  ( c 2 ~ l ) .
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Below each  i r r a t i o n a l  e le m e n t  i n  t a b l e  5 .1 6  i s  g iv e n  
the a p p ro x im a te  r a t i o n a l  e le m e n t s  o b t a i n e d  b y  p a t t i n g  
Og * ~ V 7 .  D i s c u s s i o n ,  u n l e s s  s t a t e d  o t h e r w i s e ,w i l l  
be r e s t r i c t e d  t o  i n d i c e s  r e f e r r e d  t o  t h e  f a c e  c e n t r e d  
cell.
F ive  no s h u f f l e  t w i n  modes w i t h  s h e a r s  < 1 a r e  
given f o r  m e r c u r y .  A l l  o f  t h e s e  modes a r e  o f  t h e  
conventional t y p e ,  no  m = 1 n o n - c o n v e n t i o n a l  modes w i th  
shears < 1 b e i n g  p r e d i c t e d .  Of t h e  f i v e  c o n v e n t io n a l  
nodes of t a b l e  5 . 1 6 ,  modes 1 , 3  >4 a n d  5 h av e  b e e n  g iv e n  
b e fo re * ^ .  Mode 1 h a s  b e e n  d i s c u s s e d  i n  d e t a i l  b y  p r e ­
vious w o rk e rs  ^ , and  b y  t h e  o r i g i n a l  h y p o t h e s i s  
would be e x p e c te d  t o  b e  t h e  o p e r a t i v e  mode. The s u r ­
prising r e s u l t  o f  t h i s  a n a l y s i s  i s  t h e  o c c u re n c e  o f  
&ode 2 ,  w h ich  a f t e r  mode 1 i s  t h e  n e x t  l i k e l y  
operative mode. T h is  i s  a  t y p e  I  m ode, and h a s  a  
\  plane w hich  i s  t h e  o p e r a t i v e  s l i p  p l a n e  and 
^  i r r a t i o n a l  p l a n e  n e a r  . Modes 3 and 5
are Type I  w h i l e  mode 4- i s  com pound. B ecause  o f  t h e
sh e a rs  o f  t h e s e  t h r e e  modes i t  i s  u n l i k e l y  t h a t  
"kbey would be  o p e r a t i v e .
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Mode 1 o f  t a b l e  5*1? i s  t h e  m = 2 c o n v e n t io n a l  
node w ith  s m a l l e s t  s h e a r .  The s h e a r  i s  much s m a l l e r  ■ 
than t h a t  o f  mode 1 o f  t a b l e  5 . 1 6 ,  b u t  w ould n o t  be  
expected t o  o p e r a t e  i n  p r a c t i c e  due  t o  t h e  l a r g e  
shuffles i n v o l v e d .  Modes 2 and  3 o f  t a b l e  5 .1 7  a r e  
the n o n - c o n v e n t io n a l  modes w i t h  s m a l l e s t  s h e a r s .  The 
nagnitude o f  t h e  s h e a r s  o f  t h e s e  modes i s  t h e  same 
because t h e  U m a t r i x  d e f i n i n g  mode 3 i s  t h e  i n v e r s e  
of th a t  d e f i n i n g  mode 2 .  One o f  t h e  modes g i v e s  t h e  
twin e le m e n ts  r e l a t i v e  t o  t h e  p a r e n t  b a s i s ,  and t h e  
other r e l a t i v e  t o  t h e  t w i n  b a s i s *  B o th  modes hav e  
four i r r a t i o n a l  e l e m e n t s  and  a r e  t h e r e f o r e  o f  c l a s s  3 ) .  
As with mode 1 o f  t a b l e  5 .1 7  i t  i s  t h o u g h t  u n l i k e l y  
that th e s e  modes c o u ld  b e  o p e r a t i v e  b e c a u s e  o f  t h e  
large s h u f f l e s  i n v o l v e d .
The f . c . c .  m odes c o r r e s p o n d i n g  t o  t h o s e  o f  
baoles 5*16 and  5 .1 7  may b e  o b t a i n e d  by  p u t t i n g  
c2 a .°- Mode 1 o f  t a b l e  5 .1 6  d e g e n e r a t e s  t o  a  mode 
with zero s h e a r .  Thus i n  a d d i t i o n  t o  t h e  exam ples 
given in  ^ 5 . 3 .4  t h i s  i s  a  f u r t h e r  i l l u s t r a t i o n  o f  
^ U a rd s  law . Modes 2 and  5 become t h e  o p e r a t i v e
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f .c .c .  tw in  mode when o,  ^ = o ,  and  hav e  e le m e n ts
— Xid en tica l  t o  t h o s e  o f  mode 3 w i t h  s h e a r s  e q u a l  t o  2 n  
This i s  t h e r e f o r e  a  f u r t h e r  exam ple  o f  a  m u l t i p l i c i t y  
of U m a t r i c e s  d e r i v e d  fro m  t h e  same U m a t r i x ,  d e f i n i n g  
several n o n - c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  modes w i th  
small s h e a r s .  Mode 3 becom es t h e  c u b ic  mode w i t h  t h e  
seme i n d i c e s  and  a  s h e a r  o f  2 ^ p Mode 4  i s  p a r t i c u l ­
arly i n t e r e s t i n g  a s  i t  becom es a  c l a s s  1)A mode when 
C2 = o. T h a t  i s  , f o r  a  Type I  o r i e n t a t i o n  r e l a t i o n ­
ship, tw in n in g  on t h e  p l a n e  w ould  r e q u i r e  a  f r a c t i o n  
^3  of t h e  l a t t i c e  p o i n t s  t o  s h u f f l e .  H ow ever, i t  i s  
possible t o  c h o o s e  a  Type I  o r i e n t a t i o n  r e l a t i o n s h i p  
such t h a t  no s h u f f l e s  a r e  r e q u i r e d .
K ih o ^  i n  h i s  a n a l y s i s  o f  tw i n  modes i n  m e rc u ry  
missed modes 2 , 3 , 4  and  3 o f  t a b l e  3 . 1 6 .  H ow ever, he  
did. p r e d i c t  a  mode w i t h  e l e m e n t s .
{ 3 1 1 ]  <147> I 1 1 1 }  <101>
a4i sh ear  g = 1 * 4 9 .  T h is  i s  a  compound mode b u t  i s  
c la ss  1 )A . The p r o p e r t i e s  o f  t h i s  mode a r e  t h e  same
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as th o se  d e s c r i b e d  f o r  t h e  f . c . c .  node  c o r r e s p o n d in g  
to mode 4 .  I t  i s  d e f i n e d  b y  a v a r i a n t  o f  ^ 2 * 6 ’ an<3- 
is t h e r e f o r e  c l o s e l y  r e l a t e d  t o  mode 4 ,  t h e  two b e in g  
c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  when = o .
Mode 1 o f  t a b l e  5 .1 7  h a s  e le m e n t s  in d e p e n d e n t  
of c0 and i s  t h e r e f o r e  a  mode w i t h  t h e  same i n d i c e sc.
but w ith  g = 8 ^  when -  o* Modes 2 and 3 o f  t a b l e
5.17 become compound c u b ic  modes when C£ = o even  
though t h e y  a r e  c l a s s  3 )  rh o m b o h e d ra l  tw in  m odes.
This r e s u l t  i s  i n  k e e p i n g  w i th  t h e  r e s u l t s  o f  c h a p t e r  
3? in  t h a t  d e f i n e s  a  c o n v e n t i o n a l  compound mode
in the c u b ic  l a t t i c e s .  I n  t h e  rh o m b o h e d ra l  l a t t i c e s  
and i t s  i n v e r s e  b ^ g  a r e  n o ^ c r y s t a l l c g r a p h i c a l l y  
eiu iv a le n t  and t h e r e f o r e  d e f i n e  n o n - c o n v e n t i o n a l  m odes.
T ab les  5 .1 4  and 5 .1 5  d e s c r i b e  t h e  same modes 
^  U m a t r i c e s  a s  t a b l e s  5 .1 6  and  5 .1 7  b u t  r e f e r r e d  
the p r i m i t i v e  r a t h e r  t h a n  t h e  f a . c e - c e n t r e d  rhom bo- 
hctral c e l l .  C o m p ar iso n  o f  t h e  two s e t s  o f  r e s u l t s  
snows t h a t  some i n t e r e s t i n g  r e l a t i o n s h i p s  e x i s t  b e tw ee n  
d if fe ren t  modes and  U m a t r i c e s , ,  P o r  e x am p le ,  mode 5 
ta b le  5 .1 4  and  mode 3 o f  t a b l e  5 .1 6  a r e  b o t h
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defined by  v a r i a n t s  o f  t h e  m a t r i x  T h is  a r i s e s
because Up.c^ i s  an  m = 1 U m a t r i x  f o r  b o th  p r i m i t i v e  
and face  c e n t r e d  l a t t i c e s ,  b u t  i t  i s  c o i n c i d e n t a l  t h a t  
the m agnitude  o f  t h e  s h e a r  i n  b o t h  c a s e s  < 1 .  I'he 
U m atrices o f  t a b l e s  5 -1 6  and  5 -1 7  may b e  o b t a i n e d  
from th o se  o f  t a b l e s  5 - I d  and 5 -1 5  by  u s i n g  e q u a t i o n  
(244 )* The i n d i c e s  o f  t w i n  p l a n e s  and  d i r e c t i o n s  
m one s e t  o f  t a b l e s  may b e / o b t a i n e d  from  t h o s e  o f  
the o ther  as  f o l l o w s .  I f  t h e  i n d i c e s  o f  d i r e c t i o n s  
referred t h e  p r i m i t i v e  and  f a c e  c e n t r e d  c e l l s  a r e  
^  and 2 1 r e s p e c t i v e l y ,  t h e n
= ^  2^ w h e re  = i  | l  0 if. ( 5 - 2 )
d d 1 1 0|! t
Similarly, i f  t h e  M i l l e r  i n d i c e s  o f  p l a n e s  r e f e r r e d  
to p r i m i t i v e  and  f a c e  c e n t r e d  c e l l s  a r e  m^ and 
\  R e s p e c t iv e ly ,  t h e n
(5«3)
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Using t h e s e  r e l a t i o n s h i p s , - i t  c a n  be  shown t h a t  a l l  
elements o f  t a b l e  5 .1 6  and  5 .1 7  5 w i th  t h e  e x c e p t i o n  
of the i r r a t i o n a l  e l e m e n t s ,  c a n  b e  o b t a i n e d  from  
tables 5.14- and  5 . 1 5 .  The i r r a t i o n a l  e le m e n ts  can  
be shown t o  b e  e q u i v a l e n t  o n l y  when t h e  c o r r e c t  
values o f  c^  and C2 a r e  u s e d .  The r e l a t i o n  b e tw e e n  
the a x ia l  a n g le s  o f  p r i m i t i v e  and f a c e  c e n t r e d  c e l l s ,
0^  and a 2 r e s p e c t i v e l y ,  i s  g i v e n  by
1 -  co s  0^ =  ^ ( l - c o s j ^ ) (1 + cos^ p  (5 .4-)
Simple c u b ic  t w i n  modes c a n  be  o b t a i n e d  from  . 
those of t a b l e  5 .1 5  b y  p u t t i n g  c-  ^ = 0 * N ote  t h a t  
those a re  m = 1 s i m p le  c u b ic  t w i n  modes and  n o t  
11 a 1 f  . c . c *  modes a s  o b t a i n e d  b y  p u t t i n g  C2 = 0 
111 bable 5 .1 7  a s  d i s c u s s e d  e a r l i e r .  The c u b ic  modes 
obtained from  t h e  two s e t s  o f  r e s u l t s  w i l l  n o t  t h e r e -” 
fore be th e  sam e. T h is  d i f f e r e n c e  i s  i l l u s t r a t e d  
In f o l lo w in g  e x a m p le .  The modes 2 and 5 o f  
table 5 .15  d e f i n e  n o n - c o n v e n t i o n a l  modes i n  s im p le  
cubic l a t t i c e s  when = 0 , w h e re a s  t h e  c o r r e s p o n d in g  
2 and 3 o f  t a b l e  5 .1 7  d e f i n e  c o n v e n t i o n a l
faC‘C. modes when C2 = o .  T h is  w ould  a t  f i r s t  a p p e a r
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to be an ano m aly  b e c a u s e  a l l  f o u r  m a t r i c e s  d e s c r i b e  
no n -co nven tiona l  rh o m b o h e d ra l  t w i n  m odes. How ever, 
as e x p la in e d  e a r l i e r ,  t o  o b t a i n  c o r r e s p o n d i n g  c u b ic  
modes m ust  e q u a l  i  and  C2 m u st  e q u a l  z e ro *  The 
indices o f  t h e  e l e m e n t s  o f  modes 2 and  3 o f  t a b l e s  
5.15 and 5 .1 7  a r e  t h e n  r a t i o n a l ,  and r e l a t e d  by  
equations (3 * 2 )  and  ( 5 * 3 ) .
The modes g i v e n  i n  t a b l e  5*17 a r e  t h e  m = 2. 
conventional and  n o n - c o n v e n t i o n a l  modes w i t h  
smallest s h e a r s *  An i n t e r e s t i n g  f e a t u r e  o f  t h e  
other m = 2 c o n v e n t i o n a l  m o d es ,  w i t h  s h e a r s  < 1 
which were d e t e r m i n e d ,  i s  t h a t  a  l a r g e  p e r c e n t a g e  
(about one t h i r d )  o f  t h e  non-com pound modes h a v e  
only one i r r a t i o n a l  e l e m e n t ,  t h e  i r r a t i o n a l  e le m e n t  
being e i t h e r  a  p l a n e  o r  a  d i r e c t i o n ,  The r e a s o n  
th i s  i s  d e p e n d e n t  on t h e  f a c t  t h a t  i n  t h e  
^bombohedral l a t t i c e s  t h e  [ l l l l  d i r e c t i o n  and 
S e c t i o n s  c o n t a i n e d  i n  t h e  (1 1 1 )  p l a n e  a r e  p e r -  
pondicular t o  p l a n e s  w i t h  t h e  same i n d i c e s .  Thus 
whenever a  t w i n  p l a n e  had  a  ©orm&X w h ich  i s  c o n t a in e d  
ln the ( i n ) p l a n e  o r  w h e n e v e r  a  t w i n  d i r e c t i o n  i s  
co&tained i n  t h e  (1 1 1 )  p l a n e  t h e  d e g e n a r i c e s  d i s c u s s e d  
i  2 f o r  c o n v e n t i o n a l  t w i n  modes a r i s e .
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5A . 3 . C om parison  o f  E x p e r im e n ta l  R e s u l t s  w i th  P r e d i c t e d  
Modes*
The o n ly  e x p e r i m e n t a l  r e s u l t s  t o  hav e  b e e n
p u b l i s h e d  on d e f o r m a t i o n  tw i n n in g  i n  m e rc u ry  a r e
( ^ 6 )t h o s e  o f  .Andrade an d  H u t c h i n g s w  , w here  t h e
r  j
o p e r a t i v e  h a b i t  p l a n e  was r e p o r t e d  t o  be  ^ O l l j  .
From p u r e l y  g e o m e t r i c a l  g ro u n d s  t h i s  i s  t h e  e x p e c te d  
h a b i t  a s  i t  i s  d e s c r i b e d  by  mode 1 o f  t a b l e  5*16 
w hich h a s  t h e  s m a l l e s t  s h e a r  c o n s i s t e n t  w i th  no 
s h u f f l e s *  U n l ik e  t h e  t w i n  modes d e s c r i b i n g  t h e  h a b i t  
p l a n e s  o f  o t h e r  m e t a l s  b a s e d ,  on s i n g l e  l a t t i c e  
s t r u c t u r e s ,  t h e  t w i n  p l a n e s  a s s o c i a t e d  w i t h  t h i s  
mode a r e  n o t  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t *  The 
? 011 |' and  IjLOOj a r e  b o t h  o f  e q u a l  im p o r ta n c e  as  
tw in  p la n .e s  b e c a u s e  no s h u f f l e s  a r e  i n v o l v e d ,  and
? it h e r e  i s  t h e r e f o r e  a n  an o m a ly  i n  t h a t  o n ly  ^ O l l j  
sh o u ld  b e  r e p o r t e d  t o  b e  an  o p e r a t i v e  h a b i t  p l a n e ,  
Jaswon and D o v e ^ ^  s u g g e s t e d  t h a t  -[lOO^ d i d  n o t  
o p e ra te  b e c a u s e  i t  was r e p o r t e d  t o  be  t h e  o p e r a t i v e  
s l i p  p la n e *  T h is  s u g g e s t i o n  i s  how ever no l o n g e r  
v a l i d  a s  t h e  o p e r a t i v e  s l i p  p l a n e  i s  now known t o  
be { i l l }  and  n o t  4 1 0 o }  . I n  any  c a s e  s l i p  and
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twinning b o t h  o c c u r  on t h e  p l a n e s  i n  f , c „ c „
metals* The f a c t  t h a t  t h e  i n d i c e s  g i v e n  by  A ndrade 
and H u tc h in g s  f o r  t h e  o p e r a t i v e  s l i p s  sy s te m  o f  n e r -
(?>i )cury a r e  i n c o r r e c t 5 prcjfpted C ro c k e r  e t . a l i ^  ' t o  
red e te rm ine  t h e  i n d i c e s  o f  t h e  h a b i t  p l a n e ,  A 
single  s u r f a c e  a n a l y s i s  was u s e d  and  i n c o r p o r a t e d  
some o f  t h e  t e c h n i q u e s  d e s c r i b e d  i n  P a r t  I I  o f  t h i s  
th e s i s .  The s u r p r i s i n g  c o n c l u s i o n  o f  t h e  a n a l y s i s  was 
that t h e  o p e r a t i v e  t w i n  p l a n e  i s  an  i r r a t i o n a l  p l a n e
near -^1 3 5 j  ? and  n o t  ^ 1 0 0 ^  o r  ^ p i l ^  « -^n
to th e  h a b i t  p l a n e  b e i n g  n e a r  t o  t h e  p l a n e
of mode 2 o f  t a b l e  5*16 t h e  m a g n i tu d e  o f  t h e  s u r f a c e
shear o b s e rv e d  i s  a l s o  c o n s i s t e n t  w i th  t h e  m a g n i tu d e  
of sh e a r  o f  t h i s  m ode. T hese  r e s u l t s  t h e r e f o r e  
e s ta b l is h  t h a t - t h e  mode d e s c r i b i n g  t h e  o p e r a t i v e  
twinning p l a n e  i n  m e r c u ry  i s  i n  f a c t  mode 2 o f  t a b l e  
5*16, The e x p e r i m e n t a l  r e s u l t s  h a v e  s i n c e  b e e n  c o n ­
firmed by  u s i n g  c o n v e n t i o n a l  X ~ray  and two s u r f a c e  
t e c h n i q u e s I n  a l l .  t h e  p r e l i m i n a r y  e x p e r im e n ts  
twinning 011 t h e  ^ l l l i  p l a n e  w h ic h  i s  r e c i p r o c a l  t o
\ / t. J
tho ^1 3 3  ^ ? an(3_ on ^ 1 0 0  ^ and  ^ 011  ^ p la n e s
w&s not o b s e r v e d .  The r e a s o n  t h a t  t w in n in g  on t h e  
Reciprocal p l a n e  t o  was no^ r e P o r ^ e^-’ even
though from  g e o m e tr ic a l  grounds i t  has eq u al im portance  
as a tw in n in g  p la n e ,  may be due to  th e  f a c t  th a t  i t  i s  
the o p e r a t iv e  s l i p  p la n e  and th e  co rr esp o n d in g  tw in n in g  
d irec tio n  i s  a p p r o x im a te ly  p a r a l l e l  t o  th e  p r e d ic te d  
slip  d i r e c t io n .
mercury tw in  mode a re  a s fcllox\rs* F ir s t  i t  i s  n o t  
the tw in  mode w ith  th e  s m a l le s t  sh e a r  c o n s i s t e n t  w ith  
no s h u f f l e s ,  as i s  u s u a l  f o r  modes d e s c r ib in g  op era -  
tive h a b it  p la n e s  i n  m e ta ls  b a sed  on a s i n g l e  l a t t i c e  
stru ctu re. S e c o n d ly , t h i s  i s  t h e  f i r s t  exam ple o f  
a type I I  tw in  t o  be r e p o r te d  in  a m eta l w ith  a s i n g le  
la t t ic e  s t r u c t u r e .  The o n ly  o th e r  w e l l  e s t a b l i s h e d  
type I I  tw in s  o b ser v ed  i n  m e ta ls  are  th o s e  r e p o r te d  by  
C a im a n and L loyd  and C h is w ic k ^ 8  ^ f o r  tw in n in g  in  
a"ureaiium. The pred om in an t h a b it  p la n e  i n  a-uranium  
is however d e s c r ib e d  by a compound n o d e , and th u s  
mercury i s  u n iq u e  as a m e ta l i n  t h a t  i t  has a p re~  
dominant i r r a t i o n a l  tw in  p la n e .  T hese new exper"  
inental r e s u l t s  im p ly  t h a t  th e  p u r e ly  g e o m e tr ic a l  
c r iter ia  fo r  p r e d ic t in g  o p e r a t iv e  tw in  p la n e s  do n o t  
N ecessarily  h o ld  f o r  m e ta ls  w ith  s i n g l e  l a t t i c e  
stru ctu res» H ow ever, b e c a u se  o f  th e  r e a so n s  g iv e n
The u n u su a l a s p e c t s  a s s o c ia t e d  w ith
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below t h i s  p a r t i c u l a r  exam ple  o f  t w in n in g  i n  m e rc u ry  
may p ro v id e  a  u s e f u l  b a s i s  f o r  t h e  e s t a b l i s h m e n t  o f  
more d e f i n i t e  c r i t e r i a  f o r  t h e  p r e d i c t i o n  o f  o p e r a t i v e
V , ?
twin modes* F i r s t ,  t h e  ^ 1 3  m e rc u r y  and | l l l j  
f , c , c .  o p e r a t i v e  h a b i t  p l a n e s  a r e  c l o s e l y  r e l a t e d  
because t h e y  a r e  d e s c r i b e d  b y  modes d e f i n e d  by  t h e  
same U m a t r i x .  S e c o n d ly ,  a n y  t h e o r e t i c a l  a n a l y s i s  
which.is c o n c e rn e d  w i t h  a  c r y s t a l  l a t t i c e  b a s i s  w h ich  
is not o r t h o g o n a l ,  a s  i n  t h e  c a s e  o f  m e r c u ry ,  d o es  n o t  
have i n h e r e n t  d e g e n e r a c i e s  a s s o c i a t e d  w i t h  i t .  On 
the o th e r  h a n d ,  t h e  f a c t  t h a t  m e r c u r y  h a s  a  s i n g l e  
l a t t i c e  and n o t  a  d o u b le  l a t t i c e  s t r u c t u r e  m eans t h a t  
the e f f e c t  o f  s h u f f l e s  e n c o u n t e r e d  i n  t h e  l a t t e r  
s t ru c tu re  do n o t  h a v e  t o  be  c o n s i d e r e d .  F i n a l l y ,  
there i s  t h e  p o s s i b i l i t y  t h a t  m ore u s e f u l  i n f o r m a t i o n ,  
such as t h e  g e o m e try  o f  t w i n  i n t e r s e c t i o n s ,  may be 
obtained from  f u r t h e r  e x p e r im e n t s  on t h i s  i n t e r e s t i n g  
metal. The e x p e r i m e n t a l  r e s u l t s  d i s c u s s e d  above 
ind icate  t h a t  t h e  c r i t e r i a  f o r  p r e d i c t i n g  tw in  p l a n e s  
one not as r i g i d  a s  once  t h o u g h t .  H ow ever, i t  i s  t o  
be noted t h a t ,  b y  u s i n g  t h e  c r i t e r i a  t h a t  o p e r a t i v e  
twin p la n e s  a r e  d e s c r i b e d  b y  modes w i t h  s m a l l  s h e a r s  
an(t a s n a i l  f r a c t i o n  o f  s h u f f l e s ,  t h e  a u th o r  -was a b l e  
*" t t a  \ T 3  B * .  b e f o r e  tb e  i M i c e e  o f
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the o p e r a t i v e  t w i n  p l a n e  o f  m e rc u ry  w ere  d e te r m in e d  
e x p e r im e n ta l ly ,
In  t h e  p r e c e e d i n g  s e c t i o n s  o f  t h i s  c h a p t e r  t h e  
r e s u l ts  and d i s c u s s i o n  o f  t h e  a p p l i c a t i o n  o f  t h e  g e n e r a l  
ana lysis  o f  c a h p t e r  4  t o  t w i n n i n g  i n  t h e  t e t r a g o n a l ,  
orthorhombic and  rh o m b o h e d ra l  l a t t i c e s  w ere  p r e s e n t e d .
Twin modes o f  t h e  n o n ~ c o n v e n t io n a l  t y p e  h a v e  b e e n  
p red ic te d  f o r  a l l  t h e  l a t t i c e s  c o n s i d e r e d .  The r e l a ­
t io n sh ip s  d e r i v e d  i n  c h a p t e r  4 ,  w h ich  e x i s t  b e tw e e n  
twin modes d e f i n e d  b y  m a t r i c e s  r e l a t e d  b y  s im p le  
matrix o p e r a t i o n s ,  h a v e  b e e n  i l l u s t r a t e d  b y  r e f e r ­
ence to  t h e  e l e m e n t s , m a g n i tu d e s  o f  s h e a r ,  and m v a lu e s  
b o th  c o n v e n t i o n a l  and  n o n - c o n v e n t i o n a l  t w i n  m odes, 
$>3*4,2 a  c o n v e n t i o n a l  t y p e  I I  mode w h ich  d e s c r ib e s ,  
the r e c e n t l y  o b s e r v e d  i r r a t i o n a l  h a b i t  p l a n e  i n  m e rc u ry  
was p r e s e n t e d  f o r  t h e  f i r s t  t i m e .  Some new h e x a g o n a l  
twin modes w i t h  m = 2 and  g < 1 h a v e  a l s o  b e e n  d e te r m in e d  
these modes h o w e v e r  do n o t  e x p l a i n  any  o f  t h e  anom alous 
habit p l a n e s  o b s e r v e d  i n  t h e  c . p . h .  m e t a l s .
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Some g e n e r a l  c o n c l u s i o n s  o f  t h e  a p p l i c a t i o n  
of b o th  t h e  c u b ic  and  g e n e r a l  a n a l y s e s  t o  tw in n in g  i n  
the B ra v a i s  l a t t i c e s  w i l l  be  p r e s e n t e d  i n  c h a p t e r  6 .  
In a d d i t i o n ,  e x t e n s i o n s  o f  t h e  d e f i n i t i o n s  o f  t h e  
c r y s t a l lo g r a p h y  o f  d e f o r m a t i o n  tw i n n in g  w hich  a r i s e  
as a c o n se q u e n c e  o f  t h e  r e s u l t s  p r e s e n t e d  i n  t h i s  
t h e s i s ,  and p o s s i b l e  e x t e n s i o n s  t o  t h e  a n a l y s e s  o f  
chapters  2 and  4 ,  w i t h  p a r t i c u l a r  r e f e r e n c e  t o  t h e  
c r y s t a l lo g r a p h y  o f  d o u b le  t w i n n in g  , w i l l  a l s o  be 
d iscu ssed .
Chapter 6 . D i s c u s s i o n ,
6*1 I n t r o d u c t i o n .
The p r e c e e d i n g  c h a p t e r s  o f  t h i s  t h e s i s  h av e  b e e n  
devoted t o  t h e  , f o r m u l a t i o n , d e r i v a t i o n  and  a p p l i c a t i o n  o f  
a new t h e o r y  o f  t h e  c r y s t a l l o g r a p h y  o f  d e f o r m a t i o n  tw in n ­
ing, The t h e o r y  d i f f e r s  f ro m  p r e v i o u s  t r e a t m e n t s  i n  t h a t  
the o r i e n t a t i o n  r e l a t i o n s h i p s  b e tw e e n  t w in  and p a r e n t  
l a t t i c e s  i s  n o t  r e s t r i c t e d  t o  t h o s e  o f  t h e  c o n v e n t io n a l  
types* T h is  g e n e r a l i s a t i o n  h a s  r e s u l t e d  i n  t h e  d e t e r m i n ­
ation o f  t w i n  modes o f  n o n - c o n v e n t i o n a l  t y p e s  and h a s  shown 
that more g e n e r a l  r e l a t i o n s h i p s  e x i s t  b e tw e e n  d i f f e r e n t  
twin modes t h a n  h a d  b e e n  r e p o r t e d  p r e v i o u s l y .  A d i s c u s s i o n  
of th e  d e f i n i t i o n s  o f  d e f o r m a t i o n  t w i n n in g  i n  t h e  l i g h t  
of th e s e  r e l a t i o n s h i p s  and  t h e  e x i s t e n c e  o f  n o n - c o n v e n t io n a l  
twin modes i s  p r e s e n t e d  i n  ^ 6 . 2 .  P o s s i b l e  e x t e n s i o n s  t o  
the a n a l y s i s . a r e  f o r e s e e n  and t h e s e  a r e  d i s c u s s e d  b r i e f l y  
^  §  6 , 3 .  An e x c e p t i o n  i s  t h e  a p p l i c a t i o n  o f  t h e  new 
ana ly s i s  t o  t h e  t h e o r y  o f  d o u b le  t w i n n i n g .  I t  i s  th o u g h t  
f i t t i n g  t h a t  a  m ore  d e t a i l e d  d e s c r i p t i o n  be g iv e n  i n  t h i s  
case, as i t  was t h e  d i s c o v e r y  o f  t w i n  modes o f  a  n o n -
l
conventional t y p e  by  C r o c k e r ,  i n  a  t h e o r y ' o f  d o u b le  tw in n in g  
that prompted, t h e  p r e s e n t  a n a l y s i s  t o  b e  u n d e r ta k e n *
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F in a l ly ,  i n  t h e  w ork  p r e s e n t e d  i s  sum m arised  and on
assessm ent made o f  i t s  c o n t r i b u t i o n  t o  o u r  u n d e r s t a n d i n g  
of th e  c r y s t a l l o g r a p h y  and t h e  phenom enon o f  d e f o r m a t io n  
twinning*
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5,2 The D e f i n i t i o n  o f  a  D e fo rm a t io n  T w in ,
R e c e n t  t h e o r i e s  o f  t h e  c r y s t a l l o g r a p h y  o f  d e f o r m a t io n  
tw in n in g ^ * ^ ^ ^  h a v e  b e e n  r e s t r i c t e d ,  i n  t h a t  t h e  o n ly  
shears t o  h a v e  b e e n  c o n s i d e r e d  a r e  t h o s e  i n  w hich  a  c e l l  
of th e  p a r e n t  l a t t i c e  s h e a r s  t o  become a  c r y s t a l l o g r a p h i c a l l y  
eq u iv a len t  c e l l  o f  t h e  t w i n .  T h is  r e s t r i c t i o n  i m p l i e s  t h a t  
the e le m e n ts  o f  t w i n  modes h a v e  p a r t i c u l a r  r a t i o n a l  o r  
i r r a t i o n a l  fo rm s  a s  d e s c r i b e d  i n  C h a p te r  1 and c o n s e q u e n t ly  
that t h e  o r i e n t a t i o n  r e l a t i o n s h i p  b e tw e e n  t w i n  and p a r e n t  
is r e s t r i c t e d  t o  an  e le m e n t  o f  sym m etry . The r e s t r i c t i o n s  
described  ab o v e  a r e  e s s e n t i a l l y  t h o s e  a r i s i n g  i n  t h e  e a r l y  
works o f  d o h n s e n ^ ^ \  I n  t h e  r e c e n t  t h e o r i e s  t h e  word c e l l  
is a ls o  t a k e n  t o  i n c l u d e  m u l t i p l y  p r i m i t i v e  c e l l ,  and i t  
is only i n  t h i s  r e s p e c t  t h a t  r e s t r i c t i o n s  on tw in n in g  s h e a r s  
d i f fe r  from  t h o s e  o f  J o h n s e n .  W ith  t h e  a d v e n t  o f  t h e  t h e o r i e s  
°f K iho*^ , Ja sw o n  and  D o v e ^ ) ,  B i l b y  and C ro c k e r^   ^ i t  was 
assumed t h a t  t h e  t h e o r y  o f  t h e  c r y s t a l l o g r a p h y  o f  d e fo rm ­
ation tw in n in g  was c o m p le te  and  q u i t e  g e n e r a l .  However, 
the r e c e n t  d i s c o v e r y  o f  some t w i n  modes o f  a  n o n - c o n v e n t io n a l  
type?) i n d i c a t e d  t h a t  i t  was n e c e s s a r y  t o  g e n e r a l i s e  t h e  
d e f in i t io n s  o f  d e f o r m a t i o n  t w i n n i n g .  The m ost g e n e r a l  
d e f in i t io n  t h a t  i s  c o n s i s t e n t  w i t h  t h e  m a c ro s c o p ic  sh a p e  
deformation and t h e  i d e n t i t y  o f  p a r e n t  and  p r o d u c t  s t r u c t u r e s
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is  t h a t  r e c e n t l y  g i v e n  b y  B i l b y  and  C r o c k e r ^ s  A d e fo rm ­
a tion  tw in  i s  a  r e g i o n  o f  a  c r y s t a l l i n e  body  w h ich  h a s  
undergone a  hom ogeneous s h a p e  d e f o r m a t i o n  i n  su c h  a  way 
that t h e  r e s u l t i n g  p r o d u c t  s t r u c t u r e  i s  i d e n t i c a l  w i th  
that o f  t h e  p a r e n t  b u t  d i f f e r e n t l y  o r i e n t e d *
The a n a l y s i s  o f  t h e  c r y s t a l l o g r a p h y  o f  d e f o r m a t io n  
twinning p r e s e n t e d  i n  t h i s  t h e s i s  i s  b a s e d  on t h e  fo rm -  
i l la tio n  o f  a  t w i n n i n g  s h e a r  w h ich  i s  t h e  m o st g e n e r a l  
c o n s is te n t  w i t h  t h e  d e f i n i t i o n  o f  a  t w i n  g i v e n  a b o v e .
The a n a l y s i s  h a s  b e e n  a p p l i e d  t o  t h e  c u b i c ,  t e t r a g o n a l , o r t h o -  
rhombic , h e x a g o n a l  and  rh o m b o h e d ra l  B r a v a i s  l a t t i c e s » I n  
a ll c a se s  t w i n  modes o f  n o n - c o n v e n t i o n a l  t y p e s  h a v e  b e e n  
determined* E ach  o f  t h e s e  i s  d e f i n e d  b y  a  U m a t r i x  w h ich  i s  
not e q u i v a l e n t  t o  i t s  i n v e r s e  (U E x c e p t i o n s 'd o
arise h o w e v er ,  and  t h e s e  a r e  d e s c r i b e d  f u l l y  i n  t h e  t e x t .  
N on-conven tional modes may a l s o  be  d i s t i n g u i s h e d  from  
conventional modes b y  t h e  d i f f e r e n c e  i n  t h e  r a t i o n a l  and 
i r r a t i o n a l  fo rm s  o f  t h e  t w i n  e l e m e n t s .  T hese  a r e  l i s t e d  i n  
"table 6 ,1  f o r  b o t h  t h e  c o n v e n t i o n a l  and n o n - c o n v e n t io n a l  
"twin modes d e t e r m i n e d  i n  t h e  p r e s e n t  a n a l y s i s .  A b a r  i n  
t a b l e  i n d i c a t e s  an  i r r a t i o n a l  e l e m e n t .  The t y p e s  o f  
conventional t w i n  mode l i s t e d  w ere  d i s c u s s e d  i n  c h a p t e r  1 
in c lu d e  t h o s e  modes w i t h  t h r e e ■r a t i o n a l  e le m e n ts  f i r s t
CONVENTIONAL TWIN'S
COMPOUND TTPE I . TTPE I I .
V 2 V I 2 V  1  2 -* ?. n r
h K2 - \ 2 V  '{?.
h  - V ' i 2
NON-CONVENTION'JO TWINS
¥ 2 ^ 2
_  -  -  -
%- V
-K 2- ^ 2
She d i s t r i b u t i o n s  o f  r a t i o n a l  and  i r r a t i o n a l  t w i n  
elements fo u n d  i n  c o n v e n t i o n a l  and  n o n ~ co nven o ion a . 
twin nodes* I r r a t i o n a l  e le m e n t s  a r e  i n d i c a t e d  by b a r .
-  2 3 9  “*
d e sc r ib e d  i n  d e t a i l  b y  C r o c k e r8 ^ , Twin n o d e s  o f  t h e  n o n -  
c o n v e n t io n a l  t y p e  may h a v e  f o u r  i r r a t i o n a l  e l e m e n t s ,  f o u r  
r a t i o n a l  e l e m e n t s ,  o r  p o s s i b l y  two r a t i o n a l  and two i r r a ­
t io n a l  e l e m e n t s .  I t  i s  t o  b e  n o t e d  t h a t  i n  t h e  l a t t e r  c a s e  
only and T|-j_ o r  a l t e r n a t i v e l y  and. TT^ may ^ e  r a t i o n a l ,  
whereas i n  c o n v e n t i o n a l  modes and o r  K2 a n ( i " ^ l  a r e  
the a s s o c i a t e d  r a t i o n a l  p a i r s .  The c o n v e n t i o n a l  and n o n -  
co n v en tio n a l  modes w i t h  f o u r  r a t i o n a l  e le m e n ts  d i f f e r  i n  t h e  
fo llow ing w ay . I n  n o n - c o n v e n t i o n a l  modes t h e  l a r g e s t  
f r a c t io n  o f  l a t t i c e  p o i n t s  r e s t o r e d  b y  t h e  s h e a r  i n  a 
co n ven tio na l  o r i e n t a t i o n  r e l a t i o n s h i p  i s  l e s s  t h a n  t h e  
f r a c t io n  d e t e r m i n e d  b y  t h e  m v a lu e -  o f  t h e  U m a t r i x  d e f i n i n g  
the tw in  m ode. I n  c o n v e n t i o n a l  modes t h e  f r a c t i o n  o f  l a t t i c e  
points r e s t o r e d  i n  a  c o n v e n t i o n a l  o r i e n t a t i o n  r e l a t i o n s h i p  
must be t h e  same a s  t h a t  d e te r m in e d  b y  t h e  m v a l u e  o f  t h e  
U m a tr ix .  T h u s ,  w h e th e r ,  o r  n o t  a  t w i n  mode i s  c o n v e n t io n a l  
may be o b t a i n e d  b y  e x a m in in g  t h e  v a lu e s *  o f  q and  m a s s o c ­
iated w i th  t h e  t w i n  m ode. The v a l u e s  o f  q d e te r m in e  t h e  
f r a c t io n  o f  l a t t i c e  p o i n t s  r e s t o r e d  i n  c o n v e n t io n a l  
o r ie n ta t io n  r e l a t i o n s h i p s  and  t h e  v a l u e  o f  m t h e  maximum 
f ra c t io n  o f  l a t t i c e  p o i n t s  w h ic h  c an  b e  r e s t o r e d  b y  a  s h e a r .
q u a n t i t i e s  q and  m a r e  d i s c u s s e d  i n  d e t a i l  i n  J ^ l * 2  
and ^  2.4- r e s p e c t i v e l y .
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The c l a s s i f i c a t i o n  o f  c u b ic  t w in  modes d e s c r i b e d  i n
S 3 . 2  a l s o  p r o v i d e s  a  c o n v e n i e n t  way. o f  c l a s s i f y i n g  a l l  0
twin modes d e t e r m i n e d  i n  t h e  p r e s e n t  a n a l y s i s .  The d i f f e r e n t  
c la s se s  o f  mode a r e  d e f i n e d  a s  f o l l o w s .
C lass . 1 )  Type I  and  Type I I  c o n v e n t i o n a l  modes i n c l u d ­
ing compound m o d es . (The f r a c t i o n  o f  l a t t i c e  p o i n t s  r e s t o r e d  
by th e  s h e a r  i n  a  c o n v e n t i o n a l  o r i e n t a t i o n  r e l a t i o n s h i p  m ust 
however be  e q u a l  t o  t h e  f r a c t i o n  d e te r m in e d  b y  i t s  m v a l u e ) .  
The c o n v e n t io n a l  o r i e n t a t i o n  r e l a t i o n s h i p s  o f  a compound 
mode a re  shown s c h e m a t i c a l l y  i n  f i g  6 . 1 a  w here  t h e  p a r e n t  
l a t t i c e  i s  i n d i c a t e d  by  c o n t i n u o u s  l i n e s  and  t h e  t w i n  l a t t i c e  
by b roken  l i n e s .  The b o l d  l i n e s  i n  t h e  d ia g ra m s  r e p r e s e n t  
traces  o f  t h e  -K^ p l a n e s .  The f o u r s  s h e a r s  i l l u s t r a t e d  a r e  
defined by  a  m a t r i x  and  i t s  i n v e r s e .  The f i g u r e  a l s o  shows 
the c r y s t a l l o g r a p h i c  e q u iv a l e n c e  o f  t w i n  e le m e n ts  r e f e r r e d  
to p a re n t  and  t w i n  b a s e s  w h ic h  a r i s e s  when t h e  i n d i c e s  o f  
the s h e a r  p l a n e s  o f  S- and  S2 h a v e  t h e  same fo rm  as t h e  
indices o f  t h e  s h e a r  p l a n e s  o f  an d  S ^ .  C la s s  2 ) .  Modes 
with f o u r  r a t i o n a l  e l e m e n t s  w h ic h  do n o t  obey  t h e  c o n v e n t ­
ional o r i e n t a t i o n  r e l a t i o n s h i p s .  (The modes f a l l i n g  i n t o  
th is  c l a s s  a r e  t h o s e  modes w i t h  f o u r  r a t i o n a l  e le m e n ts  w h ich  
do not f a l l  i n t o  c l a s s  1 ) ) .  A mode o f  t h i s  c l a s s  i s  
i l l u s t r a t e d  s c h e m a t i c a l l y  i n  f i g  6 . 1 b .  The t w i n  p l a n e s  a r e
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r a t i o n a l ?  t h e  o r i e n t a t i o n  r e l a t i o n s h i p s  n o n - c o n v e n t io n a l  
and t h e  t w i n  e le m e n t s  r e f e r r e d  t o  t w in  and  p a r e n t  b a s e s  
are n o t  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t . :
C la s s  3 )#  Modes w i t h  f o u r  i r r a t i o n a l  e l e m e n t s ,  o r  
two i r r a t i o n a l  e le m e n t s  w h ic h  m ust b e  e i t h e r  and ^  ^ o r
t i c a l l y  i n  f i g , 6 . 1 c .  The t w i n  p l a n e s  a r e  i r r a t i o n a l ,  t h e  
o r i e n t a t i o n  r e l a t i o n s h i p  i s  n o n - c o n v e n t i o n a l  and t h e  tw in  
elements r e f e r r e d  t o  t w i n  and  p a r e n t  b a s e s  a r e  n o t  c r y s t a l l -  
a g ra p h ic a l ly  e q u i v a l e n t .
The c l a s s i f i c a t i o n  o f  t w i n  modes d e s c r i b e d  above 
c le a r ly  d i s t i n g u i s h e s  b e tw e e n  t h e  n o n - c o n v e n t i o n a l  modes 
determined u s i n g  t h e  p r e s e n t  a n a l y s i s  and  t w i n  modes o f  t h e  
c o n v en tio n a l  t y p e s .  The c l a s s  1 )  modes a r e  c o n v e n t i o n a l .
Ihe c l a s s  2 )  modes c a n  b e  d e s c r i b e d  b y  c o n v e n t i o n a l  o r i e n t ­
ation r e l a t i o n s h i p s  b u t  a  g r e a t e r  f r a c t i o n  o f  l a t t i c e  p o i n t s  
r e s t o r e d  i f  a  n o n - c o n v e n t i o n a l  o r i e n t a t i o n  r e l a t i o n s h i p  
is a l lo w e d .  The c l a s s  3 )  modes c a n n o t  b e  d e s c r i b e d  by  
conven tiona l o r i e n t a t i o n  r e l a t i o n s h i p s .
In  o r d e r  t h a t  a  t w i n  b e  d e s c r i b e d  i n  f u l l  i t  i s  e v id e n t
—  "I
that t h e  t w i n  e l e m e n t s  d e f i n e d  b y  b o t h  TJ and  U s h o u ld  be  
looted, t h a t  i s ,  t h o s e  r e f e r r e d  t o  t h e  t w i n  b a s i s  a s  w e l l
mode o f  t h i s  c l a s s  i s  i l l u s t r a t e d  sch em a-
-  24-3 ~
as th e  p a r e n t  b a s i s  g i v i n g  e i g h t  e le m e n ts  i n  a l l .  F o r  
d e g e n e ra te  m o d es , c o n v e n t i o n a l  modes o f  c l a s s  1 )  a s  w e l l  
as some modes o f  c l a s s  3 ) ,  w h e re  U cS U 1 o n ly  f o u r  e l e m e n t s ,  
those r e f e r r e d  t o  t h e . p a r e n t  b a s i s ,  n e ed  be  q u o te d .  I t  i s
to be n o t e d  t h a t  f rom  a  p a i r  o f  e le m e n ts  and * ^ 2  arL^
“ 1of th e  t w i n  modes d e f i n e d  by  U and  U i t  i s  p o s s i b l e  t o  
determ ine a l l  t h e  r e m a in i n g  e le m e n t s  o f  t h e s e  m odes.
I n  a d d i t i o n  t o  t h e  r e l a t i o n s h i p  b e tw e e n  t w i n  modes 
defined b y  t h e  m a t r i c e s  U a n d  U t h e  a n a l y s e s  o f  c h a p t e r s
—1 m m
2 and 4- h a v e  show n t h a t  t h e  modes d e f i n e d  b y  (U ) and U 
are a l s o  c l o s e l y  r e l a t e d  t o  t h e  modes d e f i n e d  b y  U and U ^ 
r e s p e c t i v e l y .  T h ese  f e a t u r e s  a r e  c h a r a c t e r i s e d  b y  t h e  
p lea s in g  r e l a t i o n s h i p s  w h ich  e x i s t  b e tw e e n  t h e  i n d i c e s  o f  t h e  
elements o f  t w i n  modes d e f i n e d  b y  s u c h  U m a t r i c e s ,  and a r e  
descr ib ed  i n  d e t a i l  i n  4 .4 - .  The a u t h o r  s u g g e s t s  t h a t  
because o f  t h e s e  s p e c i a l  r e l a t i o n s h i p s  t h e  t w i n  modes d e f i n e d  
by m a t r ic e s  w h ic h  a r e  r e l a t e d  by  t h e  s im p le  m a t r i x  o p e r a t i o n s  
mentioned abov e  s h o u l d  b e  q u o te d  t o g e t h e r .  The 1 x  4  a r r a y  
of th e  f o u r  U m a t r i c e s  U , ! / '3*, (U and  UT may be co n v en ­
ie n t ly  r e p r e s e n t e d  b y  t h e  l e t t e r T h e  s i x t e e n  tw in  
elements a s s o c i a t e d  w i t h  t h e  t w i n  modes d e f i n e d  by  t h e s e  
Matrices c a n  b e  r e p r e s e n t e d  b y  a  4  x  4  a r r a y ,  and we c a n
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w rite  i n  g e n e r a l  t h a t
u ! jKl m i OJ
pH
th 1 h i k2 %
( iT 1)1
„ i
K1 A i e 2 **| 2
UT j E1 l i k2 h a j
"f~ "HThe tw in  e l e m e n t s  o f  t h e  m row o f  t h e  4 x 4  a r r a y  a r e  
those d e f in e d ,  by  t h e  muil U m a t r i x  i n  t h e  1 x  4  a r r a y  o f  
U m a tr ic e s*  A t w i n  mode and  i t s  r e c i p r o c a l  a r e  d e f i n e d  
by th e  same U m a t r i x  and  t h u s  t h e  r e c r i p r o c a l  modes t o  
those g iv e n  i n  t h e  a r r a y  above  may b e  o b t a i n e d  b y  i n t e r ­
changing t h e  f i r s t  and  s e c o n d  co lum ns o f  t h e  a r r a y  w i th  
the t h i r d  and. f o u r t h  co lum ns r e s p e c t iv e ly * ; ; .  A lth o u g h  t h e  
twin e le m e n ts  o f  a  co lum n o f  t h e  4 x 4  a r r a y  a r e  r e p r e s e n ­
ted by t h e  same sym bol t h e y  w i l l  n o t  i n  g e n e r a l  b e  c r y s t a l l '  
o g r a p h ic a l ly  e q u i v a l e n t *  The t w i n  modes d e f i n e d  b y  t h e  
M atrices &2 a 2 |  and  n 2>14  o f  t a b l e  3 . 5  i l l u -
s t r a te  t h e  m ost g e n e r a l  t y p e  o f  a r r a y  p o s s i b l e  i n  t h e  c u b ic
lattices*
-  245 “*
The d e f i n i t i o n  o f  a  d e f o r m a t i o n  t w i n  u s e d  i n  t h e
p resen t  a n a l y s i s  i s  t h e  m o st g e n e r a l  i f  t h e  s h e a r e d  c r y s t a l
is c o n s id e r e d  t o  h a v e  t h e  same s t r u c t u r e  a s  t h a t  o f  t h e
parent* H ow ever, i n  o r d e r e d  s t r u c t u r e s  a  f u r t h e r  g e n e r a l "
is a t  io n  may b e  n e c e s s a r y *  T h u s ,  r e c e n t  i n v e s t i g a t i o n s  o f
the s h e a r  l i k e  p r o c e s s e s  i n  c u b ic  Fe^ Be o r d e r e d  a l l o y s  by
56 bBolling  and  R ichm an  J h a v e  shown t h a t  some o f  t h e  s h e a r s
75')
can be d e s c r i b e d  b y  c o n v e n t i o n a l  t w i n  modes* L a v e s ' - "  h a s  
r e c e n t ly  commented on  t h e  t e r m i n o l o g y  u s e d  by  B o l l i n g  and 
Richman f o r  d e s c r i b i n g  t h e s e  h a b i t s  and  s u g g e s t e d  t h a t  t h e y  
be te rm ed  p s u e d o - t w i n s  and  n o t  tw in s  a s  s u g g e s t e d  by  t h e  
l a t t e r  a u t h o r s .  As i t  i s  l i k e l y  t h a t  h i g h  i n d e x  compound 
Type I I  modes d e s c r i b e d  i n  §  5 - 4  w i l l  e x p l a i n  t h e  anom alous 
' tw in s ' o b s e r v e d  i n  Fe^Be a l l o y s ,  some comment on t h e  
term ino logy  u s e d  i s  r e l e v a n t  h e r e .  The p r e d o m in a n t  s h e a r  
process i n  Fe^Be o r d e r e d  a l l o y s  h a s  a  (1 1 2 )  h a b i t  and  i s  
desc r ib ed  b y  t h e  (1 1 2 )  t w i n  m ode. T h is  s h e a r  d o e s  n o t  how­
ever r e s t o r e  t h e  s t r u c t u t e ,  a l t h o u g h  i f  t h e  I r o n  and B e ry ­
llium atom s a r e  r e p l a c e d  b y  p o i n t s  t h e  r e s u l t i n g  p o i n t  
l a t t i c e  i s  i n  f a c t  r e s t o r e d .  The r e s u l t a n t  s t r u c t u r e  i n  
th is  exam ple i s  o r th o r h o m b ic  F e^B e . The t w i n  modes d e t e r ­
mined i n  t h e  p r e s e n t  a n a l y s i s  h a v e  b e e n  d e te r m in e d  i r r e s ­
pective  o f  t h e  s t r u c t u r e  a s s o c i a t e d  w i t h  t h e  p a r t i c u l a r  
^r avais  l a t t i c e  u n d e r  c o n s i d e r a t i o n  a n d ,  a s  s u c h ,  d e s c r i b e
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any s h e a r  p r o c e s s  w h ic h  i n v o l v e s  t h e  s h e a r  o f  a  p o i n t  
l a t t i c e .  .Thu.s, f o r  t h e  p u r p o s e  o f  d e s c r i b i n g  a l l  p r o c e s s e s  
which r e s u l t  i n  a  s h a p e  d e f o r m a t i o n  w h ich  i s  a  s im p le  s h e a r ,  
in c lu d in g  t h e  s i m p le  e q u i v a l e n t  s h e a r  o f  a  d o u b le  s h e a r  
process ( 6 . 3 *1 ) 9 i t  i s  c o n v e n i e n t  t o  r e f e r  t o  t h e  p r e v i o u ­
sly d e te r m in e d  t w i n  modes a s  s h e a r  m odes . I n  additon,>i<£*
could r e p r e s e n t  t h e  s h e a r  modes d e f i n e d  by  t h e  m a t r i c e s
—1 - p  T T
,(U ) and  U k  The t e r m s  t w i n  and p su e d o ~ tw in  as
suggested b y  L av es  c o u ld  be u s e d  t o  q u a l i f y  t h e  ty p e  o f  
t r a n s fo rm a t io n  w h ic h  h a s  t a k e n  p l a c e .
P°s s i b l e  E x t e n s i o n s  t o  t h e  A n a l y s i s .
Mtl,Double T w in n in g .
The c o n c e p t  o f  d o u b le  t w i n n i n g  was p r o p o s e d  b y  R eed -  
H i l l ^ )  a s  a n  e x p l a n a t i o n  f o r  t h e  t w i n  l i k e  b a r d s  w i t h  
' ^ 3 0 3 4 | 1 and  h a b i t s  o b s e r v e d  i n
Magnesium. T h ese  h a b i t s  c a n n o t  be  d e s c r i b e d  b y  any  o f  t h e  
twin modes d e t e r m i n e d  o r  d e s c r i b e d  i n  5 * 3 * 4 . R e e d - H i l l ^ ^  
confirmed t h e  o b s e r v a t i o n s  o f  C o u l in g  a t . a l ? ^  t h a t  t h e  
1 £3 0 3 4^- 1 b a n d s  c o n s i s t e d  o f  d o u b ly  tw in n e d  m a t e r i a l ,  
deduced t h a t  t h e  m echan ism  o f  f o r m a t i o n  o f  t h e s e  b a n d s  
Was t h a t  a  s m a l l  r e g i o n  o f  p r i m a r y  t w i n ,  r e t w i n s  t o  form
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a doub le  t w i n  n u c l e u s .  The n u c l e u s  c o n s e q u e n t l y  grows 
in to  t h e  p a r e n t  t o  fo rm  a  b a n d  on a  h a b i t  g o v e rn e d  b y  t h e  
combined a c t i o n  o f  t h e  two s h e a r s ,  ho  accom m odating  
d e fo rm a tio n  o f  e i t h e r  p a r e n t  o r  p r o d u c t  s t r u c t u r e  i s  en ­
visaged i n  t h i s  c a s e .  The m o rp h o lo g y  o f  t h e  t w i n  l i k e  
bands i n d i c a t e s  t h a t  e a c h  d o u b le  tw i n n in g  m echanism  i n  
e q u iv a le n t  t o  a  s i m p le  t w i n n in g  m echanism * A t h e o r y  o f  
the d o u b le  t w i n n i n g  p r o c e s s  b a s e d  on an  i n v a r i a n t  p l a n e  
s t r a in  h y p o t h e s i s  h a s  b e e n  d e v e lo p e d  b y  C r o c k e r ^ .  The 
theory e n a b l e s  t h e  c r y s t a l l o g r a p h i c  f e a t u r e s  o f  t h e  d o u b ly  
twinned b a n d  t o  b e  p r e d i c t e d  f r o  a  p a r t i c u l a r  c h o ic e  o f  
component m o d es . The p r e s e n t  a n a l y s i s  i s  b a s e d  on t h e  
hypo thes is  u s e d  b y  C ro c k e r  b u t  i s  m ore g e n e r a l ,  and t h e  
proofs o f  t h e  r e l a t i o n s h i p s  w h ic h  e x i s t  b e tw e e n  d i f f e r e n t  
double t w i n n in g  m ech an ism s a r e  m ore e l e g a n t ,  t h a n  t h o s e  
given p r e v i o u s l y ^ .
The c r y s t a l l o g r a p h y  o f  t h e  s im p le  e q u i v a l e n t  modes o f  
&11 doub le  t w i n n i n g  m echan ism s c a n  b e  d e te r m in e d  b y  u s i n g  
ttie a n a l y s i s  p r e s e n t e d  i n  t h e  p r o c e e d i n g  c h a p t e r s  o f  t h i s  
th e s is .  H ow ever, o n ly  t h o s e  modes w h ich  h a v e  m = 1 o r  
32 * 2 and g < 1 h a v e  b e e n  d e te r m in e d  f r o  t h e  h e x a g o n a l  
Bravais l a t t i c e  ( l , 5 < c f < l * 9 )  and  w i l l  t h e r e f o r e  n o t  
nee e s s a r i l y  d e s c r i b e  t h e  s i m p le  e q u i v a l e n t  modes o f  t h e  
°pe ra tive  d o u b le  t w i n n i n g  m echan ism s i n  magnesium*
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For e x a m p le ,  t h e  s im p le  e q u i v a l e n t  mode d e te r m in e d  b y
C rocker '  w h ic h  b e s t  d e s c r i b e d  t h e  0 7
has si = 4 ,  t h i s  f r a c t i o n  o f  s h u f f l e s  b e i n g  d e te r m in e d  b y
th e  t y p e  o f  s h u f f l i n g  a s s o c i a t e d  w i t h  t h e  tw o com ponent
modes * As t h e  p r o c e d u r e  f o r  d e t e r m i n i n g  4  t w i n  modes
f o r  an  e x t e n s i v e  r a n g e  o f  s h e a r s  i s  t e d i o u s  i t  i s  more
c o n v e n ie n t  t o  u s e  a  d i r e c t  d o u b le  t w i n n in g  a n a l y s i s  t o
p r e d i c t  t h e  s im p le  e q u i v a l e n t  m odes . I n  a d d i t i o n ,  t h e  u s e
of a d o u b le  t w i n n i n g  a n a l y s i s  h a s  t h e  added  a d v a n ta g e  o f
e m p h a s iz in g  t h e  r o l e  p l a y e d  b y  t h e  com ponent t w i n  m odes.
The o n ly  n o n ~ t r i v i a l  way o f  c o m b in in g  two s im p le  s h e a r s ,
to  g iv e  a  s h a p e  d e f o r m a t i o n  w h ich  i s  i t s e l f  a  s im p le  s h e a r ,
i s  f o r  a  r o t a t i o n  t o  accom pany t h e  tw o tw i n n in g  s h e a r s  w hich
7 Vmust h a v e  a  common p l a n e  o f  s h e a r 1 \  The f o r m u l a t i o n  o f  a 
tw in n in g  s h e a r  d i s c u s s e d  i n  cjp 2 . 2  i s  u s e d  i n  ^  6 .3 * 1 * 1  i u  an  
a n a ly s i s  w h ic h  c a n  b e  u s e d  t o  d e t e r m i n e  t h e  t w i n  e le m e n ts  
of t h e  s im p le  e q u i v a l e n t  mode o f  a  d o u b le  t w i n n in g  m echan ism . 
Other c o n s i d e r a t i o n s  s u c h  a s  t h e  p r o o f  o f  t h e  ^ R e c ip r o c a l  
T h e o r e m , f u r t h e r  d e g e n e r a c i e s  and  t h e  m v a l u e s  o f  s im p le  
e q u iv a le n t  modes a r e  d i s c u s s e d  i n  ^ 6 . 3 . 1 . 2 .
jfee^ a c t u o n  o f  t h e  S im p le  E q u i v a l e n t  Mode.
4}  « h a b i t
Each o f  t h e  com ponen t t w i n n in g  s h e a r s  i s  r e p r e s e n t e d
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by a m a t r i x  S ,  f o r  t h e  f i r s t  s h e a r  and S2 f o r  t h e  second , 
The f o r m u l a t i o n  o f  a  tw i n n in g  s h e a r  as  a  p r o d u c t  o f  a  
d e fo rm a tio n  w h ic h  d e fo rm s  t h e  l a t t i c e  i n t o  i t s e l f  w i th  a 
r ig id  body  r o t a t i o n  e n a b l e s  t h e  com ponent s h e a r s  t o  be  
w r i t te n  a s
B1 = R1 U1 (6 # 1 )
S2 = R2 U2 ( 6 .2 )
The m a t r i c e s  , S2 i R1 an(  ^ R2 a r e  r e ^ erre<^
to th e  s a n e  p a r e n t  b a s i s .  The m a t r i c e s  and B2 r e p r e s e n t  
the r i g i d  b o d y  r o t a t i o n s  f i x i n g  t h e  o r i e n t a t i o n  r e l a t i o n -  
ships b e tw e e n  t w i n  and  p a r e n t  l a t t i c e s .  T hese  r e l a t i o n -  
ships a r e  g i v e n  b y  ( c * f .  e q u a t i o n  ( 2 .4 6 )
£ t  ? x ] j  = ( t  X q )  [ q  5 x j  ( 6 . 3 )
where In and  cj^ a r e  t h e  t w i n  and p a r e n t  b a s e s  r e s p e c t i v e l y  
a1^  ( t  X q )  = R“ X.
The p r o p o s e d  d o u b le  tw i n n in g  m echanism  i s  t h a t  t h e  
l a t t i c e  u n d e r g o e s  a  s h e a r  f o l l o w e d  b y  a  s e c o n d  s h e a r  
s2 » where S2 i s  t h e  s h e a r  S2 o f  t h e  tw in n e d  l a t t i c e  r e f e r r e d
-  2 5 0  -
to  t h e  o r i g i n a l  p a r e n t  l a t t i c e  b a s i s .  The t o t a l  d e fo rm ­
a t io n  P f o r  t h e  tw o  s h e a r s  i s  t h e r e f o r e
F = 81 ( 6 . 4 )
As th e  p a r e n t  and  t w i n  b a s e s  a.re and  t ^  r e s p e c t i v e l y  * 
on u s in g  e q u a t i o n s  ( 6 . 3 )  and  (A .1 4 )  we o b t a i n
1  _____n  _ i _ i ___________ ri t - \  ri t - v  1)
2
th a t  t h e  m a t r i x  F o f  e q u a t i o n  ( p , 4 )  i s  g i v e n  by
In t h i s  c a s e  ( t  X q )  -  and  t h u s  S = R^ S2 R ^ , so
F = E1 S2 h 1 Sl=  R1 E2 U2 4 1 EX U1
a F± E2 U2 ( 6 . 6 )
In o rd e r  t h a t  t h e  com b ined  s h e a r s  and  S2 r e s u l t  i n  
a sim ple  s h e a r  t h e  t o t a l  d e f o r m a t i o n  a s s o c i a t e d  w i th  a  
double tw i n n in g  m echan ism  i n v o l v e s  a  f u r t h e r  r i g i d  body 
d o ta t io n ,  l e t  t h i s  r o t a t i o n  b e  R ^. The s im p le  e q u i v a l e n t  
r e p r e s e n t e d  b y  i s  t h e r e f o r e
-  R^ F = R4  R± R2 U2 V1 ( 6 . 7 )
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The m a t r i x  r e p r e s e n t s  a  tw i n n in g  s h e a r  and t h u s  c an  b e
c o n s id e r e d  t o  b e  t h e  p r o d u c t  o f  a  r i g i d  body  r o t a t i o n  R^ 
and a  d e f o r m a t i o n  w h ic h  d e fo rm s  t h e  l a t t i c e  i n t o  i t s e l f . .  
The m a t r i x  i s  c l e a r l y  e q u a l  t o  t h e  p r o d u c t  o f  t h e  U
m a t r ic e s  o f  t h e  com ponen t tw i n  m odes , a n d ' t h u s  = R^ 
where
U5 " U2 U1 (6 . 8 )
The t w i n . e l e m e n t s  o f  t h e  s im p le  e q u i v a l e n t  t w i n  mode a r e  
d e te rm in e d  b y  t h e  s o l u t i o n s  o f  e q u a t i o n s  ( 4 . 1 4 )  and  ( 4 S20) 
fo r  t h e  e l e m e n t s  o f  t h e  m a t r i x  U y  a s  d a t a .  I f  t h e  s im p le
e q u iv a le n t  mode i s  o f  a  n o n ~ c o n v e n t io n a l  t y p e  t h e n  t h e
tw in e le m e n t s  r e f e r r e d  t o  t h e  t w i n  b a s i s , w h ich  a r e  i n  
g e n e ra l  n o t  c r y s t a l i o g r a p h i c a l l y  e q u i v a l e n t  t o  t h o s e  r e f e r r e d  
to  th e  p a r e n t  b a s i s , may b e  o b t a i n e d  b y  s o l v i n g  e q u a t io n s  
(4*14) and ( 4 . 2 0 )  f o r  t h e  m a t r i x  The a d d i t i o n a l
d o t a t i o n  B^ i s  g i v e n  b y  R^' = R^ R ^  (6 ,,9 )
■^3.1.2 R e c i p r o c a l  T h eo re m 1 .
The f o r a  o f  t h e  a n a l y s i s  g i v e n  i n  t h e  p r e v i o u s  s e c t i o n  
leads t o  a  s im p le  p r o o f  o f  t h e  ’R e c i p r o c a l  T heorem ’^  w h ich  
s t a t e s  i I f  two d o u b le  t w i n n i n g  m echan ism s h a v e  f i r s t
-  2 5 2  -
twinning s h e a r s  w h ic h  a r e  e i t h e r  t h e  same o r  r e c i p r o c a l  
to each o t h e r  and  s e c o n d  s h e a r s  w h ich  a r e  e i t h e r  t h e  same 
or r e c i p r o c a l  t o  e a c h  o t h e r ,  t h e n  t h e  s im p le  e q u i v a l e n t  
modes a r e  i d e n t i c a l *  The n o t a t i o n  u s e d  h e r e  i s  t h e  same
7 s)
as t h a t  u s e d  p r e v i o u s l y , J t h a t  i s ,  e a c h  tw i n n in g  s h e a r  w i l l  
be r e p r e s e n t e d  b y  a  l e t t e r ,  e * g .  X. The r e c i p r o c a l  tw i n n ­
ing p la n e  o f  I  w i l l  b e  d e n o te d  b y  X, and t h e  p l a n e  Y r e f e r ­
red to  t h e  p a r e n t  b a s i s  a s s o c i a t e d  w i t h  t h e  X t w i n  p l a n e  
a s  I  (X ). T h is  i n c l u d e s  t h e  s p e c i a l  c a s e  o f  t h e  m i r r o r  
image o f  Y i n  X f o r  t h e  c o n v e n t i o n a l  o r i e n t a t i o n  r e l a t i o n -  
ship d i s c u s s e d  i n  % A m echan ism  i n  w h ic h  t h e  f i r s t  s h e a r  
occurs on X o f  t h e  p a r e n t  l a t t i c e  and  t h e  s e c o n d  on Y o f  
the tw in  l a t t i c e  w i l l  t h e n  b e  r e p r e s e n t e d  b y  X? Y (X ) ,
Using t h i s  n o t a t i o n  t h e  r e c i p r o c a l  th e o re m  becom es 
h B(A) S 'A* B ( A j s  I* B (X )~ A $  B ( A ) * By u s i n g  t h e  
U m atr ices  o f  t h e  tw o com ponent s h e a r s  o f  a  d o u b le  tw in n in g  
mechanism t h i s  th e o r e m  may b e  p r o v e d  as  f o l l o w s .  A tw in  
Plane and i t s  r e c i p r o c a l  g r e  d e f i n e d  b y  t h e  same U m a t r i x  
thus  b y  u s i n g  e q u a t i o n  (6 * 8 )  f o r  t h e  abo ve  m echanism s 
We bave t h e  f o l l o w i n g  r e l a t i o n s h i p s  s 
. Mechanism A? B(A)==A5 B(A)=A5 B(I)HAs B (A)
T°tal L a t t i c e  UgT^ = UgU, = UgU, = U ^ .
^formation.
Thus, t h e  l a t t i c e  d e f o r m a t i o n s  f o r  a l l  m echan ism s 
l i s te d  above  a r e  i d e n t i c a l  and  t h e r e f o r e  t h e  h a b i t  p l a n e s  
of the  s im p le  e q u i v a l e n t  modes d e te r m in e d  b y  e q u a t io n  
(4,14) w i l l  b e  t h e  same f o r  e a c h  m ech an ism , A l l  m echanism s 
are e q u i v a l e n t  i n  t h i s  r e s p e c t  and t h e r e f o r e  t h e  r e c i p r o c a l  
theorem i s  p ro v e d *  The r i g i d  b o d y  r o t a t i o n  R^ i s  n o t  
however t h e  same f o r  e a c h  o f  t h e  ab ove  m echanism s*  The 
matrix R^ i s  d e t e r m i n e d  b y  t h e  m a t r i c e s  R ^ , and R^, The 
matrix R^ i s  f i x e d  f o r  a  p a r t i c u l a r  s i m p le  e q u i v a l e n t  h a b i t  
plane as t h e  l a t t i c e  d e f o r m a t i o n  i s  t h e  same f o r  a l l  mech­
anisms c o n s i d e r e d .  The m a t r i c e s  R-^ and  R2 a r e ,  h o w e v e r ,  
determined b y  t h e  s h e a r  m a t r i c e s  8^ and  S2 ? w h ich  a r e  
d if fe re n t  f o r  s h e a r  on  t h e  r e s p e c t i v e  s h e a r  p l a n e s  and t h e i r  
r e c ip ro c a ls .  T h is  d i f f e r e n c e  i n  R ^ , t h a t  i s ,  t h e  m a g n i tu d e  
of the  r o t a t i o n  w h ic h  e n s u r e s  t h a t  t h e  e q u i v a l e n t  m echanism  
is a s im p le  s h e a r  c o u ld  be a n  i m p o r t a n t  f a c t o r  i n  d e c i d i n g  
which o f  t h e  m ech an ism s  l i s t e d  a b o v e  s h o u ld  b e  o p e r a t i v e .
Ror c e r t a i n  p a i r s  o f  com ponent modes t h e  r e c i p r o c a l  
theorem c a n  b e  e x t e n d e d .  T h u s ,  i f  and  U2 commute t h e  
^ fo rm a tio n  a s s o c i a t e d  w i t h  t h e  d o u b le  t w i n n in g  
^chanism S2 5 1 i s  = U2 * Ux U2 , and  i n  a d d i t i o n  t o  
the r e c i p r o c a l  th e o re m  we may w r i t e
M B (A)SrB* A(B) sssB5 1 (B )  2  E? A ( B ) S B |  A (B ).
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The m a t r i c e s  and  U2 commute o n ly  i n  s p e c i a l  c a s e s  * The 
more o b v io u s  e x am p le s  a r e  when U-^  = and when U-^  = U2 *
I t  i s  n o t  p o s s i b l e  t o  s t a t e  a n y t h i n g  d e f i n i t e  a b o u t  t h e  
s im p le  e q u i v a l e n t  mode i n  t h e  l a t t e r  c a s e  b u t  i t  i s  e v i d e n t  
t h a t  i n  t h e  f o r m e r  c a s e  i s  e q u a l  t o  t h e  u n i t  m a t r i x .
The m v a l u e s  o f  s i m p l e  e q u i v a l e n t  modes c a n  b e  d e te r m in e d  
from t h e  fo rm  o f  t h e  m a t r i c e s  C l e a r l y  t h e  m v a lu e
of a  s im p le  e q u i v a l e n t  mode m ust be  l e s s  t h a n  o r  e q u a l  t o  
th e  p r o d u c t  o f  t h e  m v a l u e s  o f  t h e  com ponent m odes . A lth o u g h  
th e  p r e s e n t a t i o n  o f  d o u b le  t w i n n i n g t h e o r y  i n  te rm s  o f  U 
m a t r i c e s  g i v e n  ab o v e  i s  b r i e f ,  i t  d o e s  i n d i c a t e  t h a t  t h e  
app ro ach  r e s u l t s  i n  a  m ore e l e g a n t  a n a l y s i s  t h a n  t h a t  g i v e n  
p r e v i o u s ly ^   ^ i n  t e r m s  o f  t h e  t w i n  e le m e n t s  o f  t h e  com ponent 
modes „
6*3,2 Other P o s s i b l e  E x t e n s i o n s  t o  t h e  A n a l y s i s .
The s h a p e  d e f o r m a t i o n  a s s o c i a t e d  w i t h  t h e  known and..
56)anomalous s h e a r  l i k e  p r o c e s s e s  o b s e r v e d  i n  Fe^ Be a l l o y s  J 
and U -  Mo a l l o y s ^ ^ i s  a  s i m p le  s h e a r .  A l th o u g h  t h e  
k * c .c ,  s h e a r  mode d e s c r i b e s  t h e  s h e a r  w i t h  t h e  i 112}  h a b i t  
in  t h e  b . c . c .  Ee^ Be o r d e r e d  a l l o y s  t h e  s t r u c t u r e  i s  n o t  
R e s to red  i n  a  new o r i e n t a t i o n ,  The p r o d u c t  s t r u c t u r e  i s  
°n th o rh o m b ic , The f r a c t i o n  o f  l a t t i c e  p o i n t s  r e s t o r e d  by
V
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•i a simple s h e a r  i n  t h e  c a s e  o f  a  t w i n n in g  s h e a r  i s  d e te r m in e d
by the  a p p l i c a t i o n  o f  r u l e s  d i s c u s s e d  i n  t h e  t e x t  t o  t h e
U m atrix  d e f i n i n g  t h e  s h e a r  m ode. A u s e f u l  e x t e n s i o n  t o
the p r e s e n t  a n a l y s i s  w ould  be  t h e  d e t e r m i n a t i o n  o f  r u l e s ,
which when a p p l i e d  t o  t h e  U m a t r i c e s  d e f i n i n g  s h e a r  modes ,
determine t h e  f r a c t i o n s  o f  d i f f e r e n t  a tom s i n  Fe^Be f o r5
example, w h ich  a r e  r e s t o r e d  by  t h e  s h e a r  i n  a  t w i n  o r i e n t ­
ation, C l e a r l y ,  t h e s e  r u l e s  w ou ld  g i v e  t h e  fo rm  o f  U m a t r i c e s  
. and hence t h e  r a n g e  o f  m v a l u e s  o f  m a t r i c e s  w h ic h  w ould  
define u s e f u l  s h e a r  m od es . T h is  k n o w le d g e  w ould  p e r m i t  a  
more d e t a i l e d  a n a l y s i s  o f  t h e  m e a n in g f u l  ways o f  s h e a r i n g  
ordered s t r u c t u r e s  t o  b e  c a r r i e d  o u t .
The m a t r i x  R r e p r e s e n t i n g  t h e  r i g i d  body  r o t a t i o n  
component o f  a  s i m p le  s h e a r  may i n  i t s e l f  be  u s e d  a s  an  
extension t o  t h e  a n a l y s i s .  A num ber o f  r e c e n t  p u b l i c a t i o S  ^  
have been c o n c e rn e d  w i t h  a n a l y t i c  m e th o d s  f o r  c a l c u l a t i n g  
hhe p o s i to n s  o f  p a r e n t  and  t w i n  r e f l e c t i o n s  on e l e c t r o n  
d if f ra c t io n  p a t t e r n s  o f  tw in n e d  c r y s t a l s .  The m ost 
comphensive a n a l y s i s ^ ^  p u b l i s h e d  so  f a r  i s  ho w ever 
^ t o i c t e d .  t o  t w i n s  w i t h  c o n v e n t i o n a l  o r i e n t a t i o n  r e l a t i o n ­
ships. The m a t r i x  R p r o v i d e s  a l l  t h e  i n f o r m a t i o n  r e q u i r e d  
about th e  t w i n - p a r e n t  o r i e n t a t i o n  r e l a t i o n s h i p  i n  s u c h  an  
^ l y s i s , and roould  t h e r e f o r e  b e  u s e d  t o  g e n e r a l i s e  t h e  
devious w orks t o  i n c l u d e  n o n - c o n v e n t i o n a l  o r i e n t a t i o n
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r e l a t i o n s h i p s .  The a n a l y s i s  e n v i s a g e d  i s  s i m i l a r  t o  t h a t
Rp')given by J o h a r i  and  Thomas^ /  f o r  t w i n n i n g  i n  t h e  c u b ic  
l a t t i c e s , Such a n  a n a l y s i s  w ould  p r o v i d e  a  u s e f u l  a l t e r n ­
ative t o  e x i s t i n g  a n a l y s e s ,  and  m ig h t  a l s o  b e  u s e f u l  i n  
aiding t h e  f o r m u l a t i o n  o f  a  m ore g e n e r a l  a n a l y s i s  o f  t h e  
positions o f  p a r e n t  and  p r o d u c t  r e f l e c t i o n s  on d i f f r a c t i o n  
patterns o f  d e fo rm e d  c r y s t a l s  i n  g e n e r a l .  I n  a d d i t i o n  t o  
providing i n f o r m a t i o n  a b o u t  t h e  o r i e n t a t i o n  r e l a t i o n s h i p  
between t w in  and  p a r e n t  l a t t i c e s  t h e  m a t r i x  R c a n  a l s o  be 
used to  d e t e r m i n e  t h e  f r a c t i o n  o f  p a r e n t  and t w i n  c o in c i d e n c e  
la t t ic e  s i t e s .  T h is  f r a c t i o n  i s  d e t e r m i n e d  d i r e c t l y  from  
the m v a lu e  o f  t h e  R m a t r i x .  The c o n c e p t  o f  t h e  m v a l u e  o f  
b m atrices  t o g e t h e r  w i t h  t h e  p r o p e r t y  o f  R m a t r i c e s  d e s c r i b e d  
a b o v e ,- in d ic a te s  s i m i l a r i t i e s  o f  t h e  a n a l y s i s  p r e s e n t e d  i n  
this t h e s i s ,  w i t h  t h a t  f o r  t h e  d e t e r m i n a t i o n  o f  o r i e n t a t i o n  
R ela tionsh ips b e tw e e n  c r y s t a l s  w h ic h  d e f i n e  a  l a r g e  f r a c t i o n  
^ c o i n c i d e n c e  l a t t i c e  s i t e s ^ ^ .  Some o f  t h e  t e c h n i q u e s  
Used in  t h e  p r e s e n t  a n a l y s i s  may t h e r e f o r e  be  o f  u s e  i n  t h e  
study of c o i n c i d e n c e  l a t t i c e  s i t e s ,
P o s s ib ly  t h e  m o s t  i m p o r t a n t  e x t e n s i o n s  t o  t h e  a n a l y s i s  
or the u se  o f  t e c h n i q u e s  r e l a t e d  t o  t h o s e  u s e d  i n  t h e  
Resent a n a l y s i s  w ou ld  b e  t o  t h e  t h e o r y  o f  t h e  c r y s t a l l™
°gRaphy o f  t h e  m a r t e n s i t i c  t r a n s f o r m a t i o n s .  The s h e a r
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asso c ia te d  w i t h  t h e  m a r t e n s i t i c  t r a n s f o r m a t i o n s  i s  i n
general inh o m o g en eo u s  and  thus, t h e  g e n e r a l i s a t i o n  o f  t h e
equation RU=S t o  c a s e s  w h e re  U i s  n o t  u n im o d u la r  i s  n o t
o')
envisaged. One r e q u i r e m e n t f o r  t h e  p r e d i c t i o n  o f  t h e  
c r y s t a l l o g r a p h i c  f e a t u r e s  o f  m a r t e n s i t i c  t r a n s f o r m a t i o n s  
from f i r s t  p r i n c i p l e s  i s  t h e  s p e c i f i c a t i o n  o f  a  l a t t i c e  
deform ation w h ic h  i s  d e d u c e d  fro m  a  c o r r e s p o n d e n c e  m a t r i x ,  
To e s t a b l i s h  t h e  f o r m a l  g e o m e t r i c a l  c r i t e r i a  w h ich  g o v e rn  
the c h o ic e  o f  t h e s e  c o r r e s p o n d e n c e  m a t r i c e s  w o u ld  r e q u i r e  
an a n a l y s i s  i n  many r e s p e c t s  s i m i l a r  t o  t h a t  u s e d  i n  t h e  
present a n a l y s i s  f o r  t h e  d e t e r m i n a t i o n  o f  U m a t r i c e s  w h ich  
define o p e r a t i v e  t w i n  modes* I n  t h i s  c a s e ,  h o w e v e r ,  i t  
would be n e c e s s a r y  i n  t h e  f i r s t  i n s t a n c e  t o  d e te r m i n e  
in teg ra l  and  n o n - i n t e g r a l  c o r r e s p o n d e n c e  m a t r i c e s  w h ic h  
take i n t o  a c c o u n t  w h e th e r  o r  n o t  s h u f f l i n g  was r e q u i r e d  
to take  a l l  p a r e n t  a tom s t o  t h e i r  c o r r e c t  p r o d u c t  p o s i t ­
ions, and a l s o  t o  e n s u r e  t h a t  t h e  p r i n c i p a l  d i s t o r t i o n s  o f  
the c o r r e s p o n d e n c e  m a t r i c e s  a r e  s m a l l .
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6*4. C o n c lu d in g  R e m a rk s ,
The t h e o r y  o f  t h e  c r y s t a l l o g r a p h y  o f  d e f o r m a t i o n  
twinning p r e s e n t e d  i n  t h i s  t h e s i s  p r o v i d e s  an  a l t e r n a t i v e  
way of d e t e r m i n i n g  c o n v e n t i o n a l  t w i n  modes and  t h e  o n ly  
direct way o f  d e t e r m i n i n g  t w i n  modes o f  n o n - c o n v e n t i o n a l  
typeso The t h e o r y  i s  t h e  m o st  g e n e r a l  w h ic h  c a n  b e  
consistent w i t h  t h e  o b s e r v e d  s h a p e  d e f o r m a t i o n  o f  d e fo rm ­
ation t w i n s .  A minimum s h e a r  e x p r e s s i o n  h a s  b e e n  d e r i v e d  
which e n a b le s  t h o s e  s h e a r s  w i t h  s m a l l  m a g n i tu d e  o f  s h e a r  
to be d e te r m in e d .  A p p l i c a t i o n  o f  t h e  t h e o r y  t o  t h e  c u b i c ,  
te trag o n a l , o r t h o r h o m b i e , h e x a g o n a l  and r h o m b o h e d ra l  B r a v a i s  
la tt ices  h a s  p r o v i d e d  a  l i s t  o f  modes w h ic h  may w e l l  be  
of use t o  e x p e r i m e n t a l i s t s  i n  t h e i r  d e t e r m i n a t i o n  o f  
operative t w i n n i n g  s h e a r s  i n  m a t e r i a l s  w i t h  t h e  r e l e v a n t  
^avais l a t t i c e s .  T h is  a p p l i e s  i n  p a r t i c u l a r  t o  t h e  u s e  
°f s ing le  s u r f a c e  a n a l y s e s  f o r  s u c h  p u r p o s e s ^ ^ ,
In  a d d i t i o n  t o  b e i n g  u s e d  f o r  t h e  d e t e r m i n a t i o n  o f  
e le m e n t s , t h e  a n a l y s i s  h a s  shown t h a t  p r e v i o u s l y  
R e p o r te d  r e l a t i o n s h i p s  e x i s t  b e tw e e n  d i f f e r e n t  t w i n  m odes, 
^ is  r e s u l t  i s  t o  be  e x p e c t e d  a s  t h e  f o r m u l a t i o n  o f  a  
^inning s h e a r  d e s c r i b e d  i n  S  2 . 2  i s  m ore f u n d a m e n ta l  t h a n  
used i n  p r e v i o u s  t h e o r i e s  o f  t h e  c r y s t a l l o g r a p h y  o f
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deformation t w i n n i n g .  The p o s s i b l e  e x t e n s i o n s  t o  t h e  
analysis w h ich  w e re  d i s c u s s e d  b r i e f l y  i n j> 6 „ 2  i n d i c a t e  
that th e  t e c h n i q u e s  u s e d  i n  t h e  p r e s e n t  a n a l y s i s ,  p o s s i b l y  
combined w i t h  a  m ore e x t e n s i v e  u s e  o f  t h e  t h e o r y  o f  
mmbers, may p l a y  an  i m p o r t a n t  p a r t  i n  t h e  f u r t h e r  u n d e r ­
standing o f  t h e  d e f o r m a t i o n  p r o p e r t i e s  o f  c r y s t a l s .
The p r e s e n t  a n a l y s i s  h a s  p r o v i d e d  a  means o f  d e t e r ­
mining t h e  p o s s i b l e  ways o f  s h e a r i n g  a  l a t t i c e  i n t o  i t s e l f  
but w ith  a  d i f f e r e n t  o r i e n t a t i o n .  T h u s ,  i t '  h a s  b e e n  
possible t o  d e t e r m i n e  t h e  s h e a r  p l a n e s , s h e a r  d i r e c t i o n s  and 
the f r a c t i o n  o f  s h u f f l e s  r e q u i r e d  t o  r e s t o r e  t h e  l a t t i c e *  
as well a s  t h e  c o r r e s p o n d i n g  m a g n i tu d e s  o f  sheon? f o r  
twin modes o f  a  p a r t i c u l a r  B r a v a i s  l a t t i c e .  No a c c o u n t  o f  
the a r ra n g e m e n ts  o f  a tom s a b o u t  t h e  B r a v a i s  l a t t i c e  p o i n t s
°f r e a l  c r y s t a l s  h a s  b e e n  m ade . T h is  was done  f o r  t h e
lb°ase of c o n v e n t i o n a l  t w i n  modes b y  B i l b y  and  C ro c k e r  J ,
• who o b ta in e d  t h e  m a g n i tu d e  and  d i r e c t i o n  o f  s h u f f l e s  
Squired t o  r e s t o r e  a  s t r u c t u r e  c o m p l e t e l y .  T h ese  c o n ­
s ide ra tions  p l a y  an  i m p o r t a n t  p a r t  i n  d e t e r m i n i n g  w h e th e r  
shear on a  t w i n  p l a n e  o r  i t s  r e c i p r o c a l  i s  l i k e l y  t o  be  
°perative . The c o m p l e x i t y  o f  t h e  s h u f f l e s  i s ,  h o w e v e r ,  
ln main p a r t  d e t e r m i n e d  b y  t h e  f r a c t i o n  o f  B r a v a i s  
^ b t ic e  p o i n t s  r e s t o r e d  b y  t h e  s im p le  s h e a r *  I t  i s  t h i s
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fac tor w h ich  h a s  b e e n  t a k e n  i n t o  a c c o u n t  i n  t h e  p r e s e n t  
analysis,,
The ^JT 3  5*^ t w i n  mode d e s c r i b i n g  t h e  o p e r a t i v e  
mercury tw i n s  h a s  b e e n  p r e s e n t e d  f o r  t h e  f i r s t  t i n e .  The 
anomalous tw i n s  o b s e r v e d  i n  b „ c . c a and  c . p . h .  m a t e r i a l s  
cannot be  . d e s c r i b e d  b y  t h e  new modes d e te r m i n e d  i n  t h e  
present a n a l y s i s .  The u n c e r t a i n t y  o f  t h e  e x p e r i m e n t a l  
resu lts  o b t a i n e d  f ro m  o b s e r v a t i o n  o f  t h e  b . c . c *  Fe-TTi--C 
m artens ites  and  Fe^  Be a l l o y s  m akes t h e  c o m p a r is o n  o f  t h e  
experimental w i t h  t h e  t h e o r e t i c a l l y  d e te r m i n e d  t w i n  modes 
in co n c lu s iv e .  F u r t h e r  e x p e r i m e n t a l  w ork  on t h e s e  m a t e r i a l s  
is c l e a r l y  d e s i r a b l e .  I n  t h e  c a s e  o f  t h e  an o m a lo u s  t w i n s  
m the c . p . h .  m a t e r i a l s ' b o t h  t h e o r e t i c a l  and  e x p e r i m e n t a l  
in v e s t ig a t io n s  a r e  n e c e s s a r y .  The d e t e r m i n a t i o n  o f  i  = 4  
twin modes w i t h  s m a l l  s h e a r s  and  t h e  d e t a i l e d  a p p l i c a t i o n  
°i the d o u b le  t w i n n i n g  t h e o r y  a r e  p o s s i b l e  t h e o r e t i c a l  
investiga tions* , One o f  t h e  a n o m a l ie s  a s s o c i a t e d  vTi t h  
Reformation t w i n n i n g  i n  t h e  c . p . h .  m a t e r i a l s  was r e c e n t l y  
ci a r i f i e d  b y  R eed “ H i l l ^ ^ . T h is  w o rk e r  c o n f i r m e d  t h e  
I results o f  o t h e r  w o r k e r s  i n  t b a t  t h e  m a g n i tu d e  o f  t h e  s h e a r  
a^ o c i a t e d  w i t h  t h e  ^ 1  1 2  1^ t w i n s  i n  Z ir c o n iu m  was 
shown to  b e  t h e  o r d e r  0*6 and n o t  0*2 a s  d e te r m i n e d  
0r% u ia l ly  b y  R a p p e r p o r t ^ ^ . T h is  r e s u l t ,  t o g e t h e r  w i t h
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the f a c t  t h a t  t h e  |^T 5  !?V t w i n  i n  m e rc u ry  i s  n o t  d e s c r i b e d  
by th e  m = 1 mode w i t h  t h e  s m a l l e s t  m a g n i tu d e  o f  s h e a r ,  
implies t h a t  one o f  t h e  b a s i c  p o s t u l a t e s  o f  r e c e n t  t h e o r i e s  
of th e  c r y s t a l l o g r a p h y  o f  d e f o r m a t i o n  t w i n n i n g  i s  open  t o  
question ing*  The p o s t u l a t e  w h ic h  h a s  b e e n  v i o l a t e d  s t a t e s  
that t h e  mode w i t h  t h e  s m a l l e s t  s h e a r  c o n s i s t e n t  w i t h  a  
simple s h u f f l e  m echan ism  s h o u ld  d e s c r i b e  o p e r a t i v e  t w i n s .
It i s ,  h o w e v e r ,  t r u e  t o  s a y  t h a t  a l l  known o p e r a t i v e  t w i n s  
are d e s c r i b e d  b y  t w i n  modes w i t h  s m a l l  s h e a r s , th o u g h  n o t  
n e c e s s a r i ly  t h e  s m a l l e s t ,  w h ic h  a r e  c o n s i s t e n t  w i t h  a  s im p le  
shuffle  m ech an ism .
The c o n v e n t i o n a l  t w i n  modes d e t e r m i n e d  u s i n g  t h e  
conventional t h e o r i e s  o f  t h e  c r y s t a l l o g r a p h y  o f  d e f o r m a t i o n  
twinning h a v e  b e e n  v e r y  s u c c e s s f u l  i n  d e s c r i b i n g  t h e  
Majority o f  o p e r a t i v e  d e f o r m a t i o n  t w i n s .  At f i r s t  t h i s  
resu lt c o u ld  b e  i n t e r p r e t e d  a s  m ea n in g  t h a t  t w i n s  w i t h  
conventional o r i e n t a t i o n  r e l a t i o n s h i p s  a r e ' p r e f e r r e d  i . e . ,  - 
twin and p a r e n t  l a t t i c e s  s h o u l d  b e  r e l a t e d  b y  an  e le m e n t  
°£ symmetry. H ow ever, i t  i s  t o  b e  n o t e d  t h a t  i n  a l l  
d u p l ic a t io n s  o f  t h e  a n a l y s i s  p r e s e n t e d  i n  t h i s  t h e s i s  t h e  
conventional t w i n  modes a lw a y s  h a v e  t h e  s m a l l e s t  s h e a r s  f o r  
a P a r t i c u l a r  m v a l u e .  T h u s ,  i t  a p p e a r s  t h a t  q u i t e  f o r t ­
uitously t h e  c o n v e n t i o n a l  t w i n  modes a lw a y s  h a v e  t h e  s m a l l e s t
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shears, a s s o c i a t e d  w i t h  s im p le  s h u f f l e  m e c h a n ism s .  As a  
r e s u l t ,  c o n v e n t i o n a l  t w i n  m o d es , a c c o r d i n g  t o  t h e  p o s t u l a t e s  
of th e  t h e o r y  o f  t h e  c r y s t a l l o g r a p h y  o f  d e f o r m a t i o n  t w i n n i n g ,  
should d e s c r i b e  a l l  o p e r a t i v e  s i n g l e  s h e a r  t w i n s  i n  m e t a l s  
with l a t t i c e  p a r a m e t e r s  c o n s i d e r e d  i n  t h e  p r e s e n t  a n a l y s i s .
I t  i s  t h u s  n o t  p o s s i b l e  t o  come t o  t h e  c o n c l u s i o n  w h e th e r  
or no t i n  p r a c t i c e  t h e  p a r e n t  and tw in n e d  c r y s t a l s  m u st  
be r e l a t e d  b y  an  e le m e n t  o f  sy m m etry c d e t a i l e d  s t u d y
of th e  o p e r a t i v e  h a b i t  p l a n e s  o b s e r v e d  i n  m i n e r a l s  m ay, 
however, show t h a t  t h e  o r i e n t a t i o n  r e l a t i o n s h i p s  a s s o c i a t e d  
with s i n g l e  s h e a r  d e f o r m a t i o n  t w i p s  c a n  b e  o f  t h e  non~ 
conven tio na l  t y p e .
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P a r t  I I .  S i n g l e  S u rfa .ce  T ra c e  A n a l y s e s .
INTRODUCTION j
The d e t e r m i n a t i o n  o f  t h e  o r i e n t a t i o n  o f  s i n g l e  c r y s t a l s  
using c o n v e n t i o n a l  t e c h n i q u e s  i s  n o t  a lw a y s  c o n v e n i e n t  o r  
even p o s s i b l e .  F o r  e x a m p le ,  t h e  Lane X - r a y  t e c h n i q u e  
cannot be  u s e d  t o  d e t e r m i n e  t h e  o r i e n t a t i o n  o f  s m a l l  o r  
shallow g r a i n s  i n  a  p o l y c r y s t a l l i n e  m a t e r i a l .  I n  a d d i t i o n ,  
i t  i s  n o t  a lw a y s  p o s s i b l e  t o  o b t a i n  a  u s e f u l  e l e c t r o n  
d i f f r a c t i o n  p a t t e r n  f o r  t h e  d e t e r m i n a t i o n  o f  t h e  o r i e n t ­
ation o f  t h i n  f o i l s  u s e d  i n  e l e c t r o n  m ic r o s c o p y .  A., 
consequence o f  t h i s  i s  t h a t  i t  n a y  n o t  be  p o s s i b l e  t o  u s e  
conven tiona l t e c h n i q u e s  f o r  d e t e r m i n i n g  t h e  t h i c k n e s s  o f  
thin f o i l s  a s  t h e s e  r e q u i r e  a  k n o w le d g e  o f  t h e  f o i l  
o r i e n ta t io n .  I n  P a r t  I I  o f  t h i s  t h e s i s  two new s i n g l e  
surface t r a c e  a n a l y s e s  w h ic h  overcom e' t h e s e  d i f f i c u l t i e s  a r e  
presented . The f i r s t  a n a l y s i s  i s  c o n t a i n e d  i n  C h a p te r  7*
It enab les  t h e  o r i e n t a t i o n  o f  r h o m b o h e d ra l  and c u b ic  
c rysta ls  t o  b e  d e t e r m i n e d  fro m  t h e  t r a c e s  p r o d u c e d  b y  t h e  
in te r s e c t io n  o f  t h r e e  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  and 
s7 E in e tr ica l ly  d i s p o s e d  p l a n e s  w i t h  t h e  f l a t  s u r f a c e  o f  t h e  
c ry s ta l .  The s e c o n d  a n a l y s i s  i s  p r e s e n t e d  i n  C h a p te r  8  and  
enables b o t h  t h e  o r i e n t a t i o n  and  t h i c k n e s s  o f  t h i n  f o i l s
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to be d e te r m i n e d  f ro m  a  k n o w le d g e  o f  t h e  p r o m o t e d  t r a c e  
widths o f  tw o known p l a n e s  and  t h e i r  i n c l u d e d  a n g l e .  Each 
of the  a n a l y s e s  i s  s e l f  c o n t a i n e d  and i n c l u d e d  i n  e a c h  
of the  c h a p t e r s  i s  a  r e v i e w  o f  r e l e v e n t  p r e v i o u s  w orks  and  
a d i s c u s s io n  o f  p o s s i b l e  e x t e n s i o n s  t o  t h e  a n a l y s e s .
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'' Chapter 7 » The D e t e r m i n a t i o n  o f  t h e  O r i e n t a t i o n  o f  
R hom bohedra l and  C ubic  C r y s t a l s  from  T r a c e s  
on a  S i n g l e  S u r f a c e .
1 Introduction ,
i The s t a n d a r d  p r o c e d u r e  f o r  d e t e r m i n i n g  a  c r y s t a l
o r ie n ta t io n  i s  by  m eans o f  X ~ray  m e th o d s ,  and  f o r  m e t a l s
most commonly t h e  Laue b a c k  r e f l e c t i o n  a r r a n g e m e n t .  An
a l te rn a t iv e  p r o c e d u r e  i s  t o  d e t e r m i n e  t h e  o r i e n t a t i o n  o f
the c r y s t a l  f ro m  a  k n o w le d g e  o f  t h e  a n g l e s  b e tw e e n  t r a c e s
produced on a  f l a t  s u r f a c e  b y  g i v e n  c r y s t a l l o g r a p h i c  p l a n e s .
The method o f  s o l u t i o n  g e n e r a l l y  recom m ended i n  t h e  S t a n d a r d  
20}?1 ")texts '  i s  one  o f  g u e s sw o rk  o r  t r i a l  and  e r r o r ,  u s i n g  
a s tereo  g ra p h ic ,  n e t  and  t r a c i n g  p a p e r .  M ykura^^^ h a s  
described t h i s  m ethod  i n  m ore d e t a i l  and  a p p l i e d  i t  t o  
determine t h e  o r i e n t a t i o n  o f  f a c e  c e n t r e d  c u b ic  c r y s t a l s  from  
toaces p ro d u c e d  on  t h r e e  o r  f o u r  ^ l l l 1 p la n e s®  A m ore 
direct b u t  s t i l l  l e n g t h y  a p p ro a c h  i s  t h a t  o f  c o n s t r u c t i n g  
suitable c h a r t s H o w e v e r ,  f o r '  some o r i e n t a t i o n s  
l ^hese a re  u n r e l i a b l e ,  and  t h o s e  g e n e r a l l y  a v a i l a b l e  a r e  
^ s t r i c t e d  t o  a  few  s p e c i a l  cases®  I n  a n a l y t i c  m e th o d s  f o r  
determining t h e  c r y s t a l  o r i e n t a t i o n  t h e  a c c u r a c y  i s  l i m i t e d  
°uly by t h e  m e a s u re m e n ts  o f  t h e  a n g l e s  b e tw e e n  t r a c e s ,  and  
 ^ a c c u ra te  w ork  i s  p r o b a b l y  t h e  m o s t  s u i t a b l e  p r o c e d u r e
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to use* The a d v e n t  o f  e l e c t r o n i c  d i g i t a l  c o m p u te r s  a l s o  
makes t h e  a n a l y t i c  p r o c e d u r e s ,  p r e f e r a b l e ,  f ro m  t h e  p o i n t  
of view o f  s p e e d  a s  w e l l  a s  a c c u r a c y .
For a l l  p r o c e d u r e s  m e n t io n e d  a b o v e ,  t h e  p r a c t i c a l  
a p p lica t io n s  a r e  r e s t r i c t e d  t o  t r a c e s  on t h e  s u r f a c e  o f  
the c r y s t a l  f ro m  t h r e e  o r  m ore c r y s t a l l o g r a p h i c a l l y  
equivalent p l a n e s  0 T h ese  t r a c e s  a r e  u s u a l l y  a s s o c i a t e d  
with s l i p ,  t w i n  b o u n d a r i e s ,  p r e c i p i t a t e d  p h a s e s  e tc *  An 
analytic m e th o d ,  r e s t r i c t e d  t o  t r a c e s  from  t h r e e  H ill} ' 
planes o f  c u b ic  c r y s t a l s , h a s  b e e n  g i v e n  b y  D r a z in  and 
Otte27!  The a l g e b r a  i n v o l v e d  i n  t h i s  a n a l y s i s  i s  e x t r e m ­
ely l e n g th y  and  t e d i o u s  and  a l t h o u g h  t h e  a u t h o r s  d e s c r i b e  
three p r o c e d u r e s  f o r  o b t a i n i n g  n u m e r i c a l  s o l u t i o n s ,  one 
mainly g r a p h i c a l ,  a  s e c o n d  s u i t a b l e  f o r  d e s k  c o m p u ta t i o n  
^  a t h i r d  f o r  s o l u t i o n  u s i n g  a  c o m p u te r ,  i t  i s  c l e a r  t h a t  
this f o r m u la t i o n  o f  t h e  p ro b le m  c o u ld  n o t  b e  u s e d  e x t e n s i ­
vely i n  p r a c t i c e *  T a b le s  h a v e ,  h o w e v e r ,  b e e n  p r e p a r e d  by  
Drazin and O t t e ^ ^  f ro m  t h e i r  a n a l y s i s  and t h e s e  e n a b le  
rapid a c c u r a t e  d e t e r m i n a t i o n s  o f  t h e  o r i e n t a t i o n s  o f  c u b ic  
: C]?y s ta ls  t o  b e  m ade ,
fhe c o m p le x i ty  o f  t h e  a l g e b r a  o f  t h e  D r a z in  and O t t e  
Method i s  e s s e n t i a l l y  d u e  t o  t h e  f a c t  t h a t  a  q u a r t i c  e q u a ­
tion has t o  b e  s o l v e d  i n  o r d e r  t o  d e d u c e  t h e  v e c t o r  n o rm a l  
t° the p l a n e  o f  t h e  s u r f a c e  c o n t a i n i n g  t h e  t h r e e  t r a c e s * F o r
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d i f fe re n t  s e t s  o f  i n i t i a l  d a t a  t h i s  e q u a t i o n  may h a v e  f o u r ,  
two or no r e a l  s o l u t i o n s ,  c o r r e s p o n d i n g  t o  f o u r ,  two o r  no  
possible  n o r m a l s e I t  s h o u l d ,  h o w e v e r ,  b e  n o t e d  t h a t  two 
o r ie n ta t io n s  r e l a t e d  b y  r e f l e c t i o n  i n  t h e  s u r f a c e  h a v e  t h e  
same s u r f a c e  n o rm a l  and  t h u s  t h e r e  a r e  i n  g e n e r a l  e i g h t , 
four o r  no f u l l  o r i e n t a t i o n s  f o r  a  g i v e n  s e t  o f  d a ta *
A new m ore g e n e r a l  a n a l y s i s  o f  t h e  p ro b le m  i s  p r e s e n t e d  
in S 7*2 and  i s  v a l i d  f o r  an y  t h r e e  c r y s t a l i o g r a p h i c a l l y  
equivalent s y m m e t r i c a l l y  d i s p o s e d  p l a n e s  , and  i n c l u d e s  a s  
special c a s e s  t r a c e s  p r o d u c e d  b y  j  111^ and  {lOO^ p l a n e s  
of cubic  c r y s t a l s  and  b y  S.I l l  V.and 5100  ^ p l a n e s  o f  m e rc u r y .  
The q u a r t i c  e q u a t i o n  g i v i n g  t h e  p o s s i b l e . s u r f a c e  n o r m a ls  i s  
derived d i r e c t l y  f ro m  s im p le  g e o m e t r i c a l  c o n s i d e r a t i o n s , and 
convenient ways o f  s o l v i n g  t h e  q u a r t i c  d is c u s s e d * .  D e g e n e r -
G'-'w
ate s o l u t i o n s  o f  t h i s  e q u a t i o n  a r e  exam in ed  a n d ,  a s  JaL i l l ­
u s t r a t iv e  e x a m p le ,  a  s p e c im e n  t a b l e  i s  p r e s e n t e d  w h ic h  
enables t h e  o r i e n t a t i o n  o f  m e rc u ry  c r y s t a l s  t o  b e  d e t e r m i n e d .  
A conven ien t  m etho d  o f  p l o t t i n g  t h e  r e s u l t s  g r a p h i c a l l y  i s  
described , and  t h e  r a n g e s  o f  t h e  s e t s  o f  d a t a . w h i c h  g i v e  r i s e  
[ to d i f f e r e n t  num bers  o f  s o l u t i o n s  d i s c u s s e d ,
Ihe  a n a l y s i s  t o  b e  d e s c r i b e d  i n  3  6*2  i s  o n l y  v a l i d  f o r  
toaces from  t h r e e  c r y s t a l i o g r a p h i c a l l y  e q u i v a l e n t  p l a n e s .
IT observed  t r i a n g l e  s h a p e s  o f  t r a c e s  g i v e  no s o l u t i o n s  t o  
The q u a r t i c ,  t h e n  t h e  i n i t i a l  a s s u m p t io n  a s  t o  t h e
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c r y s t a l l o g r a p h y  o f  t h e  p l a n e s  p r o d u c i n g  t h e  t r a c e s  m u st b e  
i n c o r r e c t *  T h is  a rg u m e n t  i s  t h e  b a s i s  o f  a  new s i n g l e  s u r ­
fa c e  a n a l y s i s  w h ic h  i s  p r e s e n t e d  i n  ^ 7 * 3  f o r  d e t e r m i n i n g  t h e  
o p e r a t i v e  s l i p  s y s te m  o f  a  c r y s t a l ,  w i t h  p a r t i c u l a r  r e f e r ­
ence t o  t h e  s l i p  p l a n e  o f  c r y s t a l l i n e  m ercu ry *  A summary o f  
th e  r e s u l t s  o f  |> 7 * 2  and  and a  c o m p a r is o n  o f  t h e
a c c u ra c y  o f  t h e  r e s u l t s  u s i n g  t h e  a n a l y t i c  m ethod  w i t h  t h o s e  
29 3of H e c k s c h e r  u s i n g  m o d e ls  i s  g i v e n  i n  $7*4-
7»2a A n a ly t i c  D e t e r m i n a t i o n  o f  O r i e n t a t i o n s ,,
I n  t h i s  s e c t i o n  an  a n a l y s i s  i s  p r e s e n t e d  f o r  t h e  d e t e r ­
m in a t io n  , o f  t h e  o r i e n t a t i o n  o f  a n y  rh o m b o h e d ra l  c r y s t a l ,  
i n c l u d i n g  a s  a  s p e c i a l  c a s e  c u b ic  c r y s t a l s ,  f ro m  s u r f a c e  
t r a c e s  p ro d u c e d  b y  t h r e e  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  
p la n e s  w h ic h  i n t e r s e c t  e a c h  o t h e r  i n  c r y s t a l l o g r a p h i c a l l y  
e q u i v a l e n t  d i r e c t i o n s .
L e t  t h e  t h r e e  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  p l a n e s  
which p r o d u c e  t h e  t r a c e s  m ee t  a t  a  p o i n t  0 and  i n t e r s e c t  
a long  t h e  l i n e s  AOA: , BOB1 a n d .COO a s  shown i n ' f i g *  7°1* 
fhe a n a l y s i s  w i l l  b e  r e s t r i c t e d  t o  c a s e s  w h e re  . th e  t h r e e  
a n g le s  AOB, BOC and COA a r e  e q u a l ,  and  t h e  m a g n i tu d e  o f  t h e  
ang le  w i l l  b e  r e p r e s e n t e d  b y  (3, L e t  t h e  s u r f a c e  o f  t h e  
c r y s t a l  i n t e r s e c t  OA, OB and  OC a t  p o i n t s  L v M and  N d i s t a n t  
a ,b . a n d  c r e s p e c t i v e l y  f ro m  0* The t r i a n g l e  L FI N t h u s  h a s
;  ■ .....
 ^ r, ■ ‘£]{> n «•
ticali '^ 1? t e t r a h e d r o n  OABC fo rm e d  b y  t h r e e  . c r y s t  a l l  o g ra p  
? ei u i v a l e n t .  p l a n e s  m e e t i n g  a t  t h e  p o i n t  0 ,  and  t h e  . 
W q 9 ’fcraces i  M N. p r o d u c e d  a t  t h e  s u r f a c e  o f  t h e
1
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the sh ape  o f  t h e  o b s e r v e d  s e t  o f  s i m i l a r  t r i a n g l e s  p ro d u c e d  
on th e  c r y s t a l  s u r f a c e  b y  t h e  t h r e e  s e t s  o f  p l a n e s ,  a n d  t h e  
o r i e n t a t i o n  o f  t h e  c r y s t a l  i s  f i x e d  b y  t h e  m a g n i tu d e s  o f  th e  
param eters a ,  b and  c .  The p ro b le m  o f  d e t e r m i n i n g  t h e  o r i e n ­
ta t io n  i s  t h a t  o f  d e t e r m i n i n g  t h e  i n t e r c e p t s  a , b 9 c when t h e  
angles LMN a r e  known* As i t  i s  o n ly  t h e  r e l a t i v e  m a g n i tu d e s  
of a ,  b and c w i t h  w h ic h  we a r e  c o n c e r n e d  we may p u t  a = l  
and l e t  t h e  c o r r e s p o n d i n g  m a g n i tu d e s  o f  MF, FL and  LM be  
ljm and n  r e s p e c t i v e l y *  U s in g  t h e  s i n e  and  c o s i n e  r u l e s  
we o b ta in
b 2 + 1 -  2b c o s  (3 = r  I 2 (7 * 1 )
c 2 + 1 -  2c c o s  (3= s i 2 (7 * 2 )
b"~ + c 2 -  2bc c o s  p= l 2 (7©3)
w h e r e  r  =  (  s i n  F / s i n  L ) 2  a n d  s  =  ( s i n  1 1 / s i n  L ) 2 *
Elim inating  b and l 2 f ro m  e q u a t i o n s  (7 * 1 )  ~ (7 * 3 )  t h e
following q u a r t i c  f o r  c i s  o b t a i n e d ,
+ c + ^2 + + Cq c^" = o (7 .4-)
w h e r e  ^
Co = ~ r  + s + 1 ) ^  4 s  c o s  p}
= 4  c o s  p { ( ~ r  + s  + l ) ( r - l ) + s ( r * ~ s + l ) c o s  (3
+ 2  s  c o s 2 p
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2 (~  r  + s + l ) ( r  + s  ~ l ) + 2  j ( r - l ) 2“* ( r + l )  s
* 2 s 2 ] c o s 2 p “  4  ( r-i- l ) s  c o s ^  p i
4  c o s  p ( r  + s ~ 1 ) (  r  ~ 1 )  + s ( r  -  s  4 3.)
2 )cos p + 2 r  s  c o s  P i
*[_(r + ' s ' ~  l ) 2 ~ 4  r  s c o s 2 p ^
This e q u a t i o n  g i v e s  f o u r ,  two o r  no  s o l u t i o n s  f o r  c d e p e n ­
ding on t h e  v a l u e s  o f  t h e  p a r a m e t e r s  p ,  r  and  s* When c i s
known b may b e  d e t e r m i n e d  fro m  t h e  r e l a t i o n s h i p *
b = (p ”  l ) ( c 2 + 1 -  2 c c o s  P ) + s ( c 2 -  1 )  (7*5)
2 s ( c  -  1 )  c o s  p
and t h u s ,  a s  a  i s  f i x e d  a t  u .n i t y ,  t h e  v e c t o r  n o rm a l  t o  t h e  
su rface  i s  known r e l a t i v e  t o  t h e  t e t r a h e d r o n  ax es*
C e r t a i n  d e g e n e r a t e  s o l u t i o n s  o f  e q u a t i o n  (7*4). a11^
(7*5) a r e  now c o n s i d e r e d *  When one o f  t h e  a n g l e s  o f  t h e  
t r i a n g le  L id  i s  p o r  7 C -p  t h e  e q u a t i o n s  p r o d u c e  a  s o l u t i o n  
with e i t h e r  b  o r  c z e ro *  T h is  c a s e  i s  n o t  o b s e r v a b l e  
p h y s ic a l ly  a s  t h e  s u r f a c e  o f  t h e  c r y s t a l  i s  t h e n  p a r a l l e l  
to one o f  t h e  p l a n e s  p r o d u c i n g  t h e  t r a c e s *  A lso  e q u a t i o n  
(7*5) f o r  b becom es i n d e t e r m i n a t e  when c = 1 ?  a s  t h e  
t r i a n g le  LT1DT i s  t h e n  i s o s c e l e s  so  t h a t  r  = ! •  I n  t h i s .
C3
%
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case e q u a t i o n  (7 * 4 )  r e d u c e s  t o
( c 2 4  c f  c 4  1 ) (  c 2 “ l ) 2 = 0 ,  ( 7 . 6 )
where q *  = 2 | s ( l  -  2 c o s 2 ( 3 ) + 4  c o s ^ p j / ( s - 4  c o s  p ) .
The two s o l u t i o n s  c = 1 o f  e q u a t i o n  (7 o 6 )  a r e  a s s o c i a t e d  
with v a l u e s  o f  b  g i v e n  b y  t h e  q u a d r a t i c  e q u a t i o n
b 2 - 2  b c o s  (3 .+ [ l  -  2 (1  - c o s  P ) / s ]  = 0  ( 7 . 7 )
The o t h e r  tw o s o l u t i o n s  o f  e q u a t i o n s (7®6) a r e  r e c i p r o c a l  
to each  o t h e r  and  on s u b s t i t u t i n g  t h e s e  v a l u e s  i n t o  e q u a ­
t io n  (7 * 5 )  f o r  b ,  w h ic h  when r  = l  r e d u c e s  t o  b = (c  + i y 2 c o s p  
r e s u l t s  i n  o n ly  one  in d e p e n d e n t  s o l u t i o n  f o r  t h e  o r i e n t a t i o n  
We may t h u s  o b . t a in ,  d e p e n d in g  on t h e  v a l u e s  o f  s  and  (3, o n e ,  
two o r  t h r e e  p o s s i b l e  s o l u t i o n s  f o r  t h e  o r i e n t a t i o n  when t h e  
t r i a n g le  LOT i s  i s o s c e l e s *  I n  t h e  c a s e  o f  t h e  e q u i l a t e r a l  
t r i a n g l e ,  o n l y  tw o i n d e p e n d e n t  s o l u t i o n s  a r i s e  f o r  t h e  
t r i p l e t  o f  p a r a m e t e r s  a . ,b ,c «  By p u t t i n g  s = 1 i n  e q u a t i o n s  
(7*6) and (7 * 7 )  t h e s e  may b e  shown t o  b e  1 , 1 , 1  and  1 , 1 ,
2 cos(3 -  1 ,  F u r t h e r  d e g e n e r a c i e s  a l s o  a r i s e  when t h e  a n g le  
P tak e s  on c e r t a i n  v a l u e s ,  F o r  I 111!  t r a c e s  i n  c u b ic  
c ry s ta l s  f o r  exam ple  we h a v e  (3 = and  t h e  two o r i e n t ­
a tions c o r r e s p o n d i n g  t o  c = 1 f o r  t h e  i s o s c e l e s  t r i a n g l e
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are e q u i v a l e n t 0 T h u s ,  i n  t h i s  c a s e  we may o n ly  h a v e  one 
or two i n d e p e n d e n t  s o l u t i o n s  f o r  t h e  o r i e n t a t i o n *  f o r  t h e  
d ° ° y  t r a c e s  i n  c u b ic  c r y s t a l s ,  p -^ V ra n d  a l l  f o u r  s o l u t i o n s  
of t h e  q u a r t i c  e q u a t i o n  a r e  e q u i v a l e n t  f o r  a l l  s e t s  o f  dsftsu
The p a r a m e t e r s  a , b , c  f i x  t h e  o r i e n t a t i o n  o f  t h e  s u r f a c e  
of t h e  c r y s t a l , t h e  M i l l e r  i n d i c e s  o f  t h e  s u r f a c e  r e l a t i v e
— i  — 1  — q
to t h e  t e t r a h e d r o n  a x e s  CA, OB, OC b e i n g  a  , b ~~, c . * 
These i n d i c e s  c a n  b e  r e f e r r e d  t o  a  b a s i s  c o n s i s t i n g  o f  t h e  
< 100 > e d g e s  o f  t h e  s t a n d a r d  c e l l  u s i n g  t h e  r e l a t i o n
= (h l h t Cs
where (h .. ) and  ( i  = 1 , 2 , 3 )  r e p r e s e n t  t h e  M i l l e r  i n d i c e s
-i. S -u O
r e l a t i v e  t o  s t a n d a r d  and  t e t r a h e d r o n  axes*  The row s o f  t h e  
3 x 3  sy m m etr ic  m a t r i x  ^Cs  a r e  t h e  M i l l e r  i n d i c e s  o f  t h e  
edges o f  t h e  s t a n d a r d  c e l l  r e l a t i v e  t o  t h e  t e t r a h e d r o n  axes*  
For exam p le , f o r  t r a c e s  p r o d u c e d  b y  t h r e e  p l a n e s  i n
f -
cubic s t r u c t u r e s  o r  t h r e e  ^ 1 1 1 ^  p l a n e s  i n  m e r c u r y  we h a v e
(. V  ■ * | m l  •
V 111 I1
The w h o le  a n a l y s i s  d e s c r i b e d  ab ov e  was program m ed f o r  
831 e l e c t r o n i c  d i g i t a l  c o m p u te r ,  t h e  m ethod  s u g g e s t e d  b y  
kncEOB35) b e i n g  u s e d  f o r  t h e  s o l u t i o n  o f  t h e  q u a r t i c  
elua tion*  K e s u l t s  h a v e  b e e n  o b t a i n e d  f o r  s u r f a c e  t r a c e s  
R is in g  fro m  ^111^ an d  *5^100^ p l a n e s  o f  t h e  c u b ic  c r y s t a l s
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and from  and  ^ 1 0 0  ]* p l a n e s  o f  m e rc u r y  c r y s t a l s ,  A
s e le c t io n  o f  s u r f a c e  n o r m a ls  o f  m e rc u ry  c r y s t a l s  a s  c a l c u ­
la ted  from  { i l l }  t r a c e s  i s  g i v e n  i n  t h e  t a b l e  7*1*
The m o st c o n v e n i n e t  way o f  i n d i c a t i n g  t h e  r a n g e s  o f  
shape o f  t h e  t r i a n g l e  L M  o f  f i g  7*1 w h ic h  g i v e  r i s e  t o  
d i f f e r e n t  nu m bers  o f  s o l u t i o n s  f o r  t h e  s u r f a c e  n o r m a l ,  i s  
to p r e s e n t  t h e  r e s u l t s  o f  t h e  p r e v i o u s  a n a l y s i s  on c h a r t s ,
As th e  l a b e l l i n g  o f  t h e  v e r t i c e s  and  N o f  t h e  t r i a n g l e
of s u r f a c e  t r a c e s  i s  a r b i t r a r y  i t  i s  c o n v e n i e n t  i n  t h i s  
connection t o  u s e  a  p l o t  w h ic h  h a s  t h r e e  f o l d  sy m m etry ,
Thus t h e  p r i n c i p l e  u t i l i z e d  i n  t h e  p l o t t i n g  o f  t e r n a r y  p h a s e  
diagrams h a s  b e e n  u s e d ,  i « e ,  t h e  sum o f  t h e  t h r e e  n o rm a ls  
from any i n t e r i o r  p o i n t  o f  an  e q u i l a t e r a l  t r i a n g l e  t o  t h e  
three ed ges  i s  i n v a r i a n t 9 T h u s ,  i f  t h e  t h r e e  n o rm a ls  
rep resen t t h e  t h r e e  a n g l e s  o f  a  t r i a n g l e  o f  s u r f a c e  t r a c e s ,  
their sum w i l l  a lw a y s  b e  1 8 0 ° .  T h is  i s  i l l u s t r a t e d  i n  
^ig«7.2 w here  t h e  r a n g e s  f o r  f o u r ,  tw o o r  no s o l u t i o n s  f o r  
t r ia n g le s  o f  t r a c e s  p ro d u c e d  on <^111^ c u b ic  p l a n e s  a r e  a l s o  
shown. The f i g , 7,.2 c o n s i s t s  o f  s i x  c r y s t a l l o g r a p h i c a l l y  
equivalent r i g h t  a n g le d  t r i a n g l e s , and  i t  i s  n o t  n e c e s s a r y  
to make u s e  o f  t h e  w h o le  t e r n a r y  d i a g r a m ,  I n  t h i s  w ork t h e  
rest r i c t i o n  L> M> N was im p o sed  l i m i t i n g  r e s u l t s  t o  t h e  
shaded t r i a n g l e  JKL o f  f i g . 7 . 2 .
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TA3LB 7 .1 .
The orientation of mercury crystals as calculated from three {111} traces
I  • II
21 X
101 k 101 z 10 s k
■
104 Z
40
.
40 -6 1 1 0 + 1052 + 1052 -6 1 1 0
| 35 —67SS
.
+3445 +2903 —6980
45 45 —54SS —1386 -1 3 8 6 -54S S
40 —5495 -0 0 8 5 —0589 -5 9 4 5
.35 -5 7 7 1 + 1509 .+ 0494 -6 4 8 1
30 -6 6 2 6 + 3909 +224S -7 2 1 2
50 50 -5 3 2 3 -3 0 8 0 -3 0 S 0 -5 3 2 3
45 -5 0 7 1 -2 0 2 5 .-2 5 7 8 -5 6 7 2
40 -4 9 7 7 -0 9 2 4 -1 9 8 2 —6040
35 -5 0 7 0 +0322 -1 2 3 5 -6 4 4 0
30 —5452 + 1S94 -0 2 1 6 -6 9 0 2
25 -6 4 8 5 +4319 + 1420 "—7503
55 55 —o4oo —4525 —4525 —5455
55 + 10'1 4 3740 -9 4 1 7 -9 4 1 7
50 —49S1 -r-3520 -4 1 7 1 -5 7 4 7
50 +9732 —5754 +93S0 -0 9 8 6
45 —4674 -2 5 6 6 -3 7 7 7 -6 0 4 1
40 —450S -1 6 0 0 -3 3 2 4 -6 3 4 3
35 .—44SS —0556 -2 7 8 3 -6 6 6 1
30 —4657 +0658 -2 1 0 2 -7 0 0 6
25 -5 1 4 2 +2227 -1 1 7 2 —739S
20 -6 3 6 1
'
+4690 +0307 -7 8 8 1______ ;
60. GO '+ 10* + 104 -5 9 2 4 • -5 9 2 4
55 —5166 —4S59 —5670 -6 1 6 S
.55 +S5S1 +6543 -7 2 9 9 -7 1 3 0 •
50 -4 6 3 9 - 3 9  IS -5 3 9 9 -6 4 0 6
50 + 3601 +7950 -9 2 9 2 -9 1 9 9
j 45 -4 2 8 4 -3 0 4 4 -5 1 0 3 -6 6 4 3
; 45 +9222 —5654 + S171 -0 6 5 4
! 40 -4 0 6 0 -2 1 7 8 -4 7 7 2 -6 8 S 4
i a- i oo -3 9 6 1 -1 2 6 9 —43S9 -7 1 3 4
, : 30 -4 0 0 3 -0 2 6 1 —3930 -7 3 9 9
I 25 -4 2 4 4 +0939 -3 3 5 0 —76SS
: 20 -4 S 3 3  i +2521 -2 5 6 0 -S 0 1 2
i .15 -6 2 5 0  S +5033 -1 3 2 4 -S 3 9 5
! 10 +7SS0 ! —9658 + 1718 -S 9 4 4  -
II
X
10 l k
•
10 l ’l 104 k 10‘ Z
65 50
.
-6 9 5 2 —7465
■
-6 9 5 2 —7465 ■
50 + 6080 + 6080 —42S7 -4 2 8 7
a  krrO -4 8 1 3 —5170 -6 7 6 3 -7629'
45 +4013 +6444 -9 4 7 9 -9 3 3 0
40 -3 6 1 S -2 6 9 2 —6557 -7796-
40 +S751 —5604 +6871 —0046, 35 -3 4 5 7 —1SS4 -6 3 2 5 -7 9 6 8  •
30 -3 4 1 1 -1 0 1 4 -6 0 5 9 -S 1 4 9  ,
25 -3 5 0 7 -0 0 2 7 -5 7 4 0 —S344
20 —3S17 + 1173 -5 3 4 1 —S561
15 —4517 +27S2 -4 8 0 6 -S S0S
10 -6 1 4 9 +5357 -4004 ' -9 1 0 1
5
■
-9 8 6 4 + S406 —2252 -9 4 6 4
70 40 -3 1 6 6 -3 1 6 6 -9 3 0 5 -9 5 2 6
140 +404S +4048 -9 3 0 5 -9 5 2 6
35 -2 9 5 3 -2 4 3 5 -9 2 6 3 —9565
35 +5263 +0928 + S319 —5593
30 -2 8 4 2 -1 6 7 0  ' -9 2 1 8 -9 6 0 6
25 -2 8 4 0 -0 S 2 6 -9 1 6 8 -9 6 5 0
20 -2 9 8 5 +0151 -9 1 1 1 -9 6 9 9
15 -3 3 6 3 + 1363 -9 0 4 5 —9755
.10 -4 1 S 3 +3016 —8964 -9 S 2 0
5 -6 0 5 7 +566S —SS63 ;_______________.
-9 8 9 9
75 30 -2 2 7 0 -2 2 7 0 +7923 -5 6 1 0
30 +2690 +2690 +7923 -5 6 1 0
25 -2 1 9 3 -1 5 3 4 +7557 —5645
20 -2 2 2 6 -0 7 0 7 +7214 —5695
15 -2 4 1 4 +0270 +6S90 —5753
10 -2 8 6 1 + 1505 +6578 -5 S 2 0
5 -3 8 1 7 +3224■-
+ 6273 —5893
SO 20 -1 4 8 2 -1 4 S 2 + 1650 + 1650
15 —1541 —066S • +3403 —1214
10. -1 7 6 6 +0315 ‘ +35S2 —2240■
5 -2 2 8 3 + 1588 +3534 —2899
60 10 -0 7 4 0 -0 7 4 0 +0780 + 0780
5 -0 9 9 1 +0251 + 1392 -0 6 4 2
Columns '21 and X  give the measured angles in degrees between the traces, using tn 
convention L >  21 >  X.  Columns I and II give the components k and -I of the possi e 
normals {%, k,T} to the crystal surface relative to the standard face centered rhomboheorai. 
cell. The largest component h is put equal to unity in all cases.
!leL ^ P r e s e n t a t i o n  o f  t r i a n g l e s  o f  s u r f a c e  t r a c e s  on  a  
’i;as,ar^ ^ ieg ram . The t r i a n g l e  r e p r e s e n t e d  b y  t h e  p o i n t  P 
^hf1 a n d l l .  The p l o t  c o n s i s t s  o f  s i x  e q u i v a l e n t
'id  t r i a n g l e s  one o f  w h ic h  i s  shown s h a d e d .  The
t h e  r e g i o n s  i n  w h ic h  f o u r ,  tw o  o r  no s o l u t i o n s  
toted es ^ roc3-u c e ^  t y  c u b i c  ^  l l l j .  p l a n e s  a r e  a l s o  i n d i -a r e  a l s o  i n d i
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I n  f i g  7 * 3  u s e  i s  made o f  t h i s  t r i a n g l e  t o  p l o t  t h e  
ranges o f  f o u r ,  two and  no s o l u t i o n s  f o r  v a l u e s  o f  p 
e q u a l l in g  6 0 ° ,  7 0o7 5°  and  98*37 °? c o r r e s p o n d i n g  t o  
t rac e s  i n  c u b ic  c r y s t a l s  and  j l l l ^  and  ^lOOjj t r a c e s  i n  
mercury c r y s t a l s  r e s p e c t i v e l y *  The r e g i o n  i n  w h ic h  t h e  
unique s o l u t i o n  f o r  t h e  d e g e n e r a t e  c a s e  o f  \ l 0 0 ^  c u b ic  
traces  i s  a l s o  shown* The p o s s i b l e  num ber o f  s o l u t i o n s  
which a r i s e  a lo n g  t h e  s i d e s  o f  t r i a n g l e  KLJ a r e  a s  d e te r m in e d  
when t h e  d e g e n e r a t e  s o l u t i o n s  o f  e q u a t i o n  (7*4-) w e re  a n a ly s e d *
l o r  a  p a r t i c u l a r  s e t  o f  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  
p lanes, t h e  r a n g e  o f  t r i a n g l e  s h a p e s  g i v i n g  some s o l u t i o n s  
and no s o l u t i o n s  t o  e q u a t i o n  (7*4-) i s  i n d i c a t e d  b y  t h e  0~2 
I so lu t io n  b o u n d a r y ,  a s  t h i s  b o u n d a ry  a lw a y s  c o n t a i n s  t h e  2-4- ■ 
j so lu t io n  b o u n d a ry *  The 0~2 s o l u t i o n  b o u n d a r i e s  f o r  d i f f e r e n t  
sets o f  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  p l a n e s  f o r  one c r y s t a l  
s t r u c tu r e ,  p r o v i d e  t h e  b a s i s  o f  a  new m ethod  o f  d e t e r m i n i n g  
opera tive  s l i p  s y s te m s  u s i n g  a  s i n g l e  s u r f a c e  t r a c e  a n a l y s i s *  
It  s l i p  i s  t h o u g h t  t o  t a k e  p l a c e  on one  o f  s e v e r a l  s e t s  o f  
o r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  p l a n e s ,  t h e  o p e r a t i v e  s e t  
osn. be d e te r m in e d  b y  p l o t t i n g  e x p e r i m e n t a l l y  o b s e r v e d - t r i a n g -
'i
les on f i g #7*3* The t r i a n g l e s  a s s o c i a t e d  w i t h  t h e  o p e r a t i v e  
slip sy s tem  s h o u l d  f a l l  i n t o  w e l l  d e f i n e d  r e g i o n s  o f  t h e  p l o t *  
$bis method w i t h  p a r t i c u l a r  r e f e r e n c e  t o  t h e  d e t e r m i n a t i o n  
°t the  s l i p  p l a n e  o f  c r y s t a l l i n e  m e rc u ry  i s  d i s c u s s e d  i n  7«3»
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7* The S l i p  P l a n e  o f  C r y s t a l l i n e  M e rc u ry ,,
C r y s t a l l i n e  m e rc u ry  was r e p o r t e d  b y  A ndrade  and  
H utch ings^0  ^ t o  s l i p  on t h e  -JIGOS p l a n e s  o f  t h e  f a c e  c e n t r e d  
cubic c e l l ,  a l t h o u g h  i t  h a s  b e e n  s u g g e s t e d  t h a t  t h e  e x p e r i ~  
mental o b s e r v a t i o n s  c o u ld  e q u a l l y  w e l l  b e  i n t e r p r e t e d  a s  
s l ip  on -^ 1 1 1 ^  p l a n e s ^ ' ,  I n  t h e  rh o m b o h e d ra l  s t r u c t u r e  
there  a r e  t h r e e  v a r i a n t s  o f  b o t h  | l 0 0 ^  and \ . l l X j  and t h u s
r )
i f  s l i p  o c c u r s  on a l l  p o s s i b l e  v a r i a n t s  o f  e i t h e r  *(100j o r  
| l l l j j  t h r e e  s e t s  o f  s l i p  l i n e s  w i l l  be  p r o d u c e d  on a  f l a t  
su rface  o f  a  m e rc u ry  s i n g l e  c r y s t a l *  The r a n g e s  o f  t r i a n g l e  
shapes, d e t e r m i n e d  b y  t h e  s l i p  l i n e s ,  a s  i n d i c a t e d  i n  f i g  7*3 
is n o t  u n r e s t r i c t e d  f o r  a  g i v e n  s l i p  sys tem ,, U s in g  t h e  0~2 
s o lu t io n  b o u n d a r i e s  d i s c u s s e d  i n  5  7«2 i t  i s  p o s s i b l e  t o  
determ ine w h ic h  o f  t h e  1 0 0 )  and  ^111^  s l i p  s y s te m s  i s  
o p e r a t iv e ,
r  t»  , .
The g e o m e try  o f  b o t h  t h e  ^lOO^j and  |1 1 1  j  p l a n e s  i s  
as i n d i c a t e d  b y  f i g  7*1# L o r  ^100^ s l i p  i n  m e rc u ry  
P a 98° 22 , t h e  a n g le  b e tw e e n  a n y  tw o <100> d i r e c t i o n s ,  and 
f°£ { l l l j '  s l i p  p = 7 0 °  45  , t h e  a n g le  b e tw e e n  any  two <110> 
d i r e c t i o n s , The p r o b le m  i s  t h a t  o f  d e t e r m i n i n g  t h e  r a n g e  
of p o s s i b l e  s h a p e s  o f  t h e  t r i a n g l e  LOT f o r  a l l  p o s i t i v e  and 
ftogative v a l u e s  o f  a , b  and  c when (3 t a h e s  on t h e  tw o v a l u e s  
looted a b o v e .  The r a n g e s  c a n  b e  d e t e r m i n e d  by  a n a l y s i n g  t h e  
uubber o f  p o s s i b l e  o r i e n t a t i o n s  a s s o c i a t e d  w i t h  p a r t i c u l a r
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t r i a n g l e  s h a p e s  a s  d i s c u s s e d  i n  ^ 7 * 2 .  The 0~2 s o l u t i o n  
b o u n d a r ie s  o f  f i g  7 -3  g i v e  t h e  r e q u i r e d  r a n g e s *  However 
u n less  t a b l e s  o f  c r y s t a l  o r i e n t a t i o n s  f o r  p a r t i c u l a r  t r i a n g l e  
shapes a r e  r e q u i r e d ,  t h e  t e c h n i q u e  f o r  d e t e r m i n i n g  t h e  0~2 
s o lu t io n  b o u n d a ry  i s  i n d i r e c t  and  t e d i o u s ,  A m ethod  f o r  
d e te rm in in g  t h e  r a n g e s  o f  t r i a n g l e  s h a p e s  d i r e c t l y  f o r  any 
value o f  (3 i s  g i v e n  b e lo w .  As i n j ^ 7 » 2  u s e  i s  made o f  t h e  
p r i n c i p l e  u t i l i s e d  i n  t h e  p l o t t i n g  o f  t e r n a r y  p h a s e  d i a g r a m s ,  
for p l o t t i n g  t h e  r a n g e s  o f  s l i p  t r a c e  t r i a n g l e s .
B e f o re  d e t e r m i n i n g  t h e  e x a c t  fo rm  o f  t h e  c u r v e s  
d e f in in g  t h e  r a n g e  o f  p o s s i b l e  s h a p e s  f o r  t h e  t r i a n g l e  LMN 
of f i g  7 .1  f o r  a  g i v e n  v a l u e  o f  (3,i t  i s  c o n v e n i e n t  t o  o b t a i n  
an i n d i c a t i o n  o f  t h e  r a n g e  b y  c o n s i d e r i n g  t h e  s p e c i a l  c a s e s  
of i s o s c e l e s  t r i a n g l e s  and  t r i a n g l e s  i n  w h ic h  one a n g le  t e n d s  
to z e r o .  I n  t a k i n g  t h e s e  p a r t i c u l a r  c a s e s  we d e te r m in e  t h e  
po in ts  o f  i n t e r s e c t i o n  o f  t h e  0 - 2  s o l u t i o n  b o u n d a ry  w i t h  t h e  
t r i a n g le  LKJ o f  f i g  7<»3« U s in g  t h e  c o s i n e  r u l e  on t h e  t r i ­
angles LMU, OLM, GOT and  0UL i t  i s  p o s s i b l e  t o  o b t a i n
cos I  = f  ( a , b  ,c  ,cosj3 )  • U s in g  t h e  e q u a t i o n  _5 ( c o s  L) = 0 ,
5a -
the v a lu e  o f  a  w h ic h  g i v e s  maximum L f o r  p a r t i c u l a r  v a l u e s  
°f b and c c a n  b e  d e te r m in e d *  To d e te r m in e  t h e  maximum L 
tor t h e  i s o s c e l e s  t r i a n g l e s  w i t h  M=N, t h e  two c a s e s  o f  b = c 
and b a -  c h a v e  t o  be  c o n s i d e r e d *  F o r  b = c ,  t h e  maximum
-  281 -
L i s  d e f i n e d  b y  c o s  L = c o s p / ( l  + c o s  (3 ) when a  = b co s  p ,
For b and c h a v in g  o p p o s i t e  s i g n s  t h e  maximum i s  L = -  p
when a  = o .  The r e l a t i v e  m a g n i tu d e  o f  t h e  maximum v a l u e s  o f  
L f o r  t h e s e  two c a s e s  d e p e n d s  on p ,  t h e  f o r m e r  v a l u e  b e in g  
g re a te r  when p > £> and  t h e  l a t t e r  when p < ?V'2. •
The a n g le  N t e n d s  t o  z e r o  when c t e n d s  t o  i n f i n i t y  i n
which, c a s e  L i s  a  maximum when a  b s F o r  p < 7 / z a  i s
x
p o s i t iv e  and  t h e  maximum v a l u e  o f  L i s  g i v e n  b y  co s  L = -  2
x
cos p (1 + c o s  p ) o The s i g n s  o f  b o t h  a  and  c o s  L b e i n g  
rev e rsed  when p > Thus t h e  maximum v a l u e s  o f  L f o r   ^ 100*j
and ^ llT j-  s l i p  i n  m e rc u r y  f o r  t h e  c a s e s  M = N and  N = 0 a r e  
99*80° and 1 0 9 * 2 5 °  > and  102<,86° and  113 * 8 5 °  r e s p e c t i v e l y  as  
in d ic a te d  i n  f i g .  7 .4 -.
The d e t e r m i n a t i o n  o f  t h e  fo rm  o f  t h e  b o u n d a ry  b e tw e e n  
the l i m i t i n g  c a s e s  d i s c u s s e d  ab ove  i s  f a c i l i t a t e d  b y  c o n ­
s id e r in g  t h e  t r i p l e t  o f  p a r a m e t e r s  a , b ?c f o r  t h e s e  e x tre m e  
cases« As we a r e  o n ly  c o n c e r n e d  w i t h  t h e  s h a p e s  o f  t h e  
t r i a n g le  IOT i t  i s  t h e  r e l a t i v e  m a g n i tu d e s  o f  a , b ,  and  c 
which n e e d  bo  c o n s i d e r e d  and  we may t h u s  l e t  one o f  t h e s e  
Param eters b e  u n i t y .  L e t t i n g  b = 1 t h e  t r i p l e t s  f o r  t h e  
i so sc e le s  t r i a n g l e s  and  N = o t r i a n g l e s  f o r  lOOV s l i p  i n  
Mercury may t h u s  b e  w r i t t e n  0*14-55>1*1 and  l j l , ^ ?  t h e  
co rresp ond ing  t r i p l e t s  f o r  <^111^ s l i p  b e in g  O i l  and  
} Ij^^O as  i n d i c a t e d  i n  f i g  7*4-« I t  i s  a l s o  c o n v e n i e n t  t o
•P 0
<_]
__] o
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r e t a i n  t i i e  r e s t r i c t i o n  b = 1 when d e a l i n g  w i t h  t h e  i n t e r ­
m ediate  v a l u e s .  The p r o c e d u r e  a d o p te d  i n  o b t a i n i n g  t h e  
boundary c u r v e s  was t h u s  t o  f i n d  t h e  v a l u e  o f  a  w h ich  makes 
1 maximum f o r  a  g i v e n  c when b = 1 ,  and  t h e  l i m i t i n g  c a s e s  
i n d ic a t e  t h a t  we n e e d  o n l y  c o n s i d e r  v a l u e  o f  c b e tw e e n  1 and 
csO f o r  |lOO^i s l i p  and  v a l u e s  b e tw e e n  ~1 a n d —^ f o r  - j l l l |  
s l i p .  The t r i p l e t s  a , l , c  t h e n  e n a b le  t h e  a n g le s  L }TI and N
to be c a l c u l a t e d .  When b = 1 t h e  e q u a t i o n  d ( c o s  L) _ _
5a  ~ “ °»
g iv ing  a  f o r  maximum L , r e d u c e s  t o  t h e  c u b ic  9
2 0 A + A-i a  + A0 a  + A-^  a  = oo 1 2 3
where
Aq = (1 -i- c )  c^  c o s  (3 ( c o s p ~ l ) ,
» (1 + c ) ^ c  c o s^ p  ~ c c o s  p ( l  4- Ac c o s^ p  + c^)-f-2c^,
A^ « 3 ( 1 + c )  c c o s  p ( c o s  p “ 1 ) ,
o o p
A  ^ = 1 “ 2c c o s  p + c  - ( 1  ~ c ) ^  co s  p .
T his e q u a t i o n  h a s  o n l y  one r e a l  r o o t  and  t h i s  was o b t a i n e d  
using Newtons' i t e r a t i v e  m e th o d .  The w h o le  a n a l y s i s  was 
' Programmed f o r  t h e  I .G .T *  S i r i u s  c o m p u te r  and t h e  r e s u l t i n g
curves f o r  t h e  two m e r c u r y  s l i p  s y s te m s  a r e  g iv e n  i n  f i g . 7 . A.
T h ree  d i s t i n c t  r e g i o n s  a r i s e  i n  f i g  7*As
The c e n t r a l  r e g i o n  i n  w h ic h  t h e  s l i p  p l a n e  c a n  be  e i t h e r  
(lOO'lj o r
-  284
20 R e g io n s  n e a r  t h e  v e r t i c e s  o f  t h e  e q u i l a t e r a l  t r i a n g l e  
in  w h ich  n e i t h e r  ^100  \  n o r  ^111 t r i a n g l e s  o f  s l i p  t r a c e s  
shou ld  a r i s e .
3. I n t e r m e d i a t e  r e g i o n s  i n  w h ic h  t h e  s l i p  p l a n e  c a n  b e  
{111 j  b u t  n o t   ^lOOjf *
Thus i f  a l l  o b s e r v e d  t r i a n g l e s  o f  s l i p  t r a c e s  l i e  i n  
r e g io n  1 t h e  s l i p  p l a n e  i s  l i k e l y  t o  b e  {lO O j. S e c o n d ly  
i f  t r i a n g l e s  l i e  i n  r e g i o n s  1 a n d . 3 b u t  n o t  i n  r e g i o n  2 
the  s l i p  p l a n e  c a n n o t  b e  { 1 0 0 \  and  m u st be  ^ l l T  \  i f  t h e  
b a s ic  a s s u m p t io n ,  t h a t  s l i p  o c c u r s  on t h r e e  v a r i a n t s  o f  
e i t h e r  -) 100^ o r  j j L l l j  , i s  c o r r e c t « F i n a l l y  i f  some r e s u l t s  
l i e  i n  r e g i o n  2 t h e  b a s i c  a s s u m p t io n  i s  i n c o r r e c t .
51 \
A summary o f  t h e  r e s u l t s  o b t a i n e d - b y  H e c k s c h e r^  / a r e  
g iven i n  f ig « 7 * 4 *  The o b s e r v e d  t r i a n g l e s  o f  m e rc u ry  s l i p  
t r a c e s  a r e  r e p r e s e n t e d  b y  c r o s s e s  on t h e  p l o t .  I t  i s  s e e n  
th a t  t h e  t r i a n g l e s  a r e  s c a t t e r e d  th r o u g h o u t  r e g i o n s  1 and 3 
but t h a t  no t r i a n g l e s  l i e  i n  r e g i o n  2 .  As e x p l a i n e d  above 
t h i s  i n d i c a t e d  t h a t  t h e  s l i p  p l a n e  m u st be  I 111  ^ and n o t  
{lOOjr *
^  ftts c u ss  i o n .
H e x k s c h e r ^ ^  h a s  u s e d  m o d e ls  c o n s t r u c t e d  from  t r a n s -  
Paren t s y n t h e t i c  p l a s t i c  i n  d e t e r m i n i n g  t h e  o r i e n t a t i o n  o f  
Mercury c r y s t a l s  fro m  a  k n o w le d g e  o f  t h e  a n g le s  b e tw e e n  t h r e e
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s u r fa c e  t r a c e s a The m o d e ls  u s e d  c o n s i s t  o f  t h e  t e t r a h e d r a  
o A B 6  and o IE  0 o f  f i g «7*1 w i t h  f a c e s  ABC and AB 0  
open* A t r i a n g u l a r  t e m p l a t e  w i t h  a n g le s  LM and  N was p r e ­
pared  and  p l a c e d  i n  e a c h  t e t r a h e d r a  i n  t u r n  so  t h a t  t h e  
edges LM, 1IM and  NL l i e  i n  t h e  f a c e  o f  t h e  t e t r a h e d r o n *
The m a g n i tu d e s  a , b  and  c c a n  t h e n  b e  r e a d  o f f  d i r e c t l y  
from s c a l e s  a lo n g  t h e  e d g e s  QA, OB, OC and  GA,OB , OC 
fo r  t h e  two m o d e ls  r e s p e c t i v e l y *  The num ber o f  p o s s i b l e  
s o l u t i o n s  w h ic h  a r i s e  a r e  a s  d e s c r i b e d  i n  §  7*2« I n  u s i n g  
models f o r  d e t e r m i n i n g  c r y s t a l l o g r a p h i c  o r i e n t a t i o n s  e r r o r s  
can a r i s e  i n  e s s e n t i a l l y  t h r e e  d i f f e r e n t  ways* The c o n s t r u e ” 
t io n  o f  t h e  m o d e ls  may bo  f a u l t y ,  t h e  sh a p e  o f  t h e  t e m p l a t e  
may b e ' i n c o r r e c t  and  r e a d i n g  o f  t h e  i n t e r c e p t s  a , b  and c 
may be  i n  e r r o r *  H e c k s e h e r ^ ^  u s e d  a  s e t  o f  t e s t  t e m p l a t e s  
c o v e r in g  t h e  w h o le  r a n g e  o f  t r i a n g l e  s h a p e s  w i t h  a n g le s  a t  
10° i n t e r v a l s ,  and  i n  no c a s e  w ere  t h e  m odel r e s u l t s  fo u n d  
to be i n  e r r o r  b y  m ore t h a n  l-J0 w i t h  t h o s e  d e te r m in e d  by  
the a n a l y s i s  o f  $ 7 *2*  The u s e  o f  m o d e ls  i s  t h e r e f o r e  a  
v a lu a b le  t e c h n i q u e  i n  d e t e r m i n i n g  t h e  o r i e n t a t i o n  o f  c r y s t a l s  
from s u r f a c e  t r a c e s  o f  known c r y s t a l l o g r a p h i c  p l a n e s .
However^if t h e  o b s e r v e d  a n g l e s  b e tw e e n  t r a c e s  c a n  be  m easu red  
to an a c c u r a c y  g r e a t e r  t h a n  l-J0 t h e  o r i e n t a t i o n  i s  b e s t  
^ o te rm ined  b y  t h e  a n a l y t i c  m e th o d  t o  e n s u r e  t h a t  t h e  m ost 
a c c u ra te  r e s u l t s  a r e  o b t a i n e d .  The a n a l y t i c  m ethod  w i t h  t h e
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use o f  a  d i g i t a l  c o m p u te r  i s  o v e r a l l  much f a s t e r  t h a n  t h e  
model t e c h n i q u e  when a  l a r g e  num ber o f  c r y s t a l  o r i e n t a t i o n s  
have t o  b e  d e t e r m i n e d ,  a s  f o r  exam ple  i n  p r e f e r r e d  o r i e n t ” 
a t io n  s t u d i e s  i n  f i n e  o r  c o a r s e  g r a i n e d  sam ples*
X”r a y  t e c h n i q u e s  c a n n o t  b e  u s e d  f o r  o r i e n t a t i o n  d e t e r ­
m in a tio n  o f  c r y s t a l s  i n  f i n e  g r a i n e d  s a m p le s  w i t h  g r a i n  s i z e s  
le s s  t h a n  ICO/~t. At p r e s e n t  s u r f a c e  t r a c e  a n a l y s i s  p r o v i d e s  
the o n ly  s t r a i g h t f o r w a r d  m eans o f  o r i e n t a t i o n  d e t e r m i n a t i o n  
in su ch  c a s e s .  H ow ever, r e c e n t  d e v e lo p m e n t s ,  s u c h  as o r i e n ­
t a t i o n  d e t e r m i n a t i o n  b y  i o n - b o m b a r d m e n t ^ ^ , may e v e n t u a l l y  
prov ide  a l t e r n a t i v e  p r o c e d u r e s .
A l th o u g h  a  u n iq u e  c r y s t a l  o r i e n t a t i o n  c a n n o t  n o r m a l ly  
be o b t a in e d  d i r e c t l y  f ro m  t h r e e  s u r f a c e  t r a c e s ,  a d d i t i o n a l  
ex p e r im e n ta l  i n f o r m a t i o n  i s  o f t e n  a v a i l a b l e  w h ich  e n a b l e s  
some o f  t h e  p o s s i b l e  s o l u t i o n s  t o  b e  e l i m i n a t e d ,  l o r  ex am p le , 
in th e  c a s e  o f  | l l l ^  c u b ic  t r a c e s ,  a  f o u r t h  t r a c e  may be 
p resen t e n a b l i n g  a  u n iq u e  c h o ic e  o f  o r i e n t a t i o n  t o  b e  m ade. 
Again i n  o r i e n t i n g  m e rc u ry  c r y s t a l s  f ro m  s u r f a c e  t r a c e s ,  t h e  
c o rre c t  o r i e n t a t i o n  h a s  t o  b e  c o n s i s t e n t  w i t h  t h e  p o s i t i o n s  
°f t r a c e s  p r o d u c e d  b y  d e f o r m a t i o n  tw in s  and  t h e i r  a s s o c i a t e d  
surface  t i l t s  and  d i s p l a c e m e n t s .  C ro c k e r  e t  a l ^ J^  u s i n g  a 
sing le  s u r f a .c e  a n a l y s i s ,  h a v e  b e e n  eJble t o  d e te r m in e  t h e  
Predominant o p e r a t i v e  m e r c u r y  t w i n  m ode. The o p e r a t i v e  s l i p  
system was assum ed  t o  b e  - J i l l ] ; ,  f o l l o w i n g  t h e  a n a l y s i s  o f
-  2 8 7  -
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S 7 . 3 j  and  t h e  two p o s s i b l e  o r i e n t a t i o n s  o f  t h e  r e l e v a n t  
g ra in  w ere  d e te r m i n e d  u s i n g  t h e  a n a l y s i s  o f  0  7 « 2 , Ih e  
c o n s i s t e n c y  b e tw e e n  one o f  t h e  p o s s i b l e  s u r f a c e  o r i e n t a t i o n s  
and t h e  s u r f a c e  f e a t u r e s  o f  t h e  t w i n s ,  i n d i c a t e d  c o n c l u s i v e l y
ir — ... i « ■ ■
t h a t  t h e  *^1 3 t w i n s  ( s e e ^ 5 « z!-<p2) w ere  t h e  p re d o m in a n t  
o p e r a t iv e  tw in s  i n  m e r c u r y ,  and t h a t  t h e  o r i e n t a t i o n  con*** 
s i s t e n t  w i t h  t h e  t w i n  s u r f a c e  f e a t u r e s  was t h e  t r u e  o r i e n t ­
a t io n  o f  t h e  c r y s t a l  s u r f a c e .
I t  i s  e v i d e n t  fro m  t h e  d i s c u s s i o n  above  t h a t  s i n g l e  
su r fa c e  t r a c e  a n a l y s i s ,  b e s i d e s  b e in g  an  a c c u r a t e  a l t e r n ­
a t iv e  m ethod  o f  d e t e r m i n i n g  t h e  o r i e n t a t i o n  o f  s i n g l e  c r y ­
s t a l s ,  a l s o  e n a b l e s  r a p i d  a n a l y s e s  o f  p r e v i o u s l y  unknown o r  
q u e s t io n a b le  d e f o r m a t i o n  modes t o  b e  m ade. S i n g l e  s u r f a c e  
a n a ly se s  a r e  n o t  a lw a y s  c o n c l u s i v e ,  b u t  t h e y  may i n d i c a t e  
the f u r t h e r  i n v e s t i g a t i o n s , i n v o l v i n g  more com plex t e c h n i ­
ques , w h ich  a r e  r e q u i r e d .  F o r  e x a m p le ,  on a n a l y s i n g  
H eckscher*s r e s u l t s  o f  f i g , 7 * d  i t  was p o s t u l a t e d ^ 0 ^ , b e c a u s e  
of t h e  a b s e n c e  o f  o b s e r v e d  t r i a n g l e s  o f  a p p r o x im a te ly  
eq n i l a t e r a l  s h a p e ,  t h a t  t h e  s l i p  d i r e c t i o n  i n  m e rc u ry  was 
not a lw ays t h e  c l o s e s t  p a c k e d  d i r e c t i o n  b u t  t h e  <110> 
d i r e c t i o n .  F u r t h e r  i n v e s t i g a t i o n  u s i n g  X - ra y  a n a l y s i s  h a s  
shown t h i s  p o s t u l a t e  t o  b e  c o r r e c t .
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The d e t e r m i n a t i o n  o f  t h e  o r i e n t a t i o n  o f  t h i n  f i l m s  
used i n  e l e c t r o n  m ic r o s c o p y  i s  o f t e n  f a c i l i t a t e d  by  u s e  
of t r a c e s  i n  e l e c t r o n  m i c r o g r a p h s .  When t h e  f o i l  i s  n o t  i n  
a s u i t a b l e  o r i e n t a t i o n  t o  y i e l d  a  u s e f u l  d i f f r a c t i o n  p a t t e r n ,  
t r a c e s  f rom  t h r e e  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  p l a n e s  
may o f t e n  b e  o b s e r v e d  o r  r e a d i l y  p r o d u c e d .  However t h e  
f o i l  i s  o f t e n  n o t  p e r p e n d i c u l a r  t o  t h e  e l e c t r o n  beam* and 
fo r  s m a l l  a n g l e s  o f  t i l t  t h e  r e s u l t s  o f  t h e  a n a l y s i s  o f  
§7*2 a n d §>7 a r e  o n l y  a p p r o x i m a t e ,  i n  e x t e n s i o n  o f  t h e  
a n a ly s i s  o f  t h i s  c h a p t e r  f o r  t h e  d e t e r m i n a t i o n  o f  t h i c k n e s s  
and o r i e n t a t i o n  o f  a  t h i n  c r y s t a l l i n e  f o i l *  from  m easu red  
ang les  b e tw e e n  s u r f a c e  t r a c e s  on a  t r a n s m i s s i o n  e l e c t r o n  
m ic rog raph  and  t h e  p r o j e c t i o n  o f  t h e s e  t r a c e s ,  i s  p r e s e n t e d  
in  C h a p te r  8 ,
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Chapter 8 „
The D e t e r m i n a t i o n  o f  t h e  O r i e n t a t i o n  and 
T h ickness  o f  T h in  F o i l s  f r o n  T r a n s m i s s io n  E l e c t r o n
8,1, I n t r o d u c t i o n .
The c r y s t a l l o g r a p h i c  o r i e n t a t i o n  o f  a  t h i n  f o i l  
used i n  t r a n s m i s s i o n  e l e c t r o n  m ic r o s c o p y  s t u d y  i s  
u s u a l ly  d e te r m i n e d  b y  a n a l y s i n g  t h e  d i f f r a c t i o n  
p a t t e r n  o r  t h e  K ik u c h i  p a t t e r n  w h ic h  may be  p ro d u c e d  
when t h e  e l e c t r o n s  p a s s  t h r o u g h  t h e  A l t e r n ­
a t i v e l y ,  t h e  o r i e n t a t i o n  o f  t h i n  f o i l s  n a y  be  o b t a i n e d  
from a  k n o w le d g e  o f  t h e  a n g l e s  b e tw e e n  t r a c e s  o f  known 
c ry s ta .H o g r a p h i c  p l a n e s  on a  t r a n s m i s s i o n  e l e c t r o n  
m ic rog raph  a s  d e s c r i b e d  i n  C h a p te r  7* I n  t r a n s m i s s i o n  
e l e c t r o n  m ic r o g r a p h s  t r a c e s  c a n  b e  s e e n  on b o t h  to p  
end b o tto m  o f  t h e  s p e c im e n  and  t h u s ,  i n  a d d i t i o n  t o  . 
ike a n g le  b e tw e e n  t r a c e s  t h e  p r o j e c t e d  d i s t a n c e s  
between p a i r s  o f  t r a c e s  c a n  a l s o  b e  m e a s u re d .  The 
P ro je c te d  t r a c e  w i d t h s  d e p e n d  on t h e  t h i c k n e s s  o f  
ttae f o i l  and t h u s ,  i n  t h i s  c a s e  i t  i s  p o s s i b l e  t o  
ob ta in  i n f o r m a t i o n  a b o u t  t h e  f o i l  t h i c k n e s s  a s  w e l l  
os t h e  f o i l  o r i e n t a t i o n .
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I n  t h i s  c h a p t e r  a n  a n a l y s i s  o f  t h e  p o s s i b l e
in f o r m a t io n  w h ic h  c a n  b e  o b ta in e d ,  from  a  know ledge
of two t r a c e s  and  t h e  a n g le  b e tw e e n  them  i s  p r e s e n t e d .
In £ 8 . 2  i t  i s  shown t h a t  i f  t h i s  d a t a  i s  a v a i l a b l e
the t h i c k n e s s  o f  t h e  f o i l  c a n  be  d e d u c e d  d i r e c t l y ,
This m ethod  h a s  o b v io u s  a d v a n ta g e s  o v e r  t h e  u s u a l
p ro ce d u re  w h ic h  dem ands p r i o r  kn ow led g e  o f  t h e  f o i l  
. 59 ')o r i e n t a t i o n  The new m e th o d  d o e s  n o t  a lw ay s  g iv e
a u n iq u e  s o l u t i o n  h o w e v e r ,  and t h e  r a n g e s  f o r  t h e  
d i f f e r e n t  num bers  o f  s o l u t i o n s  w h ich  c a n  a r i s e  a r e  
examined f o r  t h e  m o s t  g e n e r a l  c a n e  o f  t r a c e s  
produced on an y  tw o c r y s t a l l o g r a p h i c  p l a n e s .  As an  
example o f  t h e  a p p l i c a t i o n  o f  t h e  m e th o d ,  t h e  c a s e  
of two t r a c e s  on two ^ l l l \  p l a n e s  i n  c u b ic  c r y s t a l s  
is  examined i n  d e t a i l  and  n u m e r i c a l  r e s u l t s  p r e s e n t e d ,
I n  s e c t i o n  8 . 3  tm e p r o b le m  o f  d e t e r m i n i n g  t h e  
o r i e n t a t i o n  o f  a  c r y s t a l  u s i n g  t h e  same i n i t i a l  d a t a  
of two t r a c e  w id th s  and  t h e  i n c l u d e d  a n g le  i s  exam ined 
and. i t  i s  shown t h a t  i n  g e n e r a l  two s o l u t i o n s  f o r  t h e  
o r i e n t a t i o n  a r e  a s s o c i a t e d  w i t h  e a c h  p o s s i b l e  f o i l  
t h i c k n e s s .  H ow ever, f o r  t h e  c a s e  o f  two ^ l l l ^ j  c u b ic  
b ra c e s ,  w h ic h  i s  a g a i n  t r e a t e d  i n  d e t a i l ,  i t  i s  shown
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th e se  two s o l u t i o n s  a r e  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t .  
N um erical r e s u l t s  f o r  t h i s  c a s e  a r e  a g a i n  p r e s e n t e d .  
Since t h e  c o m p l e t i o n  o f  t h e  a n a l y s i s  p r e s e n t e d  i n  t h i s  
t h e s i s  a  s i m i l a r  b u t  more r e s t r i c t e d  a n a l y s i s  h a s  b e e n  
p u b l is h e d  b y  von  H e im e n d ah l  . The e x p r e s s i o n s  g iv e n  
by von H e im en d ah l f o r  t h e  f o i l  t h i c k n e s s  and o r i e n ­
t a t i o n  o f  t h i n  f o i l s  a r e  s p e c i a l  c a s e s  o f  t h e  e x p r e ­
s s io n s  g i v e n  i n  t h e  f o l l o w i n g  s e c t i o n s  o f  t h i s  c h a p t e r ,  
and a r e  o b t a i n e d  b y  c o n s i d e r i n g  t h e  c a s e  w here  t h e  
p lanes g i v i n g  r i s e  t o  t h e  o b s e r v e d  t r a c e s  a r e  p e rp e n d ­
i c u l a r  t o  e a c h  o t h e r .  T h is  s p e c i a l  c a s e  w i l l  be  d i s ­
cussed a t  r e l e v a n t  p l a c e s  i n  t h e  t e x t .  I n  Jb 8 . 4  t h e  
ways i n  w h ic h  a  u n iq u e  c h o ic e  c a n  b e  made f ro m  t h e  
l im i te d  num ber o f  s o l u t i o n s  w h ic h  t h e  b a s i c  t r e a t m e n t  
p r e d i c t s  a r e  d i s c u s s e d ,  and  c e r t a i n  e x t e n s i o n s  o f  t h e  
a n a ly s i s  c o n s i d e r e d .
^2«The D e t e r m in a t io n  o f  The T h ic k n e s s  o f  T h in  F o i l s .
I n  t h i s  s e c t i o n  a n  a n a l y s i s  i s  p r e s e n t e d  w h ich  
enables t h e  t h i c k n e s s  o f  a  t h i n  f o i l  t o  be  d e te rm in e d  
fron, a  k n o w led g e  o f  t h e  p r o j e c t e d  w id th s  o f  two t r a c e s  
and o f  t h e  a n g l e  b e tw e e n  t h e n .  L e t  t h e  p l a n e s  BXZ 
and HYZ w h ich  p r o d u c e  t h e  t r a c e s  m ee t a lo n g  t h e  l i n e
►n
o H
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RZ as shown i n  f i g .  8 . 1 .  The t o p  s u r f a c e  o f  t h e  f o i l  
i s  h e r e  i n d i c a t e d  by  SPTQ w h ere  E l  i s  n o rm al  t o  t h e  f o i l  
and TP and TQ a r e  p e r p e n d i c u l a r  t o  SQ and SP r e s p e c t i v e l y .  
The t h i c k n e s s  o f  t h e  f o i l  i s  r e p r e s e n t e d  by  t  so  t h a t
in  f i g . 8 , 1  i t s  lo w e r  f a c e  i s  g i v e n  by  The
n e a su re d  q u a n t i t i e s  a r e  0 t h e  a n g le  PSQ b e tw e e n  t h e  
two t r a c e s , and  p and  q t h e  p r o j e c t e d  w id th s  o f  t h e  
t r a c e s ,  i . e .  t h e  p r o j e c t i o n  i n  t h e  p l a n e  o f  t h e  f o i l  
of t h e  d i s t a n c e s  PP* and QQ* a s  shown i n  f i g  8 . 2 .
The t r a c e s  a r e  l a b e l l e d  so  t h a t  p >  q .  The q u a n t i t i e s  
p ,q  and t  a r e  p r o p o r t i o n a l  t o  e a c h  o t h e r  f o r  a  g iv e n  
f o i l  o r i e n t a t i o n  and  t h u s  t h e  e s s e n c e  o f  t h e  a n a l y s i s  
is  t o  d e te r m in e  t h e  v a l u e  o f  t h e  r a t i o  t / q  f o r  a
p a r t i c u l a r  v a l u e s  o f  p / q  and  6 .  The t r u e  f o i l  t h i c k ”
ness nay  b e  c a l c u l a t e d  fro m  t h e  n e a s u r e d  w id th  q and t h e  
o p e ra t iv e  im age  m a g n i f i c a t i o n .  The a n g le s  EPT and EQT 
in  f i g  8 .1  a r e  r e p r e s e n t e d  b y  y  and v r e s p e c t i v e l y  
so t h a t
t a n  y  = t / p  ( 8 . 1 )
t a n  v = t / q  ( 8 . 2 )
^•2 P r o j e c t i o n .  on  t.o t h e  p l a n e  o f ^ h e  f o i l
;*®es shown i n  f i g .  8 a ,  th u s  i l l u s t r a t i n g  t h e  me as
'"e widths p and  ^  a n d - t h e  i n c l u d e d  a n g l e  e .
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By u s i n g  t h e  t r i a d  o f  u n i t  v e c t o r s  p a r a l l e l  t o  
HD, PS and  TP a s  a  b a s i s  t h e  u n i t  v e c t o r s  p e r p e n d i c u l a r  
to t h e  p l a n e s  PSP and  BQS a r e  g i v e n  by  f ~  s i n  p., o ,  
cos p I and [ c o s  © s i n  v ,  s i n  © s i n  v ,  co s  v ]  
r e s p e c t i v e l y . .  F o r n i n g  t h e  s c a l a r  p r o d u c t  o f  t h e s e  
two v e c t o r s  we o b t a i n
cos Jf' = + j -  co s  a  s i n  p, s i n  v +
c o s  p, co s  v j  ' (8*3)
the c h o ic e  o f  s i g n  on t h e  r i g h t  h a n d  s i d e  o f  t h e  
e q u a t io n  b e i n g  su c h  t h a t  Y i s  t h e  a c u t e  a n g le  
between t h e  two p l a n e s  p r o d u c i n g  t h e  t r a c e s *  U s in g  
e q u a t io n s  (8 * 1 )  and  ( 8 . 2 )  t h e  c h o ic e  o f  s i g n ,  p, and v 
can be  e l i m i n a t e d  f ro m  e q u a t i o n  ( 8 .3 ) »  and by  p u t t i n g  
x = (t/q .) t h e  f o l l o w i n g  q u a d r a t i c  e q u a t i o n  f o r  x 
^ay be o b t a i n e d ,
XQ + x  + I 2 = o (8*4-)
where
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X0 = j (1  -  s e c 2 Y ) ( p / q ) 2 j
^1  “ V "** + c o s  ® s e c ^ V  +
( p / q . ) 2 ]
f" 2 A 2 v s
2 “ 1 c o s  s e c  I
The d i f f e r e n t  num ber o f  s o l u t i o n s  f o r  t  which, a r i s e
from e q u a t i o n  (8 * 4 )  f o r  d i f f e r e n t  r a n g e s  o f  t h e  p a r a ­
m eters p / q , 0 and  f  a r e  d i s c u s s e d  below*
The c o n d i t i o n  f o r  r e a l  r o o t s  f o r  x  when t h e  
r e s t r i c t i o n  p / q  ^  1 i s  im p o sed  i n d i c a t e s  t h a t  no 
s o l u t i o n s  f o r  t  c a n  a r i s e  when
■ c o s  6 < | ( s i n ‘/ - l ) (  p / q ) ^  ~ ( s i n  if + 1 )1
/  2 (p /q )  (8*5)
This i n e q u a l i t y  c a n  o n ly  o p e r a t e  f o r  v a l u e s  o f  "0 
g r e a t e r  t h a n  tc no s o l u t i o n  f o r  t  a r i s i n g  f o r
P/q i n  t h e  r a n g e  1 < p / q  < (1  + s i n  f  ) / ( l - s i n  i f )
0 = tc? and t h e s e  l i m i t s  on p /q  c o n v e r g in g  to
(1 + s i n  B )^ /  c o s  y  as 0  ap p roach es % -  i f .
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O uts ide  t h i s  r e g i o n  tw o v a l u e s  o f  x  e x i s t  and  t h e s e
nay he  b o t h  p o s i t i v e ,  h a v e  o p p o s i t e  s i g n s  o r  b e  b o th
n e g a t iv e .  I f  n e g a t i v e  v a l u e s  o f  t  a r e  e x c lu d e d  t h e s e
th r e e  p o s s i b i l i t i e s  g i v e  r i s e  t o  tw o ,  one o r . n o  r e a l
s o l u t i o n s  r e s p e c t i v e l y  f o r  t h e  f o i l  t h i c k n e s s .  When
(X^ -  4  XQ X2 ) 2 > X-^  t h e  r o o t s  f o r  x  h a v e  o p p o s i t e
s ig n s  and  t h e r e  i s  t h e r e f o r e  o n l y  one p o s i t i v e
s o l u t i o n  f o r  t .  M aking u s e  o f  t h e  f a c t  t h a t  XQ < o
fo r  a l l  v a l u e s  o f  3 f , t h i s  i n e q u a l i t y  i s  o n ly  obeyed
2 2when X2 > o , i . e .  when co s  0 < c o s  Y *  Thus f o r  
va lu es  o f  0 l y i n g  b e tw e e n  if and  % -  t h e r e  i s  
only one s o l u t i o n  f o r  t .  On c r o s s i n g  t h e  b o u n d a ry  
from t h i s  r e g i o n  t h e r e  a r e  e i t h e r  tw o p o s i t i v e  o r  
two n e g a t i v e  v a l u e s  f o r  x  d e p e n d in g  on t h e  s i g n  
of Xx . Thus i f  > o two s o l u t i o n s  f o r  t  a r i s e  
and o t h e r w i s e  no  s o l u t i o n s .  T h is  i n e q u a l i t y  i s  
c l e a r l y  a lw a y s  s a t i s f i e d  f o r  6 < so  t h a t  f o r  
va lues o f  0 b e tw e e n  z e r o  and  we o b t a i n  two 
s o l u t io n s  f o r  t .  H ow ever, f o r  0 > tc~ Y  t h e  c o e ­
f f i c i e n t  X-^  c a n  be  e i t h e r  p o s i t i v e  o r  n e g a t i v e ,  t h e  
U n i t i n g  v a l u e  o f  p / q  a g a i n  t e n d i n g  t o  (1  + s i n ^ ) /
Zj*. ^
c°s Y  a s  © a p p r o a c h e s  7t -  Y  and  b e i n g  s e c ^ J f  + ( s e c  ]f~ I)"2"? 
wh ich  a lw a y s  J y s s ’ i n  t h e  no s o l u t i o n  r e g i o n ,  a t  0 = tc.
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The a n a l y s i s  g i v e n  ab o v e  h a s  b e e n  f o r  any  two 
c r y s t a l l o g r a p h i c  p l a n e s  m ak in g  a  known a c u t e  a n g le  
w ith  e a c h  o t h e r .  The c a s e  o f  t r a c e s  p ro d u c e d  by  two 
- ; l l l (j  p l a n e s  o f  a  c u b ic  c r y s t a l  i s  now c o n s i d e r e d  i n  
d e t a i l .  When c o s  X = V 3  t h e  i n e q u a l i t y  ( 8 . 5 )  r e d u c e s  
to
c o s  8 < (82 — 3) (p/q)2 ~ (82 + 3)J /
6 ( p / q ) .
This c o n d i t i o n  d e f i n e s  b o u n d a ry  I  o f  f i g  8 .5 *  ho 
s o l u t i o n s  f o r  t  car. e x i s t  t o  t h e  r i g h t  o f  t h i s  b o u n d a ry ,  
which m e e ts  t h e  l i n e  © = n a t  p / q  = 1 and  p / q  =
(3 + 8 2)^  and  t e n d s  t o  p / q  = (3  + 8 ^ )  a t  9 = i  ~ f  ,
The se c o n d  c o n d i t i o n ,  t h a t  o n ly  one s o l u t i o n  e x i s t s  f o r  
values o f  0 'b e tw e e n  Jfand tc -  g i v e s  a  r a n g e  f o r  © 
ex tend in g  1 9 #4 7 °  e i t h e r  s i d e  o f  0 = rc /2 , i n d i c a t e d  b y  
boundary l i n e s  I I  o f  f i g  8 .3 *  I t  f o l l o w s  t h a t  two 
s o lu t io n s  e x i s t  f o r  © < 70*53°*  The c u rv e  = o 
in th e  r a n g e  © > 10 9* 4 7 °  i s  p l o t t e d  a s  c u rv e  I I I  o f
8 . 3 .  T h is  c u r v e  m e e ts  t h e  l i n e  © -  re a t  p / q  =
9 + 4 / 5 2 and  l i e s  w h o l ly  i n  t h e  no s o l u t i o n  r e g i o n  t o  
the r i g h t  o f  c u rv e  I  so  t h a t  i t  d o e s  n o t  d i r e c t l y
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s e p e r a t e  r e g i o n s  w i t h  two and  no s o l u t i o n s  b e lo w  t h e  
lower b r a n c h  o f  c u rv e  I , and  a  r e g i o n  w i t h  two s o l ­
u t io n s  a b o v e  t h e  u p p e r  b r a n c h  o f  t h i s  c u r v e <>
From o b s e r v a t i o n s  o f  t r a c e s  i n  e l e c t r o n  m ic r o ­
graphs i t  i s  n o t  i n  g e n e r a l  p o s s i b l e  t o  d i s t i n g u i s h  
the  t o p  f ro m  t h e  b o t to m  o f  t h e  f o i l 3 9 )  so  t h a t  t h e  
angle  b e tw e e n  t h e  t r a c e s  may o f t e n  be  t a k e n  t o  b e  
e i t h e r  6 o r  tc -  0* T h u s , a l t h o u g h  f o r  a  g iv e n  v a lu e  
of © we may o b t a i n  tw o ,  one o r  no s o l u t i o n s  f o r ' t ,  
in  p r a c t i c e  a  g i v e n  s e t  o f  t ran ces  h a s  som etim es t o  
be a s s o c i a t e d  w i t h  e i t h e r  f o u r  o f  two f o i l  t h i c k ­
nesses* The r a n g e s  f o r  t h e s e  p o s s i b i l i t i e s  c an  be  
r e a d i l y  o b t a i n e d  b y  r e f l e c t i n g  t h e  r i g h t  hand  p a r t  o f  
f ig  8*3 i n  t h e  l i n e  © = m/2 and  c o m b in in g  w i t h  t h e  
l e f t  h an d  p a r t  o f  t h i s  f i g u r e .
N u m e r ic a l  r e s u l t s  f o r  f o i l  t h i c k n e s s e s  u s i n g  
{ i u ^  c u b ic  t r a c e s  h a v e  b e e n  o b t a i n e d  and a s e l e c t i o n  
of t h e s e  i s  p r e s e n t e d ,  i n  t a b l e  8*1* A p l o t  o f  c o n to u r s  
°f P /q  f o r  a  f u l l  r a n g e  o f  v a l u e s  o f  t / q  and © i s  a l s o  
given i n  f i g  3 . 4 .
F i g  8*4  C urves  o f  c o n s t a n t  P / q  p l o t t e d  a g a i n s t  t / q  and  0 
e n a b l i n g  t h e  t h i c k n e s s  o f  c u b ic  f o i l s  t o  b e  d e t e r m i n e d  fro m  
two I 111!  t r a c e s .
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8 .1 *  The t h ic k n e s s  and o r ie n t a t i o n  o f  t h in  f o i l s  o f  j.aoe^ 
c e n tr e d  c u b ic  m e t s ls  as c a lc u la t e d  from .tw o  
t r a c e s  f o r  p/q. = 1} 1-25 and v a r ia b le  0.
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F o r  t h e  s p e c i a l  c a s e  o f  t r a c e s  p ro d u c e d  by  two 
{lOO^ c u b ic  p l a n e s  , i . e . ,  when -  tu/ 2 ,  t h e  c o e f f i c ­
i e n t s  o f  t h e  q u a d r a c t i c  e q u a t i o n  (8 ,4-) r e d u c e  on
O O
d i v id i n g  t h r o u g h o u t  by  s e c  ^  t o  = ” ( p / q )  .
o
= 2 ( p / q )  c o s  © and  X-^  = "" cos Q uadra tic
e q u a t io n  w i t h  t h e s e  c o e f f i c i e n t s  h a s  e q u a l  r o o t s  
x = P / l  co s  0 ,  so  t h a t  f o r  a l l  a l l o w a b l e  v a lu e s  o f
0, i . e . ,  © < m /2 , t h e r e  i s  o n ly  one s o l u t i o n  f o r  t h e
, x  x
f o i l  t h i c k n e s s .  The r a t i o  t / q  = x 2 = ( p / q  cos 6 ) 2 ,
so t h a t  i f . V  i s  t h e  im age  m a g n i f i c a t i o n  t h e n  t  = 
x
(P Q/c os © ) / V ,  T h is  r e s u l t  a g r e e s  w i t h  t h e  r e s u l t  
g iven  b y  von  H e i m e n d a h l ^ ^ .  I n  t h i s  c a s e  t h e  b o u n d a ry  
d e te rm in e d  b y  t h e  c u r v e  = 2 ( p / q ) c o s  © = o c o i n c i d e s  
with b r o k e n  l i n e  w h ic h  i n d i c a t e s  t h e  c u rv e  6 = m/2 o f  
f ig  8 .3 ?  t h e  one s o l u t i o n  and  110 s o l u t i o n  r e g i o n s  a r e  
to  t h e  l e f t  and  r i g h t  o f  t h e  b o u n d a ry  r e s p e c t i v e l y .  
Thus f o r  t h e  c a s e  when t r a c e s  a r e  p r o d u c e d  by  two 
\ 10cQ  c u b ic  p l a n e s  i t  i s  p o s s i b l e  t o  d e te r m in e  t h e  
f o i l  t h i c k n e s s  u n i q u e l y  f o r  a l l  v a l u e s  o f  © w i th o u t  
being a b l e  t o  d i s t i n g u i s h  t h e  t o p  from  t h e  b o t to m  o f  
the f o i l  .
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8*3aThe O r i e n t a t i o n  o f  T h in  F o i l s ,
I n  t h i s  s e c t i o n  i t  i s  shown t h a t  t h e  o r i e n t a t i o n  
o f  t h i n  f i l m s  may b e  d e te r m in e d  fro m  t h e  same i n i t i a l  
d a t a  a s  t h a t  u s e d  i n  §  8 , 2 ,  i . e . ,  t h e  r a t i o  o f  t h e  
p r o j e c t e d  w i d t h s  o f  two t r a c e s  and  t h e  i n c lu d e d  
a n g l e .  I n  f i g . 8 * 1 .  t h e  o r i e n t a t i o n  o f  t h e  f o i l  
s u r f a c e  SPTQ i s  f i x e d  r e l a t i v e  t o  t h e  p l a n e s  SZX 
and BZY, w h ic h  p r o d u c e  t h e  t r a c e s ,  by  t h e  a n g le s  
RSP and RSQ, t h e  m a g n i tu d e s  o f  w h ic h  a r e  r e p r e s e n t e d  
by  <j> and  if r e s p e c t i v e l y .  T h u s ,  i f  $ and  if a r e  known 
i n  t e r m s  o f  t h e  i n i t i a l  d a t a  p / q  and 0 ,  t h e  
o r i e n t a t i o n  o f  t h e  c r y s t a l  may b e  d e te r m in e d .
L e t  t h e  a n g le  TSP e q u a l  a s  shown i n  f i g  8 .2v
so  t h a t
t a n  <j> = s e c , | i  t a n  % ( 8 , 6 )
t a n  if = s e c  v t a n  (6  ~'Tf) ( 8 , 7 )
\
and s i n  ■%/ s i n  (0  ~ i | )  = p / q
The a n g l e s  u  and  v a r e  d e f i n e d  i n  t e r m s  o f  p / q  and 
t / q ,  w h e re  t  i s  t h e  t h i c k n e s s  o f  t h e  f o i l ,  by  e q u a ­
t i o n s  ( 8 . 1 )  and  ( 8 * 2 ) .  A n e c e s s a r y  s t e p  i n  t h e  
d e t e r m i n a t i o n  o f  t h e  o r i e n t a t i o n  o f  t h e  f o i l  i s  t h u s  
t h e  s o l u t i o n  o f  t h e  q u a d r a t i c  e q u a t i o n  (8.4-) f o r
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p  p
x = ( t / q )  = tan . v .
I t  s h o u ld  be  n o t e d  t h a t , a l t h o u g h  t a n  qX* 
and t a n  v a s  d e f i n e d  b y  e q u a t i o n s  ( 8 , 1 )  and ( 8 , 2 )  
are  a lw ay s  p o s i t i v e ,  s e c - c i  and s e c  v ,  and h e n c e  <j) 
and If a s  g i v e n  b y  e q u a , t io n s  (5*6) and  (7.6), c an  
have e i t h e r  p o s i t i v e  o r  n e g a t i v e  s i g n s .  F o r  a  g iv e n  
va lue  o f  t  h o w ev er  o n ly  tw o o f  t h e  f o u r  p o s s i b l e  
c o m b in a t io n s  o f  + cf and + if ,  e i t h e r  t h e  p a i r s  w i th  
the same s i g n s r(+ (j), + if and  -  (j> -  if) o r  t h e  p a i r s  
w ith o p p o s i t e  s i g n s  (+ <j>, ~ if and  -  (f + i f )  s a t i s f y  
the v a r i a n t  o f  e q u a t i o n  ( 8 . 3 )  a s s o c i a t e d  w i t h  an  
acute  a n g le  Y * The o t h e r  tw o c a s e s  a r e  a s s o c i a t e d  
with t h e  auigle  , t h i s  a r i s i n g  b e c a u s e  a  change
in  s i g n  o f  c o s  d o e s  n o t  a f f e c t  e q u a t i o n  ( 8 . 4 )  from  
which t h e  v a l u e s  o f  t  a r e  c a l c u l a t e d .  Thus f o r  a  
given s e t  o f  d a t a ,  p / q  and  0 ,  we o b t a i n  one o r  two 
va lues  o f  t h e  f o i l  t h i c k n e s s  e a c h  o f  w h ich  i s  i n  
g e n e ra l  a s s o c i a t e d  w i t h  tw o p o s s i b l e  o r i e n t a t i o n s  
for t h e  f o i l  s u r f a c e *
The tw o p a i r s  o f  s o l u t i o n s  f o r  <f and if f o r  a 
given v a lu e  o f  t  a r e  r e l a t e d  b y  a  r o t a t i o n  o f  7 \  
about RS* T h u s ,  when RS i s  a  tw o f o l d  a x i s  o f  
s t a t i o n  o f  t h e  l a t t i c e ,  t h e  two s o l u t i o n s  a r e
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e q u i v a l e n t .  T h is  i s  t h e  c a s e  f o r  exam ple  when t h e  
t r a c e s  a r e  p ro d u c e d  b y  \ l l l ^  p l a n e s  o f  c u b ic  l a t t i c e s ,  
as RS i s  t h e n  p a r a l l e l  t o  <110> . Thus o n ly  one 
o r i e n t a t i o n  o f  t h e  f o i l  s u r f a c e  i s  a s s o c i a t e d  w i t h  
each f o i l  t h i c k n e s s  f o r  t h i s  s p e c i a l  c a s e .
H av ing  d e te r m i n e d  t h e  a n g le s  <j> and ijf t h e  
o r i e n t a t i o n  may b e  d e te r m i n e d  a s  f o l l o w s .  L e t  t h e  
M ille r  i n d i c e s  o f  t h e  p l a n e s  RZ2 and RZY w h ich  n ro ~
U
duce t h e  t r a c e s / 'x ^  and  y^  r e s p e c t i v e l y  ( i  = 1 , 2 , 3 ) ?  
and l e t  RZ, t h e i r  l i n e  o f  i n t e r s e c t i o n ,  b e  r 1 so  t h a t
i  ir  = r  y i  = o.
The d i r e c t i o n s  S P a n d  SQ l i e  i n  t h e  p l a n e s  x^  end 
7  ^ r e s p e c t i v e l y  and t h u s , r e p r e s e n t i n g  them  b y  p 
and q1 , we h a v e
p1 = q1 = <
(8 .8 )
(8 .9 )
These d i r e c t i o n s  a l s o  d e f i n e  t h e  s u r f a c e  o f  t h e  f o i l ,  
to which a r e  a s s i g n e d  t h e  I i i l l e r  i n d i c e s  h ^ ,  so  t h a t  
P1 \  = q1 h ± = o ( 8 .1 0 )
-  307 ~
( 8 ,1 1 )
( 8 .1 2 )
where g . . i s  t h e  m e t r i c  o f  t h e  d i r e c t  l a t t i c e  b a s i s  --*-u
being  u se d *  The r e q u i r e d  M i l l e r  i n d i c e s  h^ c a n  be  
o b ta in e d  i n  te r r a s  o f  t h e  known i n d i c e s  x .  , y .  andi 1 u 2.
1 "1 *1 r  and t h e  a n g le s  <j> and  ijr b y  e l i m i n a t i n g  p and q
from e q u a t i o n s  ( 8 . 9 )  “ ( 8 * 1 2 ) .
The g e n e r a l  s o l u t i o n  o f  e q u a t i o n s  ( 8 . 8 )  -  ( 8 .1 2 )  
is t e d i o u s  b u t ,  when t h e  t r a c e s  a r e  p ro d u c e d  by  
two p l a n e s  o f  a  s e t  o f  t h r e e  s y m m e t r i c a l l y  d i s p o s e d  
c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  p l a n e s , a s  i l l u s t r a ­
ted i n  f i g „ 8 * 5 ?  a  s im p le  e x p l i c i t  s o l u t i o n  f o r  t h e  
o r i e n t a t i o n  o f  t h e  c r y s t a l  s u r f a c e  may b e  r e a d i l y  
obtained* I n  t h i s  c a s e  t h e  b a s i s  i s  c h o se n  t o  be 
the rh o m b o h e d ra l  b a s i s  fo rm ed  b y  t h e  l i n e s  o f  i n t e r ­
s e c t io n  o f  t h e  t h r e e  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  
planes w hich ',  r e f e r r i n g  t o  f i g . 8 .5 ?  make a n g le s  {3
with each  o t h e r .  The m e t r i c  g . . i s  g i v e n  by
1
The a n g l e s  <j> and l|F a r e  g i v e n  by  t h e  e q u a t io n s
• • ~2
cos = ( g i;j ) ( s i j  p V )  \ g i;j )
cos H = ^ g iQ. g ^ r ^ g . . .  q V )  2| s i d  )
8 .5  I n t e r s e c t i o n  o f  a  t h i n  f o i l  w i th ,  t h r e e
c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  p l a n e s  ■
OAi Ap, OAp A ^ , OA^ A^ m e e t i n g  s y m m e t r i c a l l y  a t  0 .
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11 cos  B co s  pi_ f
® i j  ~ j co s  p 1 co s  pj
; r
^COS p c o s  p 1 /
\ /
and we h a v e  r 1 = j lOOj , x^  = (0 0 1 )  and y^  = (01 0 )
s a t i s f y i n g  e q u a t i o n  ( 8 » 8 ) .  Thus from  e q u a t io n s  ( 8 . 9 )
3 2we hav e  p = q = o and  h e n c e  u s i n g  e q u a t io n s  ( 8 . 1 )
( q q  = ( i»  — ■p 1/ p 2 » ~ T / q b
where t h e  s u f f i x  r  i n d i c a t e s  t h a t  t h e  i n d i c e s  a r e  
r e f e r r e d  t o  t h e  rh o m b o h e d ra l  " b a s i s .  The e q u a t io n s  
(8 .1 1 )  and  (. 8 „ 1 2 )  r e d u c e  t o
co s  cj) = j p"V p2 + c o s  p j  i / p ^ / p 2 ) 2 +
*■ —x
2 ( p 1 / p 2 ) co s  p + l j  2
co s  TjT = f q “**/q^ + co s  p j  t ( q 1 / q ^ ) 2 +
L . —J-
2 ( q V q ^ )  c o s  p +1J
so t h a t  t h e  M i l l e r  i n d i c e s  ox t h e  f o i l  s u r f a c e  a r e  
given b y
( h f ) r  = ( l j  s i n  (+  <|> + p ) / s i n  (+ cj> ) ,
s i n  (+  if + p ) /  s i n  ( + :if) )  . ( 8 ,1 3 )
-  3 1 0  -
This r e s u l t  may a l s o  be  d e d u c e d  d i r e c t l y  from  
f ig  5* i f  t h e  a n g le s  OF^ F^ and OF-  ^ F^ a r e  cf and 
Tjf r e s p e c t i v e l y .  The a l t e r n a t i v e  s i g n s  f o r  <j> and 
if d i s c u s s e d  e a r l i e r  a r e  i n c l u d e d  i n  e q u a t io n s  ( 8 , 13)9  
the c h o ic e  o f  t h e  p a i r  o f  s i g n s  t o  b e  u s e d  i s  d e t e r ” 
mined b y  t h e  c o r r e c t  v a r i a n t  o f  e q u a t i o n  ( 8 ,3 ) *
F o r  t h e  s p e c i a l  c a s e  o f  t r a c e s  p ro d u c e d  b y  J l l l S
V
p lanes  o f  a  c u b ic  l a t t i c e  [3 = and f o r  t h i s  c a s e
e q u a t io n  ( 8 , 1 3 )  i s
0*1 ) r  = ( 2 ,  1 + 3* c o t  1 + 3*  c o t  If) (8 .14-)
The M i l l e r  i n d i c e s  ( h . )  r e l a t i v e  t o  t h e  s t a n d a r d 'c u b i cv 1 C
b a s is  may be  r e a d i l y  d e r i v e d  fro m  e q u a t i o n  ( 8 .1 4 )  by  
using t h e  r e l a t i o n
(h i ) c . ^ i ^ r  r  Cs
where
W© th u s  o b t a i n
T 1 l\
1 1  1
1 1 1
■I
±
(h .  ) = 3 2 s i n  (<j> + if)  9 + 2 s i n  <j> s i n  if1 c “■
1 1
+ 3 2 s i n  (<j> ~ i f ) ,  + 2  s i n  cj> s i n  if ~ 3 2
s i n  (<j> ” i f ) .  ( 8 .1 5 )
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As p r e d i c t e d  e a r l i e r ,  c h a n g in g  t h e  s i g n s . o f  b o th  
ij) and If i n  e q u a t i o n  (8 « 1 5 )  r e s u l t s  i n  a  d i f f e r e n t  
v a r ia n t  o f  t h e  same o r i e n t a t i o n .  N u m e r ic a l  s o l u ­
t io n s  o f  t h e s e  e q u a t i o n s  g i v i n g  t h e  o r i e n t a t i o n s  
of c u b ic  f o i l s  a s  d e d u c e d  f ro m  t h e  v a l u e s  o f  p / q  
and © h a v e  b e e n  c a N c u la .te d  u s i n g  a. d i g i t a l  c o m p u te r  
and a s e l e c t i o n  o f  t h e s e  i s  g i v e n ,  t o g e t h e r  w i th  f o i l  
th ic k n e s s  r e s u l t s , i n  t a b l e  8 . 1 ,
Nor t h e  s p e c i a l  c a s e  o f  t r a c e s  p ro d u c e d  by  
^100^ c u b ic  p l a n e s  (3 = , and t h e  rh o m b o h e d ra l
basis  i s  o r th o n o r m a l  and  i s  t h e  s t a n d a r d  c u b ic  b a s i s .
We th u s  o b t a i n  on s u b s t i t u t i n g  (3 = ' l ^ i n  e q u a t i o n  ( 8 ,1 3 )
= ^ p r  = t1 ’ 1  c ° t  $5 ± cot  $ )  (8 . 16)
Again c h a n g in g  t h e  s i g n s  o f  <j> and  if i n  e q u a t i o n  
(8.16) r e s u l t s  i n  a  d i f f e r e n t  v a r i a n t  o f  t h e  same 
o r i e n t a t i o n .  'Thus, f ro m  a  k n o w le d g e  o f  t h e  p r o j e c t e d  
widths o f  tw o ^1 00^  c u b ic  t r a c e s  an d  t h e  a n g le  c o n ­
ta ined  b y  t h e s e  t r a c e s  i t  i s  p o s s i b l e  t o  d e te r m in e  
waiquely b o t h / ' t h i c k n e s s  and  t h e  o r i e n t a t i o n  o f  t h i n  
fo i ls  o f  c u b ic  c r y s t a l s .  I t  i s  t o  b e  n o t e d  t h a t
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h e q u a t io n  (8 * 1 6 )  d i f f e r s  f ro m  t h a t  g iv e n  by  von  
A1 O')H eim endah l^w  f o r  t h e  M i l l e r  i n d i c e s  o f  t h e  s u r f a c e  
of a - f o i l ,  i n  t h a t  i n  t h e  l a t t e r  c a s e  a  know ledge  
of t h e  p r o j e c t e d  w id th s  o f  t h r e e  t r a c e s  i s  n e ed e d  
to d e te r m in e  t h e  r e q u i r e d  o r i e n t a t i o n .
MbD is c u s s io n *
j I n  t h i s  c h a p t e r  an  e x a m in a t io n  h a s  b e e n  made
of t h e  p ro b le m  o f  d e t e r m i n i n g  t h e  t h i c k n e s s  and 
; o r i e n t a t i o n  o f  t h i n  c r y s t a l l i n e  f o i l s  f ro m  t r a n ­
sm iss io n  e l e c t r o n  m ic r o g r a p h s  when t h e  o n ly  a v a i l -  
| able i n f o r m a t i o n  i s  t h e  p r o j e c t e d  w id th s  o f  t r a c e s  
produced on two c r y s t a l l o g r a p h i c  p l a n e s  and  t h e  
in c lu d ed  a n g le  b e tw e e n  t h e s e  t r a c e s *  T h is  i s  t h e  
minimum am ount o f  i n f o r m a t i o n  w h ic h  c a n  g i v e  a  l i m i t e d  
j number o f  s o l u t i o n s  and  i n  g e n e r a l ,  a s  i n  t h e  c a s e  
of o r i e n t a t i o n s  d e d u c e d  fro m  t h e  a n g le s  b e tw e e n  t h r e e  
braces ( s e e  C h a p te r  7 ) j  t h e  d i f f e r e n t  r a n g e s  o f  
j i n i t i a l  d a t a  r e s u l t  i n  f o u r ,  tw o o r  no  p o s s i b l e  
f  s o l u t io n s .  T h is  same num ber o f  s o l u t i o n s  a r i s e s  
j  because t h e  d a t a  c o n s i s t s  o f  two i n d e p e n d e n t  p i e c e s  
°f i n f o r m a t i o n  i n  b o t h  c a s e s .  I n  t h e  p r e s e n t  c a s e  
fbese a r e  t h e  r a t i o  p / q  and  t h e  a n g le  © w h e re a s  i n
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the  t h r e e  t r a c e  a n a l y s i s  t h e  two a n g le s  b e tw ee n  
t r a c e s  a r e  u s e d .  Thus i n  b o t h  m etho ds  i t  i s  i n  g e n e r a l  
not p o s s i b l e  t o  o b t a i n  a  u n iq u e  s o l u t i o n  when t h e  
minimum am ount o f  i n f o r m a t i o n  i s  a v a i l a b l e .  The 
e x c e p t io n s  a r e  i n  t h e  c a s e s  o f  t h r e e  t r a c e s  p ro d u c e d  
on t h e  s u r f a c e  o f  a  c u b ic  c r y s t a l  b y  t h e  i n t e r s e c t i o n  
of t h e  s u r f a c e  w i t h  t h r e e  { 100)  p l a n e s , and o f  t h e  
p r o j e c t e d  t r a c e  w i d t h s  o f  t w o .^100^  p l a n e s  o b s e rv e d  
in  t h e  t r a n s m i s s i o n  e l e c t r o n  m ic r o g r a p h  o f  a  t h i n  c u b ic  
f o i l .  I n  b o t h  c a s e s  t h e r e  i s  a lw ay s  a  u n iq u e  s o l u t i o n  
for t h e  o r i e n t a t i o n  o f  t h e  c r y s t a l  and  i n  t h e  l a t t e r  
case a  u n iq u e  s o l u t i o n  f o r  t h e  f o i l  t h i c k n e s s .
The d i f f i c u l t y  o f  d e t e r m i n i n g  w h ic h  i s  t h e  c o r r e c t  
o r i e n t a t i o n  fro m  t h e  two o r  f o u r  p o s s i b l e  o r i e n t ­
a t io n s  p r e d i c t e d  when t h e  p l a n e s  b e i n g  c o n s i d e r e d  
are n o t  $ 100**} c u b ic  p l a n e s  may b e  overcom e i n  s e v e r a l  
ways. I n  t h e  t h r e e  t r a c e  p r o c e d u r e  f o r  o r i e n t i n g  
t a lk  c r y s t a l s  t h e  o r i e n t a t i o n  may b e  d e te r m in e d  
u n iq u e ly  b y  m ak ing  u s e  o f  a  f o u r t h  t r a c e ^ ? ^  o r  o f  
su r fa ce  t i l t s  and  d i s p l a c e m e n t s  p ro d u c e d  by  d e fo rm ­
a tion  tw in s  L i k e w i s e ,  i n  t h e  p r o c e d u r e  f o r
o r i e n t a t i o n  and  f o i l  t h i c k n e s s  d e t e r m i n a t i o n s  d e s c r i ­
bed i n  t h i s  c h a p t e r  a d d i t i o n a l  i n f o r m a t i o n  i s  o f t e n
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a v a i l a b l e  w h ic h  w i l l  r e s t r i c t  t h e  num ber o f  p o s s i b l e  
s o l u t i o n s .
F o r  e x a m p le ,  i t  may be  p o s s i b l e  t o  d i s c a r d  some 
s o l u t i o n s  b e c a u s e  a  f o i l  o f  t h e  p r e d i c t e d  t h i c k n e s s  
would n o t  b e  tn r-ansp a ren t t o  a  beam o f  e l e c t r o n s  a t  
the o p e r a t i n g  v o l t a g e  o f  t h e  m ic r o s c o p e .  S i m i l a r l y ,  
i t  may b e  c l e a r  t h a t  v e r y  s m a l l  p r e d i c t i o n s  f o r  a 
f o i l  t h i c k n e s s  may b e  u n t e n a b l e  * S i t u a t i o n s  o f  t h e s e  
two t y p e s  a r e  l i k e l y  t o  a r i s e  f r e q u e n t l y  as  t h e r e  i s  
o f te n  a n  o r d e r  o f  m a g n i tu d e  o f  d i f f e r e n c e  i n  t h e  two 
s o l u t i o n s  o f  e q u a t i o n  ( 8 .4 - ) ,  i n d i c a t i n g  an  e x tre m e  . 
f o i l  t h i c k n e s s ,  a s  may b e  s e e n  fro m  t a b l e  8 . 1 .  
S e co n d ly , a l t h o u g h  t h e r e  w i l l  i n  g e n e r a l  be  a m b ig u i ty  
in t h e  c h o ic e  o f  e i t h e r  t h e  a n g le  b e tw e e n  t h e  t r a c e s  
or i t s  s u p p l e m e n t ,  a s  d i s c u s s e d  i n , § 8 . 2 ,  i t  w i l l  
o f ten  be  p o s s i b l e  t o  d i s t i n g u i s h  t h e  t o p  o f  t h e  
f o i l  f ro m  t h e  b o t to m  b y  s t u d y i n g  d i f f r a c t i o n  e f f e c t s  
a s s o c i a t e d  f o r  exam ple  w i t h  t h e  s t a c k i n g  f a u l t  o r  
d i s l o c a t i o n  l i n e s  d e f i n i n g  a  t r a c e  p l a n e ,  so  t h a t  
a u n iq u e  c h o ic e  o f  © c a n  b e  m ade . I n  t h i s  c a s e  t h e  
maximum num ber o f  s o l u t i o n s  t h a t  c a n  a r i s e  f o r  t h e  
f o i l  t h i c k n e s s  i s  tw o ,  a s  i l l u s t r a t e d  i n  f i g  8 .3  
fou a  w ide  r a n g e  o f  v a l u e s  o f  0 a ro u n d  * ^ t a  u n iq u e
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s o l u t i o n  i s  o b t a i n e d .  A g a in  a p p ro x im a te  v a lu e s  o f  
the  f o i l  t h i c k n e s s  may b e  a v a i l a b l e  from  o t h e r  
in d e p e n d e n t  i n f o r m a t i o n  s u c h  a s  c o u n ts  o f  t h e  
number o f  e x t i n c t i o n  c o n t o u r s  i n  r e g i o n s  w here  t h e  
f o i l  t a p e r s  t o  z e r o  t h i c k n e s s ^ )  ? an(p t h e s e  may 
enab le  some o f  t h e  p o s s i b l e  t h i c k n e s s  d e t e r m i n a t i o n s  
u s in g  t h e  p r e s e n t  m ethod  t o  b e  e l i m i n a t e d .
I n  a d d i t i o n  t o  t h e  p a i r  o f  t r a c e s  w h ich
Pc o n ^ i t u t e  t h e  minimum am ount o f  i n f o r m a t i o n  r e q u i r e d  
to d e te r m in e  t h e  f o i l  o r i e n t a t i o n  and  t h i c k n e s s  o t h e r  
p r o j e c t e d  t r a c e  w id th s  o r  t r a c e s  may b e  p r e s e n t  * F o r  
example, when t r a c e s  a r e  p ro d u c e d  b y  ^ l l l lj  c u b ic  
p lan es  t h e n  i t  i s  p o s s i b l e  t h a t  t h r e e  o r  f o u r  t r a c e s  
may a r i s e ,  a  u n iq u e  s o l u t i o n  f o r  t h e  f o i l  o r i e n t a t i o n  
and t h i c k n e s s  may t h u s  b e  d e t e r m i n e d  b y  ta lk in g  t h e  
t r a c e  w id th s  tw o a t  a  t i m e .  I f  h o w e v e r ,  t h e  a d d i t i o n a l  
in fo rm a t io n  i s  g i v e n  b y  t r a c e s  r a t h e r  t h a n  p r o j e c t e d  
t ra c e  w id th s  t h e n  t h e  o r i e n t a t i o n  may be  d e te r m in e d  
using t h e  a n a l y s i s  o f  c h a p t e r  7? w h e reb y  i t  i s  
p o s s ib le  t o  e s t i m a t e  t h e  t r u e  o r i e n t a t i o n  and h e n c e ,  
the f o i l  t h i c k n e s s  u n i q u e l y .  A m u l t i p l i c i t y  o f  
t ra c e s  o r  p r o j e c t e d  t r a c e  w i d t h s  c a n  a l s o  i n d i c a t e
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t h a t  t h e  f o i l  i s  n o t  p e r p e n d i c u l a r  t o  t h e  e l e c t r o n  
beam. I f  t h e  o n ly  i n f o r m a t i o n  a v a i l a b l e  i s  t h e  
b a s ic  d a t a  o f  two t r a c e  w i d t h s  and t h e  i n c l u d e d  
angle n o t h i n g  c a n  be  d e d u c e d  a b o u t  t h e  p h y s i c a l  
o r i e n t a t i o n  o f  t h e  f o i l ,  b u t  when a d d i t i o n a l  t r a c e s  
are p r e s e n t ,  a s  d i s c u s s e d  a b o v e ,  t h e  d i f f e r e n t  
s o l u t i o n s  o b t a i n e d  from  d i f f e r e n t  s e t s  o f  d a t a  may 
not be  e n t i r e l y  c o n s i s t e n t  i n d i c a t i n g  t h a t  t h e  f o i l  
is  t i l t e d .  I n f o r m a t i o n  a b o u t  t h i s  t i l t  may be  
o b ta in e d  from  t h e s e  d i f f e r e n t  s o l u t i o n s  b u t  a s  y e t  
no g e n e r a l  a n a l y s i s  o f  t h e  p r o b le m  h a s  b e e n  p u b ­
l i s h e d ,  (The u s e  o f  a  c o m b i n a t i o n  o f  o r i e n t a t i o n  
d e te r m in a t io n s  from  two o f  t h r e e  m e th o d s :  e l e c t r o n  
d i f f r a c t i o n  p a t t e r n ,  K ik u c h i  p a t t e r n  and t r a c e  
a n a ly s i s  h a s  h o w ev er  b e e n  u s e d  f o r  t h e  e v a l u a t i o n  
of t h e  i n c l i n a t i o n  o f  t h e  f o i l  t o  t h e  e l e c t r o n  
b e a r A ^ . I h e  d e t e r m i n a t i o n  o f  t h e . t i l t  o f  a  f o i l  
from o r i e n t a t i o n s  d e te r m i n e d  f ro m  a  m u l t i p l i c i t y  
of t r a c e s  i s  a  p o s s i b l e  e x t e n s i o n  t o  t h e  a n a l y s i s  
P re se n te d  h e r e ,  A f u r t h e r  e x t e n s i o n  w ould  be  t h e  
| ^ t e r m i n a t i o n  o f  f o i l  o r i e n t a t i o n  and  t h i c k n e s s  from  
the p r o j e c t i o n s  o f  known l i n e  d e f e c t s ,  f o r  e x am p le ,  
s in g le  h a b i t  n e e d l e  p r e c i p i t a t e s  p r o v i d e d  o f  c o u r s e
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t h a t  t h e y  e x te n d  fro m  t h e  t o p  t o  t h e  b o t to m  o f  t h e  
c r y s t a l l i n e  f o i l , ,
The m ethod  o f  d e t e r m i n a t i o n  o f  t h e  f o i l  
o r i e n t a t i o n  u s i n g  t h e  m ethod  d e s c r i b e d  i n  t h i s  
c h a p te r  i s  m ore a c c u r a t e  t h a n  t h e  u s u a l  m ethod  o f  
s e l e c t e d  a r e a  d i f f r a c t i o n ,  s i n c e  i n  t h e  l a t t e r  c a s e  
i t  i s  d i f f i c u l t  t o  d i s t i n g u i s h . b e t w e e n  s m a l l  
d i f f e r e n c e s  i n  o r i e n t a t i o n *  I f ,  h o w e v e r ,  t r a c e s  i n  
a d d i t i o n  t o  t h e  minimum r e q u i r e d  t o  d e te r m i n e  t h e  
o r i e n t a t i o n  a r e  a v a i l a b l e ,  t h e  m eth o d  f o r  d e t e r ­
mining o r i e n t a t i o n s  d e s c r i b e d  i n  c h a p t e r  7 g i v e s  
more a c c u r a t e  r e s u l t s ,  a s  l e s s  e r r o r s  a r i s e  i n  t h e  
measurement o f  a n g l e s  b e tw e e n  t r a c e s  t h a n  i n  t h e  
widths o f  p r o j e c t e d  t r a c e s *  The K ik u c h i  p a t t e r n  
te c h n iq u e  p r o v i d e s  an  a c c u r a t e  way o f  d e t e r m i n i n g  
f o i l  o r i e n t a t i o n s  when s p e c i a l  p r i n t i n g  p a p e r s  a r e  
used, and o f  c o u r s e  g i v e s  a  u n iq u e  s o l u t i o n .  As w i th  
e le c t r o n  d i f f r a c t i o n  p a t t e r n s  i t  i s  n o t  a lw ay s  
p o s s ib le  t o  o b t a i n  K ik u c h i  p a t t e r n s ,  and t h e  t r a c e  
a n a ly s is  t e c h n i q u e  p r o v i d e s  a  u s e f u l  and  o f t e n  
N ecessary  t e c h n iq u e *
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The t h i c k n e s s  o f  t h i n  f o i l s  i s  u s u a l l y  d e t e r ­
mined u s i n g  t h e  p r o j e c t e d  w i d t h  o f  one t r a c e  t o g e t h e r  
w ith  an  i n d e p e n d e n t l y  d e t e r m i n e d  o r i e n t a t i o n .  The 
method d e s c r i b e d  i n  t h i s  c h a p t e r  i s  t h e r e f o r e  as  
a c c u r a t e  a s  t h e  u s u a l  p r o c e d u r e  and h a s  t h e  add ed  
ad v an tag e  t h a t  t h e  o r i e n t a t i o n  d o e s  n o t  n e c e s s a r i l y  
have t o  b e  d e t e r m i n e d  t o  o b t a i n  a  v a lu e  f o r  t h e  f o i l  
t h i c k n e s s .  The t r a c e s  n o r m a l l y  u s e d  f o r  d e te r m i n i n g
the o r i e n t a t i o n  and  t h i c k n e s s  o f  t h i n  f o i l s  a r e
3 9 )  4 - 2 1s in g le  h a b i t  s l i p  and p r e c i p i t a t e  p h a s e s  J ,
a l th o u g h  o t h e r  d e f e c t s  s u c h  a s  s t a c k i n g  f a u l t s  and 
d e fo rm a tio n  t w i n  c a n  a l s o  b e  u s e d .  The a c c u r a c y  o f  
the d e t e r m i n a t i o n  d e p e n d s  on t h e  a c c u r a c y  t o  w h ich  t h e  
t r a c e  w i d t h s  c a n  b e  m e a s u r e d ,  and  t h e r e f o r e  i s  
dependent on t h e  sh a p e  o f  t h e  f o i l , i . e .  w h e th e r  t h e  
f o i l  i s  o f  u n i f o r m  t h i c k n e s s ,  wedge sh a p e d  o r  b u c k le d ,  
fhe d e g r e e  o f  n o n - u n i f o r m i t y  c a n  o f t e n  be  d e te r m in e d  
from t h e  s h a p e  o f  t h e  t r a c e s , a n d  t h e  o v e r i d i n g  
f a c t o r , t h a t  t h e  t r a c e  w i d t h s  e x t e n d  r i g h t  th r o u g h  t h e  
c r y s t a l  c a n  b e  v e r i f i e d  fro m  o b s e r v a t i o n s  o f  t h e  w id th s  
°f p a r a l l e l  t r a c e s .  A l t e r n a t i v e  p r o c e d u r e s  f o r  t h e  
d e te r m in a t io n  o f  t h e  t h i c k n e s s  o f  t h i n  f o i l s  h a v e  b e e n  
P r o p o s e d ^ , ' h o w e v e r  t h e s e  a r e  r e s t r i c t e d  i n  
toieir u s e  and  w i l l  n o t  b e  d i s c u s s e d  herew
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F i n a l l y ,  some comment i s  n e c e s s a r y  on t h e  
d e t e r m i n a t i o n  o f  t h e  f u l l  o r i e n t a t i o n  o f  a  c r y s t a l  
u s in g  s u r f a c e  t r a c e  a n a l y s e s .  I n  b o t h  t h e  a n a l y s e s
the  o r i e n t a t i o n  o f  t h e  n o rm a l  t o  t h e  s u r f a c e  o f  t h e  
c r y s t a l  and  n o t  t h e  f u l l  o r i e n t a t i o n  o f  t h e  c r y s t a l , 
The l a t t e r  m ay, h o w e v e r ,  b e  r e a d i l y  d e d u ce d  from  h^ 
and t h e ’p o s i t i o n s  o f  t h e  s u r f a c e  t r a c e s .  I n  p a r t ” 
i c u l a r  t h e  M i l l e r  i n d i c e s  o f  a  g i v e n  t r a c e ,  w h ich  
l i e s  i n  t h e  s u r f a c e  h ^  and  t h e  p l a n e  m^ p r o d u c in g  
the  t r a c e ,  a r e  g i v e n  b y
of §*8,3 and § 7 . 2  t h e  M i l l e r  i n d i c e s  h^  g iv e  o n ly
[m^ h^ -  m  ^ h ^ ,  h^ ml  h 3 ’ ml  h 2
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APPENDIX;
I n  t h e  a n a l y s i s  o f  c h a p t e r s  2 and  4- i t  was c o n v e n ie n t  
to  u s e  a  c o m b in a t io n  o f  t e n s o r  and  m a t r i x  n o t a t i o n s .  The 
B ow les-M ackenzie  n o t a t i o n ^ w a s  u s e d  i n  d e r i v i n g  
r e l a t i o n s h i p s  b e tw e e n  m a t r i c e s  5 t h e  n o t a t i o n  o f  t h e  t e n s o r  
c a lc u lu s  was t h e  m o s t  c o n v e n i e n t  t o  u s e  f o r  e x p a n d in g  t h e  
m a tr ix  e q u a t i o n s .  The p r o p e r t i e s  o f  m a t r i c e s ,  t r a n s f o r ­
m ations and  b o t h  n o t a t i o n s  r e l e v a n t  t o  t h e  a n a l y s e s  a r e  
d e s c r ib e d  b e lo w .
Two b a s e s  a .  and  a 1 a r e  s a i d  t o  b e  r e c i p r o c a l  when —x — -1-
they s a t i s f y  t h e  n i n e  e q u a t i o n s
iip - = ^ i  (^>3 = 1 * 2 ,3 )  w here
oV i s  t h e  K ro n e c k e r  d e l t a .  The b a s i s  a  i s  r e l a t e d  t o  
the b a s i s  a^  b y  t h e  e x p r e s s i o n  A. a  = § 2 ^ —3 an(  ^
c y c l ic  p e r m u t a t i o n s ,  w n e re  A i s  t h e  t r i p l e  s c a l a r  p r o d u c t
t —1 ’ —2 ’ % 3 *
Any v e c t o r  may b e  w r i t t e n  i n  t h e  tw o fo rm s 
-  = ’b i  £p  9 b = b ± a 1 A ( l )  -  ( 2 )
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The f o l l o w i n g  r e l a t i o n s h i p s  c a n  b e  o b t a i n e d  from  
e q u a t io n s  A ( l )  and  A (2 )
= b . a^  % ■ b ^  = b „ a^ A ( 3 ) “ ( /0 .
When new b a s e  v e c t o r s  a r e  i n t r o d u c e d  b y  m eans o f  t h e
t r a n s f o r m a t i o n
I p  “ c p ( d e t .  c? /  o ) A (5)
th e  co m p o n en ts  o f  an y  v e c t o r  b a r e  s u b j e c t e d  t o  t h e  
t r a n s f o r m a t i o n
F1 = y  J b “ A ( 6 )
where V?; c ?  = 6“T . U s in g  e q u a t i o n  A ( 3 ) j  e q u a t i o n  
r  J J
A(6) n a y  fee w r i t t e n  a s  b ,  a 1 = /V3: b * a^ and  as— ~  c J — ~
t h i s  h o l d s  f o r  an y  v e c t o r  b
a 1 -  y j  a^ A (7)
S i m i l a r l y  i t  may b e  shown t h a t
f J  = c f  b .  A (8)
Q u a n t i t i e s  w r i t t e n  w i t h  s u b s c r i p t s  a r e  s a i d  t o  
t r a n s fo r m  c o v a r i a n t l y ,  and  t h o s e  w i t h  s u p e r s c r i p t s  
c o n t r a v a r i a n t l y .  I f  t h e  b a s e  v e c t o r s  a r e
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o r th o n o rm a l  t h e n  t h e  v e c t o r s  and a 1 a r e  i d e n t i c a l ,  
and t h e r e f o r e  t h e  co m ponen ts  F1 and F^ o f  t h e  v e c t o r  
b a re  i d e n t i c a l .  I n  c a s e s  w here  t h e  b a s i s  i s  o r t h o n o r n a l  
the  s u b s c r i p t  n o t a t i o n  may b e  u s e d  f o r  b o t h ' c o v a r i a n t  and 
c o n t r a v a r i a n t  q u a n t i t i e s .
U s in g  e q u a t i o n s  A (6 )  and  A( 8 )  i t  c a n  be  shown t h a t
where g i s  d e f i n e d  a s  t h e  m e t r i c  o f  t h e  b a s i s  a . . Jk  - l
A l t e r n a t i v e l y  t h e  m e t r i c  i s  d e f i n e d  a s  g ^  = a_. » 
and f o r  t h e  r e c i p r o c a l  b a s i s  . a^  w here
Ty*
5 -  5 . .  I n  a d d i t i o n  t o  e q u a t i o n  A (9 )  we h a v eu
b 5 = G"* \  A (10)
Let t h e  v e c t o r s  a^  be  t h e  p r i m i t i v e  l a t t i c e  v e c t o r s  
d e f in in g  t h e  e d g e s  o f  a  c e l l  i n  t h e  d i r e c t  l a t t i c e ,  
and t h e  v e c t o r s  a 1 d e f i n e  a  c e l l  i n  t h e  r e c i p r o c a l  l a t t i c e  
Vectors r e p r e s e n t i n g  l a t t i c e  d i r e c t i o n s  a r e  r e s o l v e d  
in to  com po nen ts  i n  t h e  d i r e c t  l a t t i c e  b a s i s  and w i l l  
be r e p r e s e n t e d  b y  Z Lm S i m i l a r l y  t h e  M i l l e r  i n d i c e s  o f  
a p la n e  w h ic h  a r e  t h e  co m pon en ts  o f  t h e  v e c t o r  n o rm al 
bo t h e  p l a n e  r e s o l v e d  i n  t h e  r e c i p r o c a l  l a t t i c e  b a s i s  
w il l  be  r e p r e s e n t e d  b y  U s in g  e q u a t i o n s  A.0.) and
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xA (1 0 )  i t  may be  shown t h a t  t h e  v e c t o r  £  en r e p r e s e n t i n g  
a d i r e c t i o n  w i t h  i n d i c e s  i!1 and t h e  v e c t o r  a 1 
r e p r e s e n t i n g  a  p l a n e  w i t h  M i l l e r  i n d i c e s  rrn may b e  w r i t t e n
as g . . £ x a^ and  g 1 ^  n .  a . r e s p e c t i v e l y .  U s in g  t h i sX J *"“* X ""J
n o t a t i o n  t h e  s c a l a r  p r o d u c t  o f  t h e  two v e c t o r s  £ x a^
and a^ i s  ^  m = £ x  m. f o r  g . . ^  £  = g 13 m.0 j  x x x j  x
n . = 1 .  S i m i l a r l y  t h e  s e a l  am* p r o d u c t  o f  t h e  two v e c t o r s
U t
f 1 a^ and  £^ a .^ i s  g i v e n  by  g^^. £ x £^ and o f  t h e  two
v e c to r s  m. a^ and  m. a^ b y  g 1  ^ m. m . „ f o r  an  o r t h o n o r n a l
l  0 “ r  1  1
b a s i s  a ^ , t h e  r e c i p r o c a l  b a s i s  i s  a l s o  o r t h o n o r n a l  and
S-si = 6 . . .  We may t h e r e f o r e  x c r i t e  t h e  t h r e e  s c a l a r  - * • < 1 1 0
p ro d u c ts  g i v e n  ab o v e  a s  an<^ %  *%.*
A s im p le  shean? i s  a  d e f o r m a t i o n  i n  w h ic h  8.11 p o i n t s  
in  a c e r t a i n  p l a n e  a r e  f i x e d ,  and a l l  p o i n t s  i n  any  
p a r a l l e l  p l a n e  a r e  d i s p l a c e d  p a m a l l e l  t o  a. f i x e d  d i r e c t i o n  
of t h e  g i v e n  p l a n e  a  d i s t a n c e  p r o p o r t i o n a l  t o  t h e  d i s t a n c e
betw een t h e  p l a n e s .  Uhus a n y  v e c t o r  jo = p 1 a^  s h e a r e d  i n
i  ia d i r e c t i o n  £ = £  a .  on t h e  p l a n e  w i t h  n o rm a l  n  = m .  a— —i  ^ — i  —
by an  am ount g w h e re  m and  £  a r e  u n i t  v e c t o r s  becom es
E = S £  = £  + g (e  . m ) i
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Using t h e  t e n s o r  n o t a t i o n  d e s c r i b e d  above  and n o t i n g  t h a t  
i(j) . m) = p t h e n
p* = p^ w h ere  = 6^ + g ^ 1 m. A ( l l )
<3 d d d
and g . . = g ^  m. m. = 1 and  n .  = o .  A (12)
U nder a  r i g i d  b o d y  r o t a t i o n  t h e  d i s t a n c e  b e tw e e n
every  p a i r  o f  p o i n t s  r e m a in s  u n a l t e r e d .  The o r i g i n  i s
a f i x e d  p o i n t  and h e n c e  t h e  d i s t a n c e  o f  an y  p o i n t  f rc m  t h e
o r i g in  i s  u n a l t e r e d  b y  t h e  t r a n s f o r m a t i o n .  Thus i f
b1 = c^ b^ , w h e re  b ^  and  b^ a r e  t h e  com ponen ts  o f  d i f f e r e n t
v e c to r s  r e f e r r e d  t o  t h e  same b a s i s ,  we m ust h av e  g . .
F1 b^ = g . . b 1!?^. The n e c e s s a r y  and  s u f f i c i e n t  c o n d i t i o n  
j. j
t h a t  E1 = b^  i s  a  r i g i d  b o d y  r o t a t i o n  i s  t h e r e f o r e  
d
dk 4  = Sk£ A(13)
I n  t h e  B o w le s“M a ck e n z ie  n o t a t i o n  t h e  s e t  o f  n o n -  
co p lan a r  h a s e  v e c t o r s  a^  a r e  d e s c r i b e d  a s  a  , and  t h e  
components o f  a  v e c t o r  x  r e l a t i v e  t o  t h i s  b a s i s  w r i t t e n  
as x  = ^ a  % x j  * When a  d e f o r m a t i o n  A t r a n s f o r m s  a 
po in t w i t h  p o s i t i o n  v e c t o r  x  i n t o  a  p o i n t  w i t h  p o s i t i o n  
v e c to r  y  , and  b o t h  v e c t o r s  a r e  r e f e r r e d  t o  t h e  b a s i s  a  
the t r a n s f o r m a t i o n ■i s  w r i t t e n  a s
(  a s 2 J  = (a  A a )  [  a 5 x j
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The com ponen ts  o f  any  v e c t o r  x  r e f e r r e d  t o  a  new b a s i s  
b ,  c o m p r is e d  o f  v e c t o r s  b ^  a r e  r e l a t e d  t o  t h e  com ponents 
of t h e  s a n e  v e c t o r  r e f e r r e d  t o  t h e  o ld  b a s i s  a  b y  t h e  
t r a n s f o r m a t i o n
c  “I f  "j
|b  5 x  . = (b  C a )  L a 5 S j
where (b C a )  i s  a  n o n - s i n g u l a r  m a t r i x .  The i n v e r s e
of (b C a )  i s  ( a  G b ) ,  and  i n  o r d e r  t o  p r e s e r v e  t h e
j u x t a - p o s i t i o n  o f  l i k e  b a s i s  sym b o ls  we d e f i n e  t h e
T Tt r a n s p o s e  o f  (b  C a )  a s  (b C a )  = ( a  G b )*
The d e f o r m a t i o n  ( a  A a )  r e f e r r e d  t o  a  new b a s i s
b becom es1 8 ) 1^
(b A b )  = (b C a )  ( a  A a )  ( a  C b )  A(14-)
L e t  t h e  t r a n s f o r m a t i o n  r e l a t i n g  com ponen ts  o f  
a v e c t o r  x  r e f e r r e d  t o  o r th o n o r m a l  and n o n - o r th o n o rm a l  
bases  o and  p r e s p e c t i v e l y  b e
[o  5 x j  = (o 0  p )  } p 5 x  j .
Using e q u a t i o n  A(6 ) an d  t h e  B o w le s -M a ck e n z ie  n o t a t i o n ,
s q u a t io n  A (9 )  c a n  b e  w r i t t e n  a s
(p G p )  = (p 0 T o) ( o 0 p)  A(15>
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where (p  G p )  r e p r e s e n t s  t h e  m e t r i c  o f  t h e  b a s i s  p .
I n  c a s e s  w h ere  t h e r e  i s  no d o u b t  w h ic h  b a s e s  a r e  
in v o lv e d  t h e  B o w le s -M a c k e n z ie  n o t a t i o n  i s  n o t  a lw ay s  
used .
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A ck now ledgm en ts„
The a u t h o r  i s  i n d e b t e d  t o  D r .  A, G. C ro c k e r  f o r  
h i s  g u id a n c e  and  h e l p  t h r o u g h o u t  t h e  c o u r s e  o f  t h e  
work p r e s e n t e d  i n  t h i s  t h e s i s .  He a l s o  w is h e s  t o  
th a n k  t h e  S t a t e s  o f  J e r s e y  f o r  f i n a n c i a l  a s s i s t a n c e  
and Mrs P ,D .D o rm er  f o r  t y p i n g  t h e  m a n u s c r i p t .
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